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‘ Laboratory Notes, A. C. Langmuir;
‘Flame Colorations by Bromides and
Chlorides of Nickel and Cobalt,’ A. S.
Cushman; ¢Classen’s Reaction as an
Aid to Determination of Constitution of
Terpene Ketones,” M. C. Burt; ¢ Sixth An-
nual Report of Committee on Atomic
Weight,” F. W. Clarke.

A luncheon was provided by the New
York Section, which was served in the
Industrial Laboratory, after which visits
to various manufacturing establishments
and a demonstration of the properties of
liquid air at the College of the City of
New York occupied the rest of the day,
and a dinner at the Waldorf-Astoria in
the evening closed the official program of a
meeting which had been successful beyond
the expectations of the most sanguine of
those who had worked for it.

The attendance was not less than one
hundred and fifty at any of the sessions,
and among them a number of ladies, who
also graced the dinner with their presence.

DuranD WoODMAN.
Secretary

SCIENTIFIC BOOKS.

The Collected Mathematical Papers of ARTHUR
CAYLEY. 4to. 13 Vols., each $6.25. Supple-
mentary Vol., containing Titles of Papers
and Index. New York, Macmillan Co. $2.50.
This republication by the Cambridge Univer-

sity Press of Cayley’s papers, in collected form,

is the most fitting monument of his splendid
fame.

He must ever rank as one of the greatest
mathematicians of all time. Cayley exceedingly
appreciated this action of the Syndics of the
Press, and seven of the large quarto velumes
appeared under his own editorship.

As to what these thirteen volumes contain it
seems vain to attempt even a summary. They
cover the whole range of pure mathematics,
algebra, analysis, mathematical astronomy, dy-
namics, and in particular groups, quadratic
forms, quantics, ete., etc.

Though abreast of Sylvester as an analyst, he
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was, what Sylvester was not, also a geometer.
Again and again we find the pure geometric
methods of Poncelet and Chasles, though, per-
haps, not full assimilation of that greater one
than they who has now absorbed them--von
Staudt.

Cayley not only made additions to every im-
portant subject of pure mathematics, but whole
new subjects, now of the most importance, owe
their existence to him. It is said that he is
actually now the author most frequently quoted
in the living world of mathematicians. His
name is, perhaps, most closely linked with the .
word invariant, due to his great brother-in-arms,
Sylvester.

Boole, in 1841, had shown the invariance of
all discriminants and given a method of deduc-
ing some other such functions. This paper of
Boole’s suggested to Cayley the more general
question, to find ‘all the derivatives of any
number of functions which have the property of
preserving their form unaltered after any linear
transformation of the variables.” His first re-
sults, relating to what we now call invariants,
he published in 1845. A second set of results,
relating to what Sylvester called covariants, he
published in 1846. Not until four or five years
later did Sylvester take up this matter, but
then came such a burst of genius that after his
series of publications, in 1851-4, the giant theory
of Invariants and Covariants was in the world
completely equipped.

The check came when Cayley, in his second
Memoir on Quantics, came to the erroneous
conclusion that the number of the asyzygetic
invariants of binary quantics beyond the sixth
order was infinite, ¢ thereby,’ as Sylvester says,
‘arresting for many years the progress of the,
triumphal car which he had played a principal
part in setting in motion.’

The passages supposed to prove this are
marked ‘incorrect’ in the Collected Mathemat-
ical Papers. But this error was not corrected
until 1869 [Crelle, Vol. 69, pp. 823-854] by
Gordan in his Memoir [dated 8th June, 1868]:
‘“ Beweis dass jede Covariante und Invariante
einer binaeren Form eine ganze Function mit
numerischen Coefficienten einer endlichen An-
zahl solcher Formen ist.”’

Cayley at once returned to the question, found



60

the source of his mistake, the unsuspected and
so neglected interdependence of certain syzygies,
and devoted his Ninth Memoir on Quantics (7th
April, 1870) to the correction of his error and
a further development of the theory in the light
of Gordan’s results.

The whole of this primal theory of invariants
may now be regarded as a natural and elegant
application of Lie’s theory of continuous groups.
The differential parameters, which in the or-
dinary theory of binary forms enable us to cal-
culate new invariants from known ones, appear
in a simple way as differential invariants of
certain linear groups. The Lie theory may be
illustrated by a simple example.

Consider the binary quadratic form

f=a,x®+ 2,2y + a2
- Applying to f the linear transformation
(1) a=a'+py, y=va'+dy’,
we obtain the quadratic form
S =a 074"2 +2a/12'y + a’zy’z,
where the coefficients are readily found to be
o’y =a%ay + 2aya; +%a,,
(2) @’y =afla, + (ad + By) a; + yda,,
o’y = Pa, 4 2Bday + Fa,.
‘We may easily verify the following identity :
a’ gt/ , —a’? = (ad—By)2 (a,a, —a2;).

Hence a,a, —a?, is an invariant of the form
f. In the group theory it is an invariant of the
group of linear homogeneous transformations
(2) on the three parameters a,, a,, @,.

The only covariant of f is known to be fitself,
In the Lie theory it appears as the invariant of a
linear homogeneous group on five variables, «,
Y, a,, @,, @,, the transformations being defined
by the equations (2), together with (1) when in-
verted.

In general, the invariants of a binary form of
degree n are defined by a linear homogeneous
group on its » -+ 1 coefficients, its covariants by
a group on n -+ 3 variables.

As in all problems in continuous greups, the
detailed developments are greatly simplified by
employing the infinitesimal transformations of
the groups concerned.

It is readily proven by the group theory that
all invariants and covariants are expressible in
terms of a finite number of them.
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This result is, however, not equivalent to the
algebraic result that all rational integral in-
variants (including covariants) are expressible
rationally and integrally in terms of a finite
number of such invariants,

Twenty years ago, in my ‘Bibliography of
Hyper Space and Non-Euclidean Geometry’
(American Journal of Mathematics, Vol. 1., Nos.
2 and 3, 1878), I cited seven of Cayley’s
papers written before 1873 :

I. Chapters in the Analytical Geometry of
(n) Dimensions. Comb. Math. Jour., Vol. IV.,
1845, pp. 119-127.

II. Sixth Memoir on Quantics.
Vol. 149, pp. 61-90 (1859).

III. Note on Lobatchevsky’s Imaginary
Geometry. Phil. Mag. XXIX., pp. 231-233
(1865).

IV. On the rational transformation between
two spaces. Lond. Math. Soc. Proc. III., pp.
127-180 (1869-71).

V. A Memoir on Abstract Geometry. Phil.
Trans. CLX., pp. 5163 (1870).

VI. On the superlines of a quadric surface in
five dimensional space. Quar. Jour., Vol. XII.,
pp. 176-180 (1871-72).

VII. On the Non-Euclidean Geometry.
Clebsch Math. Ann. V., pp. 630-634 (1872).

Four of these pertain to Hyper-Space, and in
that Bibliography I quoted Cayley as to its
geometry as follows :

‘“The science presents itself in two ways—
as a legitimate extension of the ordinary fwo-
and three-dimensional geometries, and as a need
in these geometries and in analysis gener-
ally. In fact, whenever we are concerned with
quantities connected together in any manner,
and which are or are considered as variable or
determinable, then the nature of the relation
between the quantities is frequently rendered
more intelligible by regarding them (if only two
or three in number) as the coordinates of a
point in a plane or in space: for more than
three quantities there is, from the greater com-
plexity of the case, the greater need of such a
representation ; but this can only be obtained
by means of the notion of a space of the proper
dimensionality ; and to use such a representa-
tion we require the geometry of such space,

An important instance in plane geometry has

Phil. Trans.,
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actually presented itself in the question of the
determination of the number of curves which
satisfy given conditions; the conditions imply
relations between the coefficients in the equa-
tion of the curve; and for the better under-
standing of these relations it was expedient to
consider the coefficients as the coordinates of a
point in a space of the proper dimensionality.’”’

For a dozen years after it was written the
Sixth Memoir on Quantics would not have been
enumerated in a Bibliography of non-Euclidean
geometry, for its author did not see that it gave
a generalization which was identifiable with
that initiated by Bolyai and Lobachévski,though
afterwards, in his address to the British Asso-
ciation, in 1883, he aftributes the fundamental
idea involved to Riemann, whose paper was
written in 1854,

Says Cayley: ‘‘In regarding the physical
space of our experience as possibly non-Euclid-
ean, Riemann’s idea seems to be that of modify-
ing the notion of distance, not that of treating
it as a locus in four-dimensional space.’”’

‘What the Sixth Memoir was meant to do was
to base a generalized theory of metrical geome-
try on a generalized definition of distance.

As Cayley himself says: ¢ * % ¥ the
theory in effect is that the metrical properties
of a figure are not the properties of the figure
considered per se apart from everything else,
but its properties when considered in connection
with another figure, viz., the conic termed the
absolute.’

The fundamental idea that a metrical property
could be looked at as a projective property of
an extended system had occurredin the French
school of geometers. Thus Laguerre (1853) so
expresses an angle. Cayley generalized this
French idea, expressing all metrical properties
as projective relations to a fundamental config-
uration.

We may illustrate by tracing how Cayley
arrives at his projective definition of distance.
Two projective primal figures of the same kind
of elements and both on the same bearer are
called conjective. When in two conjective
primal figures one particular element has the
same mate to whichever figure it be regarded
as belonging, then every element has this

property.
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Two conjective figures; such that the elements
are mutually paired (coupled), form an involu-
tion. If two figures forming an involution have
self-correlated elements these are called the
double elements of the involution.

An involution has at most two double ele-
ments, for were three self-correlated all would
be self-correlated. If an involution has two
double elements these separate harmonically
any two coupled elements. An involution is
completely determined by two couples.

From all this it follows that two point-pairs 4,
B and 4,, B, define aninvolution whose double
points D, D, are determined as that point-pair
which is harmonically related to the two given
point-pairs.

Let the pair 4, B be fixed and called the
Absolute. Two new points 4,, B, are said (by
definition) to be equidistant from a double point
D defined as above. D issaid tobe the ‘center’
of the pair 4,, B,. Inversely, if 4, and D be
given, B, is uniquely determined.

‘Thus, starting from two points P and P, we
determine P, such that P, isthe center of P and
P,, then determine P; so that P, is the center of
P, and P;, etc.; also in the opposite direction
we determine an analogous series of points
P—, P—, ... . Wehave, therefore, a series
of points

) P—zy P'—'la P: -Pl7 Pﬂa P37 seee
at ‘equal intervals of distance.” Taking the
points P, P, to be indefinitely near to each other,
the entire line will be divided into a series of
equal infinitesimal elements.

In determining an analytic expression for the
distance of two points Cayley introduced the
inverse cosine of a certain function of the coor-
dinates, but in the Note which he added in the
Collected Papers he recognizes the improve-
ment gained by adopting Klein’s assumed defi-
nition for the distance of any two points P, @:

dist. (PQ)=c log j—g%%,
where 4, B are the two fixed points giving the
Absolute.

This definition preserves the fundamental re-

lation
dist. (PQ) + dist. (@R) = dist. (PR).
In this note (Col. Math.. Papers, Vol. 2, p.

N



62

604) Cayley discusses the question whether the
new definitions of distance depend upon that of
distance in the ordinary sense, since it is obvi-
ously unsatisfactory to use one conception of
distance in defining a more general conception
of distance.

His earlier view was to regard coordinates
‘not as distances or ratios of distances, but as
an assumed fundamental notion, not requiring
or admitting of explanation.” Later he re-
garded them as ‘mere numerical values, at-
tached arbitrarily to the point, in such wise
that for any given point the ratio z : y has a de-
terminate numerical value,” and inversely.

But in 1871 Klein had explicitly recognized
this difficulty and indicated its solution. He
says: ‘‘ The cross ratios (the sole fixed ele-
ments of projective geometry) naturally must
not here be defined, as ordinarily happens, as
ratios of sects, since this would assume the:
knowledge of a measurement. In von Staudt’s
Beitrigen zur Geometrie der Lage (3 27. n.
393), however, the necessary materials are given
for defining a cross ratio as a pure number.
Then from cross ratios we may pass to homo-
geneous point- and plane-coordinates, which, in-
deed, are nothing else than the relative values
of certain cross ratios, as von Staudt has like-
wise shown (Beitraege, 3 29. n. 411).”

This solution was not satisfactory to Cayley,
who did not think the difficulty removed by the
observations of von Staudt that the cross ratio
(4, B, P, @) has ‘‘independently of any notion
of distance the fundamental properties of a
numerical magnitude, viz.: any two such ratios
have a sum and also a product, such sum and
product being each of them a like ratio of four
points determinable by purely descriptive con-
structions.”’

Consider, for example, the product of the
ratios (4, B, P, Q) and (4,” B,/ P, @). We
can construct a point R such that (4,” B,” P,’
Q)= (4, B, @, R). The product of (4, B, P, Q)
and (4, B, @, R) is said to be (4, B, P, R).
This last definition of a product of two cross
ratios, Cayley remarks, is in effect equivalent
to the assumption of the relation dist. (PQ)
+ dist. (@R) = dist. (PR).

The original importance of this memoir to
Cayley lay entirely in its exhibiting metric as a
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branch of descriptive geometry. That this gen-
eralization of distance gave pangeometry was
first pointed out by Klein in 1871.

Klein showed that if Cayley’s Absolute be
real we get Bolyai’s system ; if it be imaginary
we get either spheric or a new system called by
Klein single elliptic ; if the Absolute be an im-
aginary point pair we get parabolic geometry ;
and if, in particular, the point pair be the cir-
cular points we get ordinary Eueclid.

It is maintained by B. A. W. Russell, in his
powerful essay on the Foundations of Geometry
(Cambridge, 1897), ‘¢ that the reduction of met-
rical to projective properties, even when, as in
hyperbolic geometry, the Absolute is real, is
only apparent, and has merely a technical
validity.”’

Cayley first gave evidence of acquaintance
with non-Euclidean geometry in 1865 in the
paper in the Philosophical Magazine, above-men-
tioned.

Though this is six years after the Sixth Me-
moir, and though another six was to elapse
before the two were connected, yet this is, I
think, the very first appreciation of Lobachév-
sky in any mathematical journal.

Baltzer has received deserved honor for in
1866 calling the attention of Hofiel to Lobachév-
sky’s ¢ Geometrische Untersuchungen,’ and from
the spring thus opened actually flowed the flood
of ever-broadening non-Euclidean research.

But whether or not Cayley’s path to these
gold-fields was ever followed by any one else,
still he had therein marked out a claim for
himself a whole year before the others.

In 1872, after the connection with the Sixth
Memoir had been set up, Cayley takes up the
matter in his paper, in the Mathematische An-
nalen,‘ On the Non-Euclidean Geometry,” which
begins as follows: ¢‘The theory of the non-
Euclidean geometry,as developed in Dr. Klein's
paper ¢ Ueber die Nicht-Euclidische Geometrie,’
may be illustrated by showing how in such a
system we actually measure a distance and an
angle, and by establishing the trlgonometry of
such a system.”’

I confine myself to the ¢ hyperbolic’ case of
plane geometry : viz., the Absolute is here a real
conic, which for simplicity I take to be a circle ;
and I attend to the points within the circle.
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I use the simple letters, a, 4, . . to denote
(linear or angular) distances measured in the
ordinary manner ; and the same letters with a

superscript stroke @, 4, . . to denote the same
distances measured according to the theory.
The radius of the Absolute is for convenience
taken tobe = 1; the distance of any point from
the center can, therefore, be represented as the
sine of an angle.

The distance BC, or say @, of any two points
B, is by definition as follows :

1oy BECT
a=tlog 577

(where I, J are the intersections ofsthe line BC
with the circle).

As for the trigonometry ‘¢ the formule are, in
fact, similar to those of spherical trigonometry
with only cosh @, sinh @, ete., instead of cos a,
sin a, ete.”’

Cayley returned again to this matter in his
celebrated Presidential Address to the British
Association (1888), saying there: ‘It is well
known that Euclid’s twelfth axiom, even in
Playfair’s form of it, has been considered as
needing demonstration; and that Lobatschév-
sky constructed a perfectly consistent theory,
wherein this axiom was assumed not to hold
good, or say a system of non-Euclidean plane
geometry. There is a like system of non-
Euclidean solid geometry.”’

¢ But suppose the physical space of our ex-
perience to be thus only approximately Euclid-
ean space, what is the consequence which fol-
lows? "’

The very next year this ever-interesting sub-
ject recurs in the paper (May 27, 1884) ¢ On the
Non-Euclidean Plane Geometry.” ¢ Thus the
geometry of the pseudo-sphere, using the ex-
pression straight line to denote a geodesic of
the surface, is the Lobatschévskian geometry;
or, rather, I would say this in regard to the
metrical geometry, or trigonometry, of the sur-
face; for in regard to the descriptive geometry
the statement requires some qualification * * *
this is not identical with the Lobatschévskian
geometry, but corresponds to it in a manner such
as that in which the geometry of the surface of
the circular cylinder corresponds to that of the
plane. I would remark that this realization of
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the Lobatschévskian geometry sustains the
opinion that Euclid’s twelfth axiom is un-
demonstrable.’’

But here this necessarily -brief notice must
abruptly stop. Cayley, in addition to his won-
drous originality, was assuredly the most learned
and erudite of mathematicians. Of him in his
science it might be said he knew everything,
and he was the very last man who ever will
know everything. His was a very gentle,
sweet character. Sylvester told me he never
saw him angry but once, and that was (both
were practicing law!) when a messenger broke
in on one of their interviews with a mass of
legal documents—new business for Cayley. In
an access of disgust, Cayley dashed the docu-
ments upon the floor.

GEORGE BRUCE HALSTED.
AUSTIN, TEXAS.

Commercial Organic Analysis. A treatise on the
properties, proximate analytical examina-
tion, and modes of assaying the various or-
ganic chemicals and products employed in
the arts, manufactures, medicine,with concise
methods for the detection and determination
of their impurities, adulterations and prod-
ucts of decomposition. By ALFRED H. ALLEN,
F.1.C.,F.C. 8. Third Edition. Illustrated.
With revisions and addenda by the author
and HENRY LEFFMANN, M.A., M.D. Phila-
delphia, P. Blakiston's Son & Co. 1898.
Volume I., Introductions, alcohols, neutral
alcoholic derivatives, sugars, starch and its
isomers, vegetable acids, etc.; pp. xii45567;
Price, $4.50. Volume IV., The proteids
and albuminous principles; Second Edition;
Pp. xi+584; Price, $4.50.

The immediate reagson for the present publi-
cation of the first volume of the third edition of
this well-known work has been the appearance
of an unauthorized reprint of the second edition.
As the second edition was printed in 1885 it is
out of date on some points, and many desirable
additions and corrections have been made,
partly by Mr. Allen, partly by Dr. Leffmann.
The plan of the book not only includes careful
directions for the analysis of commercial organic
substances, and in many cases a discussion of
various methods which have been proposed,



