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SCIENCE. 

while Euier,  Peacock, De Morgan, and others have devel- 
oped ~t nicpre a s  a double algebr,~. 

U p  to thiq point i bad been regarded a s  a scalar operator 
merely, and the corresponding geometry only plnue, 
tliough attempts l ~ a d  been made without much success 
to extend the treatment ~ n t o  three-dimensional space. I t  
remained for Hamilton to accomplish this by  the s~ i i i -
ple device of rnbkrilq i a directed oprrator ,  o r  hlarldie, 
perpenclicular to the plane of r o t a t ~ o n ,  whic l~  opened 
the  may fot a n y  number ot sirnilzr opc?ators d~f fe l ing  i n  
d ~ r e c t ~ o n ,  as thew other properties, simply square but,  to 
roots of r n ~ n u s  one. I n  order to produce a c o n v e n ~ e n t  alpe 
bra  on  thi5 basis, Bamil ton was obliged to take Ihe fur ther  
step of givrng to all  vectors the properties of (/-I, artd thus  
the calcullis of yua te rn~ons  was procluced, a non-cornn~uta-
t ~ v equadruple algebra. These ideas have bee11 generalizecl 
still farther by U n v e r ~ a g t  i n  h ~ s  "Theoria der gon~onletris- 
chen u i ~ d  der long~metrisctren Qu:~ternionen." I n  t h ~ s  boolr 
t h e  author  first develops a trigonometry based on  a general 
instead of a, r ight  angled triangle, and then shoivs tha t  the  

A-
operator j = (--l)~ (in which X xs the  fundamental angle, 

taking the place of-;) takes i n  this trigonometry the place of 
i in De Moivre's theorem generalized. H e  then takes t h e e  
units j , ,  j Z ,  j , ,  corresponding to Hamilton's i, j, 7c, a n d  
forms a generalized quaternion, based on  some angle A, 
which reduces to the ordinary system when h = z. The 
case particularly discussed is that  i n  which h =0. 

The theory and  laws df linear, associative algebras, which 
includes q u a t e r n i o ~ s  as  a particular case, have been thor- 
oughly treated b y  Peirce i n  his worlr bearing that  title. 

W e  tu rn  now to the other line along wlrich multiple alge- 
bras have been developed. I n  1827 Mijbius published his 
"Barycentrische Calciil," i n  which points are  the ultimate 
units, to which a n y  desired weights may  be assigned. H e  
gave the laws of chrnbination of these units so far  as addi-
tion and subtraction are  concerned, but  did not proceed to 
multiplication: in fact, he  distinctly states tha t  they can  be 
multiplied only by numbers. H e  then proceeds to treat 
analytical geometrg o n  this basis. His  treatment of points, 
so  f a r  a s  it  goes, is on the sarne plan .afterwards indepen- 
dent ly developed by Grassma,nn. 

I n  1844, one year a f te r  Hamilton's first atlnouncelnent of 
his discovery, Grassmaun publislled his "Ausdelinungslel~re," 
which contains a complete and logical exposition of kiis nerv 
algebra for  a n y  number of independent units, and  hence, 
geometrically interpreted, for space of a n y  dimensiolis. 
Tbis book was so abstract and general i n  form, and  so un-
like the ordinary language of mathematics, tha t  i t  at,tracted 
hardly a n y  notice, and the a u t l ~ o r  mas obliged to recast and  
republish it  in 1862. Grassman's algebra is non-linear, and 
o n l y  partially associative, so that  i t  differs fundamentally 
from al l  tllose discussed by Peirce. Ttne d-1 plays n o  part 
whatever i n  the theory, and  Grassman's vector is a vector 
pure and  simple, i.e., a quantity having direction and  mag-
nitude, and  not, as  in  quaternions, a versor-vector, combin- 
ing the properties of a vector and of the A/-1. The funda-  
mental notion o f  Grassmann's multiplication is extension or  
generation; the product p, p, is the line generated by a 
point rrloving straight from p, to  p,, etc. 

I n  this great invention of Grassman we have a multiple 
algebra which is the natural  language of geometry and 
mechanics, dealing in a manner  astonishingly simple, con- 
cise, and  expressive with these subjects, and certain, it ap- 
pears to me, t o  gain constantly in the appreciation of matil-

elnaticians as it is inore generally understood and used. 
The fact of its perfect ad3ptability to  n-dimensional space is 
a n  additional argument  in  its favor for those who a r e  inter-
ested i n  that  line of investigation. 

W e  have now traced the development of our  subject 
f rom its elementary beginl?inys through a long  period i n  
which it \Tau i n  the rhetorical stage, approaching a t  inter-
vals lipre and  there to the syncopated; then, on the  r e v ~ v a l  
of Icalnlng in Eiirope after the clarlr ages, we have seen its 
conlparativelp rapid pi ogress through the syncopated stage 
to tlle purely symbolical. ~vlheu i t  was a t  last i n  a shape 
suittchle for t h e  aslonishing progress o f  the last two huncired 
years. Final ly,  i n  the present century, we h:ive noted the 
appearance, as  i n  the  fulrless of time, of multiple algebras 
from diEerent and  indepeiiclent soaroes, whose rralm is that  
of the fulure. 

XOTES AND NEWS. 
THE astronomers sent to tile Ssnil.r\.ic?l Islands recently on the 

art of the International Geodetic Association oF Europe and the 
Unitecl States Coasl and Geodetic Survep, in order to make a more 
exhausfive study of the chanqes of lalitude, have located their 
observatories a t  Wailiilri, near Honolull~. I t  is proposecl to  observe 
during the year about sixty five pairs of stars, chosen on account 
of their well-determined proper motions, and to make in all not 
far from twenty-five hundred observations of the latitude. The 
results, compared with those made simultaneously in Europe and 
America, will settle definitely the question whetlier tlrere is a real 
motion of the pole. At the suggestion of the American representa- 
tice. the forceof gravity mill be measured every niqht that latitude 
observations are macle. This may tllrow light on one of the theo- 
ries proposed to explain the changes of latitude, viz., that of large 
transfers of matter heneath the earth's surface. The new pendu- 
l~irnsmade at  the Coast and Geodetic Surrey Office in Washington, 
and which are similar to those taken to Alaska by Professor Men- 
cl~nlrall last spring, will be employed a t  TVailtilri. They are of 
fine n-orkmanship, arld are capablz of detecting changes that do 
not exceecl one bunclred-thousandttr ])art of the quantity measured. 
Besides the obeervations at  the regular station, a number of 
rnngnetic detrrminations will be nlade a t  other points in the 
Islands, -notably a t  Kealalreakua Bay, where Captain Cook ob-\ 
served the cleclina.tion more than a hundred years ago, and a t  
Lalnaina, where De Freycinet tiad an observatory for pendul~jm 
and magnetic xork in 1819. The re-occupation of these points 
will show the change of the needle during the past century, and 
will be of great value in determining the secular variation. I t  is 
intended a.lso to seize the opportunity now presented to measure 
the force of gravity on the summit of Mama Kea ( 1 1  000 feet 
elevation). Observations made at tlre top of H-alcakala (10,000 
feet) in 1887 showed conclusively that the mountain mas solid. 
This fact received additional s~lpport from the zenith observations 
at  the sea-level nortll and so:ltll of the mountain. The large 
deviatiou of the plumb line (29") brought to light in that work has 
now been exceeded on Hawaii, where 1' 26" has been discovered 
at the so:~th point of the island (Ka Lae). This. fact, recently 
coi~lln~~r~icaterlby Surveyor General .Llexander, makes the yues- 
t ~ o aof the force uf grnrity a t  the stim~nit of JIauna ICea orre of 
double interest, and i t  is desirable, both frorn a geological and 
geodetic standpoint. that pmdrtlu~n observations he made on top 
of one of the moontaios. Doctor Mal.cnse, who is from the Royal 
Observatory at  Berlin, ot~serves for latitude on the part of the 
European association, and 3lr. Preston, who made the observations 
at  the summit of Haleakala four years ago, is from the United 
States Coast and Geodetic Survey, and rnakes gravily and mag- 
netic determinations. He also, as therepresentative of the United 
States, (~bserve~  for latitude 111 connection with Dr. hIarcuse, in 
the international geodetic work. The ob-ervers had t h ~ :  good 
fortune to arrive a t  tIonolulu on the day preceding the transit of 
Mercury (9th of May), and made successful observa~ions of the 
ptienorrienon. The second c o ~ ~ t a c t  was also obserred by Mr. Lyons 
of the government survey. The two interior contacts were noted 
by local mean time (Waikiki 8" east of Honolulu) as follows: -

H. hl.  S. H. %I. S. 
IMr. Lyons.. . . . . . . . . . . . . . . . .  1 26 32 - - -
Mr. Preston. . . . . . . . . . . . . . . .  26 53 6 10 50 
Dr. Marcuse.. . . . . . . . . . . . . . .  27 3 11 22 

The station was in latitude ? I 0  16' 21'' north, and in longitude 157O 
49' 30" w e ~ t .  The mean ohserved times of contact are in both 
cases about a minute less tlian the coruputrd ones. 


