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'A  singular optical phenomenon. ' 
' r n ~'singular optical phenonieno~l ' described by 


' F. J. S.' on p. 276 of the current volume of Scipnce 

is a case of the  familiar watering effect produced by 

superposed loose and regular fabrics, or by tlistant 

palings and lattice-xvorks superposed by projection. 

We may find i t  convenient. in tlie following discus- 

sion, to refer to these by the general tertn of ' pro-

jection phenomena,' althongh tlle pllr.ase does not 

seem to me to have mncli to recorumeild it except 

convenience. 


I ought to say that this discussion is prompted by 
the letter by Professor LeConte in the last ~ iumber  
of Science ;for, if so skilled an experitilenter could 
overloolc the real expla~lation, it may safely be con-
cluded that  most readers have done so. Moreover, 
tlle phcnonlenon is one of a large and interesting 
class. of wliich I have nerer met anv exnlanatiolr. " L 

altlioueh. as we shall scle. verv simnle conside~~atioris 
will lend' us far toward; a comple'te explanation of 
all. 

For the salce of simplicity, lve xvill begin by the 
consideration of t ~ v o  gratings of regnlar horizontal 
elellienls: the one nearer the ob$erver, wliich we will 
call the first grating, is to be of alter~iating opacjue 
aritl transparetlt strips; a ~ l d  tire more distant one, or 
secorid grating, of white a11d black bands. TJTe will 
alsosnppose, at  first, that the eye is placed in a line 
passlng through the mitldle of a darlr band and an 
opaque strip, arld that  the aperture of the pupil is 
negli=ibly small. We niay also conveniently assume 
that  the a~lgnlar n~idtlis of the elelnerits of both 
gratings are so small that  they are not separately 
eviderit to tlie eye, not only because such cases offer 
the most stril<ing phruomena, but also because In 
them the meaning of the terrn 'apparent brighlness,' 
which we shall use, is self-evident. 

We will call tbe distances from the eye to the 
screens respectively tl ,  ant1 d ,  ;the breatltlis of the 
opacine a ~ i d  blacl; int.ervals, b ,  :~nclbe  ;and, finally, 
the clement of cacll grating ( tha t  is, the distance 
from tlie centre of one dark strip to tlie centre of the 
next), E,ant1 E,. 

If B is the brjglltness of the mlrite portion of the 
second gl,atinq, it is eviderit that the average briglit- 
ness of the iieltl, if the first grating were removed, 
wonld be 

leg 

If ,  on the other hand, tlie first screen remai~led in 
place, and the blacli strips of the second should be 
replaced by mhite of briglltrless B,  the field would 
appear of a brightness 

E,  - 7)3 ~----L,

E* 

As a first special case, let ns suppose 
E,-.. - EL. 
tll - d,' 

t,hen, remembering the position of the eye, it is 
clear that each opaque bar mould be ccr~trally pro- 
jected upon a dark strip of the second grating; and 
the brightness mould be uniform, and equal to the 
less of the two expressions above. 

For a secorid case, suppose 
E,  ._-72 E ,  

-L, 

d ,  d2 

strip would be centrally covered by a bitr of tlie first 

grating. If 41 is eqnal to or less than b 2  the 
d ,  dl '  

l c - b , .
brightness ~ , o u l d  be un~form,  and equal to B ':E2 - ' 
but, if this lirnit of equality were surpassed, the 
average brightness wonld be 

- ( 7 % - 1 )  bl  - b l L 7 2  

B 1zE2 
I , 

arid there would be regularly placetl minima, unless 

the angle nP-I:Lmere insensible to the eye. 
d ., 


The case of n = x' is equally easy. 

1 CL 

In  all that follkxvs, we will, in order to avoid too 
extensive discussion, regard IL as eqnal to unity: by 
this limitation Tve sacrifice no interesting cases. 

Suppose, nov,  tlie eye moved continuously u p  or 
down, parallel to tllc gratings. After a certain s r n ~ l l  

6 6displacement, depending upon the relation of 2 Lo 2, 
ti, d ,  

the briglitneqs of the firld \vould contilluously dimin- 
ish until it reached a rn~ilirn~un eqnal to 

1? , -b2  - h ,cl, 
-

13 ---- - -- (7 I 
7,  

fi 2 
unless the llumerator sllould be negative, when the 
rninimu~ri ~vonld bc absolute. I t  ~ son ld  remain a t  
this mlnirnnm for a certain time, clepending upon 
the constants of the sqbtem, and then i~icrease by ex- 
actly the same law as that  of decrease, until after  a 

displacemerit of the eye equal to E,  - - d ~ - ,  when it 
(7, - (7-
""4 " 1  

wonltl recur to the same conditioil as at first. 
As a final and more qeneral case, let us suppose 

(11 t l:,
where 8 is a small quantity, positive or ~legative. If  
we agaili suppose tliat the eye is so placed tliat a line 
drawn froril i t  pel~pendicularly to tlie two grati~igs 
~vill pass centrally tllrongh d;trlr bars in each, then a 
line tlrawn from the eye through the ?lath bar of 
the first grating will pass through a dark strip of the 
second, if .lnd is a ~vliole number. Let nt be the 

d,
smallest number which meets this condition: the11 a 
line drawn through any bar between the 1st and ??ttll 
would meet sorne olie of the conditions discussed in 
the last paragraph, as produced by a Inovenlent of 
the eye. Thus we see tlrat tlie field ~ ~ ~ o u l d  present 
horizontal lliaxin~n and minirua of brightness, the 
angular position ( 0 )  of the ~naxirna being given by 
tlle equation 

0 = tang-1 
J


- 1  

here N is any whole number, positive or negative. 
The apparent diststnce apart of the maxima would 
be nz--.El 

1 

If the eye be moved so as to shift the apparent 
position of the central bar to the  adjacent blaclr strip 
on the secorld grating, tlic ~liitldle of the field would 
have undergone all the changes of phase which cor-
respond to a change of tang o front zero to mE1;

d .".8 

hence such a nlotioli of tlrc eye woultl appear to give 



rise to a sliiftirig of tlic wl~ola series of maxima by 
this angle. The  direction of apparent inotiori monltl 
he either with tliat of the  eye, or opposite, acco~,ding 
as d is positive or ilegativc. Tlic tlisl)laceinent of 
t,lie pupil rieccssary to bring about t,liis cliangc woulil 
he 

x2 -..L d -. 
cC2 - d ,  

If llie re1:ttive lr~otion of the pcriotlic plier~ornei~on 
a.nd the first, screen be regarcled as a ~iarallactic dis- 
place~iierit, then F e  111ust snp~~r i s e  tlicir relative dis- 
tances fro111 the  eyc iriversely proportior~al to their 
zpparent rnotiol~s ; i.e., as 

I El E ,  ,to -
d l  c i2  - d l f  

or, since !?l nearly, ; ~ s  to ~-
(1.
!. . 

(1, d L  d l  - dl 
I t  was this apparcrit parallas ~ ~ l i i c l l  toled 'F. J .5.' 

supl)oso thc phenoriie~loi~ ~vh i ch11c descrii~es arr lriia;:.e 
of tlie dist i~nt  screen bct~veen liiriiscll and tlic first 
wiildow. 

If o ~ i r  gratings be conip1ic;itetl bv t l ~ e  adiiition of 
equally s]~:iccd vertical b:trs, we s1i:~ll see 2150, ill gerl- 
eral, a vertical ballds giving ~ l i a s i r n ;~  series of ar~il  
mininia. ;tlorig a 11orixolit:~l clircction. ' r l~cse  will be 
separated by illtervals 

1 1 ~ '  

d l  ' 
arid the ratio of their appari'nt al~giilar iiiotioi~ to 
t,hat of the first scree11 wiien tlie eye is moved equals 

fl
171' to --A-

d ,  - d, '  
ml~erc the letters mar1;ed n it11 1 arc definecl bv anal-

"'By'

ii very ir~teresting concl~lsion follows from the 


for a mere rnotion of tr~anslatiori would corri~sporid 
to a rlionieiita~~y rotation about a t  least two points in 
tlie cnrvc. ~vliicli, according to  llre last principle, is 
iniuossible. 

Tlie properties clesc~.ibed nrrctcr tlic sccond arlcl 
fonrt.ll lleacls :tl)ove are those which more especially 
cause the projection plierioinena to resemble t l~ose  of 
~vatercd silk; for tlie latter follow inucli the sarile law. 

\JTe will now c o ~ ~ s i d e r  the  effect of the size of the 
pupil of the observing eye, mhic l~  lias Iiilherto been 
cor~sideredas a poil~t .  I t  is obvio~ls that  tlie irnage 
or1 tlie retina ruust be tlie slum of the projection 
images as seen frorn eacli point of tlie pr~pil :  herice, 
if the pupil is iiot l~~nc11 t l i a~ i  the greater space 
tlirongl~ ~ ~ l i i c l i  tlic point of view niust be sl~ifted iri 
order to prodace a complete cllailge of p l m e  (i.e., 

t l 3 	 . -).  tlie phcnorne~ion mrlst be like that  
d2 - (11  

for an indefinit,ely sniall pupil, escept that  tlre dis- 
contir~uity is less pronouilccd. This e s p l a i ~ ~ s  -\vhY, 
ill fine nctworlis, s i~cli  ns veils and ~nosquito-bars, tile 
distance d 2  - d ,  bctweeri the fabrics must  be s~nxl l  
i n  ortlcr to protluce t l ~ e  projection pllenorncna. 111 
tlic? case tleccribeil by 'P. J. S.,' E,  = 3 ilicli, L Z ,  = 10 
feet, arid d 2  = 40 fcet: co~iqequci~tly tlie exprcssio~i 
indicating t,he liriiit rvliicli tile diauieter of tile pupil 
must  not greatly surpass is + inch. 

Tlie effect of maiadjustrncnt of the eye ~ o n l d  be 
to tlilr~inisli still further tile discoutillr~ily of tlie 
pl ieno~uenon; but  this wol~ld be car~,ied so far  as to  
tiestroy tlic periodicity, and  thus obliterate the pile- 

1 5 ,
riolneiion, -- not wlieil an interval 

, I
a ~ ~ g u l a r  of 

a t  t l ~ e  dist:tr~ce t12 bpconles iiiclistil~gnisI~al)lc,as 
' E'. J. S.' scelns to have expected, but o~ i l y  when air -

111 15  1
a~lgnlarinterval of -- at  tile distance d l  becomescolisideralioii t11:~t I:& ~LIICI 	 (7.i?i1 a1.e \vIioIIy i~ idc i~e i i d~ i i t ;  	 ."!

tile one depciitliilg or1 6,and the otlicr on d'. Tlius, ilidisti11g11isliab1e. 

we may ha r e  the horizontal bands iiloring in tlie T l ~ ec:tses where 11 differs from unity offer no tliffi- 

same direclion as tlie eye, a11i1 tlie vertical bands culties, but  they are i~iucli  less interestinq. 'l'liey

moving in tlie opl)osite tlirectiorr, or vice ac.r.cril: esclutle the case wliicli has give11 rise to this discus- 

liencc?, if the di.placemeiit of tile eye is rlcitlier sion; for tliert, I<,crluals + iiicli, tlie otlrer dinieiisions 

horizontal nor vertical, tile networli wliicll f o rn~s  tlie liavilig been already clnotetl. 

projection p l~eno~i ie l~oi i  Irl ~ v l ~ a t  precede., I~o~vcver ,  I 1 1 ~ r etacitly assunicd 
may seeill to lilore ill any 
direction, t l ~ e  onI>- colidi ti011 bein? tll:~t the liorizontal d 
arltl vertical components of tlie vr:locity are prol)or- that  - is alrrays tile reciprocal of a n~hoie ~ i u n i b c ~ .  
tioli:~l, resl:ectivt>ly, to  ~,z fand I I L  ; or, i i ~ ~ o t l l e r ~ m & ~ ~ I s ,  w.2 

to ti](: a p p a r e ~ ~ t  n'icltl~ of tlie bantls, divided by the  
cowesponding clenierit of the fir-t grating. 

111 the case of gratings ~ ~ l l i c h  :rye not plane, s~lper-  
poscil by projcctio~i, as is tllc! condition geiiera1,ly 
\vitli tlo~~blecllaces, veils, ri~oscluito-bars, etc., - ~ n  
s l~o r t ,i n  al~oosL all casrs of every-d:ty obser~~ai.ion, -
both d aricl d' ,  as well as tllc t l i rec t io~~ of tlie elenlents 
of tlie gr:rtings, arc functions of tlic clistances fro111 
t.11e ceutr:ll poilit of tile: field; but ,  as these are con- 
titir~ous fiulctions, 'ive can state severitl of the most 
iri~purtnnt prdperties of the  projectioii plienoniena: 
viz,, -

lo.T l ~ el.i;~ndsmill be continnous ant1 curvecl. 2O.  
If the eye 11e rnoved, t l ~ c  l~l~enonlenon'ivill sliift with 
:ti1 appi~rent  velocity in any d i ~ w t i o n  proportional 
t,o l11c n~icltli of tlir bai~cls ~ileasnreil i l l  that  direction. 
:<O. The  111otio11 of a single bnr~ii will, iri genrral, be 
:I motion of traiislatioii, c~o~rlbined wit11 a nlotioil of 

~ota t ion .  Gut  l l ~ c  ins ta~l ta t~eous  rotation
centre of 

cannot lie in a band; f o r  irl that  c:Lse, according to 

the previous cor~clusion, tliat pilint being a t  rest, tlie 

band wonltl Lhere have iio rvitltll, consecji~e~ltly 
could 
not exist. 4 O .  If a band fol~llls a closeel curve, a 
m o t i o ~ ~  prodltce a coiltinu-of the eye will ~~ecessar i ly  
OIIS cl~nnge ill 111e apparcilt magl~itade of tlie r ing;  

This nlay not  be true. S ~ ~ p p o s ethe value to  lie be-- 

tween -I ant1 - 1- -here N is a wl~olc  n ~ u i ~ b e ~ . :  
AT N + 1 '  

then, if N is l:trge, the  soll~tion above is accurate 
witllin tlie range of observation. If,on the contrary, 
tlie value of ,V is inoderate, s~~cct>ssi'i-e iiiasinia will 
differ by a quaritity whic l~  i.j itself gerioclic. 

I t  will be observcd tlint tlie secoiitl grating n ~ a y  be 
perfectly replacecl by a n  iini~ge by reflectior~ of tile 
first. Frerlueiit exanlples of this s r r :~ i lge~nentart? 
seen in screens before closed miridoxvs or mit.rors. 

The  general n~~aly t icn l  solution of  the ~vllole class 
of phe~loiriena prodncecl by parallel r e c t ang~~ la r  grat-
ings wit11 inclefitlitely sniall pupil is ewy ;  bnt the 
sol11tio11 is so extreruely genertrl, that  its retluctioii to 
special interesting cases requii,es even Illore 'ivritil~g 
tlian ~ v c  liavc found necessary here. Tlie only poiiit. 
wort11 dneliing upoil liere i.;, tliat t,l~e apparent 
variat ioi~sill briglltness, t l ~o i~g l i  periodic, are al~vays 
c l i s c o i ~ t i ~ ~ u o ~ ~ s ;but 111:rt every departure: froin t11c 
assu~necl geon~etrical contlitions, such :ts are effectetl 
by diffraction, di~uension of tlre pupil, ancl imperfect 
accom~noclatiorr, tcr~cls to decrease the di.\coi~t~lriiity. 

C .  S. H a s ~ r s n r .  
13;tltirnorc, April 11. 


