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first known to Europeans, and doubtless for centu- 
ries before that time, were in a social stage at  least 
as far  advanced as tliat of our Gerri~an aricestors in 
the days of Tacitus. We know that these barbarians, 
if we choose so to style them, had evolrcd a regular 
system of government, combining very ingeniously 
the methods of demociacy and aristocracy, and com-
prisine the germs of the English constitution. On 
this p z n t  the often-cited passage of Alontesquieu will 
bear to be requoted and erilphasized. ' ( I n  perosing," 
wlites the great legist, " the  adiriirable treatise of 
Tacitus ( O n  the customs of the Germans,' ure find it 
is fro111 that nation the English h a ~ e  borrowed the 
idea of their political governrnent. This beautiful 
system was innelated Jrst  in the woods." Will any 
one reply that tlie German barbarians, being of the 
Aryan stock, niust be supposed capable of intellectual 
acliievemei~ts which barbarians of the Indian race 
coultl not be expected to compass ? I think the able 
and liberal-minded reviewer will agree with me, that  
reasoning of this 'high priori ' sort, nrhich assumes 
the very point in question, would be any thing but 
logical or satisfactory. 

Tliereviewer is kind enough to say that many of 
the chapters in my volurne " indicate immense re- 
search, and are of great value both ethnologically 
and philologically." I can assure hiin that equal 
diligence was exercised in preparing the cbapters on 
the league and its founclers, and I lrnow of no reason 
why they should be deemed less accurate or less valn- 
able. I n  these, moreovel., as well as for the other 
portions of the work, I have been careful to indicate 
the sources of my information. Nothing will be easier 
than for any one who has doubts as to its correctness 
to repeat my inquiries, and to satisfy llimself on that 
point. But I am happy to say that the co~nmunica- 
tions which reach ine from rnany quarters seen1 to 
sho~vthat no such doubts are liirely to be entertained ; 
a t  least, by any mell-informed persons. Writers of 
the higliest autllority on American and I~ ld i an  his- 
tory receive the statements of the book as ent i~ely  
authentic, and speak of it in terms too flattering for 
ine to repeat. 

Let me conclude by expressing the pleasure with 
which I have learned from this review that the valu- 
able work of the excellent and indefatigable mission- 
ary-linguist, the late Father ~ fa rcoux ,  on the Iroquois 
language, is abont to bcl published by the Bureau of 
ethnology. The idioms of the Huron-Iroquois group 
stand, perhaps, at  the head of the best-known Indian 
languages as subjects of pliilosopl~ical study. I t  is 
doubtful if even the Quiclina or the Aztec eqi~als them 
in comprehensive force, or in subtlety of didtinctions. 
Nore than two centuries ago the learned missionary 
Brebeuf was struck with the resemblance of the 
Huron to the Greek; and in our own day Professor 
hlax Muller, after a careful study of the Mohawlr 
tongue, has expressed the opinion that the people 
who mronght out such a language 'were powerful 
reasoners and accurate classifiers.' The w o ~ k s  of 
M, Narcoux, in conjunction .yith those of his dis-
tinguished pupil and successor, &I.Caoq, will afford 
arnple means for the study of one, and perhaps the 
finest, of this remarkable group of languages. 

I n  connection with this subject, it i~ proper to refer 
to the doubt expressed by the reviewer as to the 
correctness of the linguistic works of the French 
missionaries. I t  is suggested that they have made 
mistake? in grammar, a ~ i d  in particular that they 
have not been able to distinguish between the femi- 
nine and the indeterminate inflections. Now, it must 
be reinenibered tliat the intelligent and well-educated 
missionaries, whose competency is thus questioned, 

have for many years spoken arid written tlie Iroquois 
language almost as familiarly as their native speech, 
and have published many books i n  that language for 
the use of their converts. Their predecessors, wllose 
experience they have lnheritetl, had been1 engaged in 
the same work for more than two hundred years. To 
suppose tliein so grossly ignorant of the grammar of 
the language as is now suggested is much the same 
as supposirig a professor of Latin in an  English or 
Arnerican college to be unable to distinguish between 
the genitive and the accusative case> in that language. 
If the work of RIarcoux is so erroneous, it is clearly 
unfit to be published in a national series like that of 
the Etltnological bureau. It1 justice both to the mis- 
sionaries and the bureau, I am glad to be able to show, 
by the best possible evidence, that the suspected 
errors do not exist. The Iroquois must be supposed 
to know their owl1 language. The text of their Book 
of rites, fortunately, presents a test wliich is concln- 
sive. I n  preparing the translation of this text, with 
the aid of the best native interpreters, I had occa-
sion, as the appended glossary shows, to nlalre con-
stant use of the publications of &I.Cuoq on tlle 
Iroquois tongue, and found them invariably correct. 
I n  particular, I may mention, tlie indeterminate 
for111 frequently occurs, employed precisely as indi- 
cated by h i ~ n .  The bureau may therefore safely 
add the work of &I.Alarconx to the other valuable 
publications which have done so ~nucl l  credit to the 
scholarship of their authors and to tlie liberality of 
the government. 13. 1 3 ~ r . 1 ~ .  
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A treatise on izntural philosoph2/. By Sir WILLIAM 
T H O ~ ~ S O N  P. G.LL.D., D . C . L ,  F.R.S. ,  and 
TAIT,M.A.  Vol. i., part ii ,new edition. Cam-
bridge, Uniuersity press, 1883. 25+ 527 p. So. 

THEfirst edition of vol. i. ( 2 3f 727 12.) of 
this work was publishetl by the delegates of the 
Clarendon press at  Oxford, 186'7. The authors 
then intentled, as appears from their preface, 
to coinplete the morli- in four rolan~es. The 
remaining three rol~uines have, llowever, never 
appeared, much to the regret of all stnclents of 
mathelnatical phxsics ; ancl the authors state 
that the " intention of proceeding with the 
other volumes is now definitelr abandoned." 

I n  1579 a new and enlarged edition n-ns 
published of a portion of vol. i. ,  entitled part 
i. (l 'i+>OS p.) ,  including that part of the 
first edition coiltaiiiecl in the first 336 pages ; 
ancl now we have the reillaincler of rol. i., en- 
titled part ii., n-hich has beell eillarged by im-
portant additions from 390 to 527 pages. 

A t  p. 22 will be foulicl a schedule of the 
alterations ancl additions in part i.. nncl, a t  
11. 24, those of part ii. "The most important 
part of the labor of editing inart ii. has bee11 
borne by Mr. G. 11. Darwin," \vhose remarlr- 
able papers in the Philosophical transnctioils 
upon the lilathematieal pl~ysics of the earth, 
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11:tst anel lwesent, littve placecl him in the front 
rauk of the cnltivators of that science. His 
contribntions to part ii. are dul) accreclited to 
him in the above-mentioned scheclule. 

Tlie original olject of this treatise is st:tted 
to be tmofolcl ; viz., a to give a tolerably coin- 
pletc account of what is nonr knoa n of antnral 
l)hilosopliy, in language aclaptecl to the non-
mathematical reader, ancl to furnish to those 
who have the privilege 13 hich high ~nathemntical 
acqni~ements confer, a connectecl outline of 
the analjtical processes b~ which the greater 
part of that knonledge has been estcilcled into 
regions as yet unexl)lorecl bx experiment." 

From the nature of the case, the bucccss of 
tllc nulhors in tllc :rttainment of their first object 
mas small, con~paied with the secoi1cl ; for in 
order lo g i w  an intelligible aeco~lat, to oilc un- 
accustoinecl to lnatlle~natical ieaso~iiag, of the 
general tenor a i ~ d  ~csnl ts  of such reasoning, 
requires not only cal'acities sucli as fen- matile- 
maticians have had in otlr clay, except Clifi'orcl, 
1)ut requires, also, nil amou111 of space i~lcom- 
patil~le mitli the second and principal object 
\.rliich thc autliors liad in vien . In  ordei, 
11on evcr, hcttcr to rend1 tlii~ 11011-matliematical 
reader, the autliols p~i i~l i~l lcd  n nolk  entitlecl 
* Elemcnts of nntuial l~hilosophj-, pait i., ' 
mliicli \\-as only an al)~iclgment of this ' trca-
tise,' 1n:tdc by simplj omitting all the advancecl 
~natheinatical clevc~lopments. 

The secoud ant1 principal o\tjt3ct, llornc~ cr, 
of the autl~ors, was oile in nhicli tllq., perhal's. 
]\-ere better fitted to succeed than any rho 
could he selected. Their object nas  a large 
oilc, ant1 its nttaiiimellt mas uiiclertakci~ in a 
large TIa j  . I t  invol~ eel tlie l?reseiltation of the 
general subject of liinematics, or the geometry 
of rnotioll consitlered ap:rrt from the forces 
can-ing it,  il~cl~itiilrg tlie exposition and use of 
ge~leralizecl co-oit!iiiates ; :11icl the consiclern-
tioil of ha i~no i~ icmotion, wbicll .' iiaturally 
leads to I:ou~ier's tlleorcm, one of the most 
i~iiportant of all a1i:~lj tical results as regards 
i~sefnlnessin plij sic:tl science," and incltlcling, 
~150,the higbci p a ~ t s  of the analxlical discus- 
sion of curves ailtl s:wf:~ces in space, of t l l~ce  
diincnsio~ls. Kest  it recloiied an extended 
clevelopinc~ntol' clyilninical laT: ape1 pii~lciples 
fouiltlecl on S e n  ton's l'rincipia, coin111 ising the 
c l ~nnmics of' a 1~:iiLicle ant1 of' a rigitl hoc1~-, 
xlld the nliolc ut' \\ l1:it is no\\ termed Linetics 
no~ltecl over a i d  " developecl f~orn the g1.ancl 
basis of the co!lsc~\ ation of energy." The 
scolle of the K O I ~ ~de~iianclecl, also, the eslab- 
lislnnent of tlic 171ii!cil)al formulae of splierical 
llarinonics, a brnnuli uf analysis ~ ~ l l o s e  charac-
ter lye shall espl:lin niore at lengtli liereafter. 

All these and other subjects. nrhicll are usu- 
ally regarded as but distantly related to the 
subject in hand, form a necessary part of a 
work whose object is as ~ i d e  as that proposed 
by the authors. 13ut it is hardly too mucll to 
s a j ,  that cverj i~nportant theo~y  treatecl has 
received at  their hantls, not only eluciclation, 
but adclitions of importance. 

I11 oicler to make this 11aper as useful as 
may he, i t  has seemecl best, in what follons, to 
content oursclvcs with tlle attempt to give ,211 

account to mathematicnl readers of tlie more 
important t l e ~  elopments contained ill the worli, 
and not to engage in the task of tiyiag to makr~ 
nu eluciclation of its co~ltcnts suitable for tlie 
general reaclcr. 

IVhen we come to consicler in particular tlie 
contents of part ii., i t  is found to be upon 
the gcueral subject of statics; though many 
subjects, such as elasticity, the tides, etc., not 
usuallj treated in worBs on that subject, sue 
11eie incluclecl. I t  collsists of three chapters, 
tlie first of which is but five pages in lcngtl~, 
ancl is rnerely introductory. I t  states ancl illus- 
tiatcs the utter impossibility of submitting the 
exnct condit i~ns of n11y yhj sicnl question to 
niatlieinatical investigatioll by icason of o u ~  
igl~orancc of the nature ofnintter ancl molec~ilnr 
forceb, but shons tlint approximate sol~itions 
obtained by neglecting forces TIliich do not af- 
fect the conclusions sougllt to be estal~lislied, 
aucl by regarcling bodies as rigid w11ich are 
liearly SO, lead to practicallj- the same results, 
as to the equilibrium nild inotion of bodies, as 
n7e slioulcl he led to b j  the solution of the infi- 
nitely mole trnnscenclent piohlcm ~vliich has 
regarcl to nll the forces acting. 

In  case, l i o~ve~~er ,  ~ v c  consiclcr the t)encling 
or other deforrnatioils of i~oclies regarcled as 
elastic, we make a seco~icl approsimntio~i to 
the exnct treatnient of physical qucstio~is ; a11c1, 
by iiitrodt~cing rnoclilications of elasticity due 
to cliai~ges of tempcrnture, ~ . ie shonlcl makc a 
tliiid approxiination, nhich ~niglit be carried 
one step farther hp tnliing accomlt of condac- 
tion of heat, and farther still i)y cousidering 
the ii~ocli~icntioiis of ordinary condt~ction clue 
to therino-electlic cr~irents, etc. 111 vier\ of all 
this, the antiiors say, L L  The ohject of tlie pres- 
eilt di\ision of this ~oluine  (LC., p a ~ t  ii.) is 
to cleal with tlie first ailcl second of these ap- 
prosiniationi. I11it TI e sliall suppose all solids 
either I-iqicl (i. e., nncliaiigenhlc in forin aiid 
~olunie)  or elnatlc; but, in the latter case, me 
shall assnine the law connecti~lg a coinprcssio~~ 
or a (listortioil witli the force wliicli causes it, 
to  tiale a pu~ticnlar forin i led~~ced from ex-
periment. . . . lire slinll also suppose fluids, 



wlictller liquicls or gases, to be either com1we.s- rlectrifiecl boclj also hail its system of lines of 
szble or inco)np?.~ssible, according to certain electrical force, atid its corrcsponcliug system 
li-now11 laws ; ailcl v e  shall ornit consideratio~ls of level surf:~ccs; m:d each magnet hail its 
of fluid f~iction, although we aclmit the consid- inagiletic system as well. Tlic g e o ~ n c t v  of 
eration of friction betmee~i solids." these lilies and snrfaces is thc basis of Fara- 

The next cllal~ter (v.) coinprises ~ 1 ) .  C; to clay's reasoning in his ' Esperimelital re-
100, and its espocial object is set forth in the searches,' :iucl is the qeometric trntli 2lidcle11 
introtlnctor3- section (454) ,  as follo~vs: -'TFTe in the anal) tic disco-\ eries clnsle~ing around 
natnmlly diviile statics into two parts, -the Lnplace'a, Poissoil's, and Green's theoremi.,. 
equilibrium of a particle, anrl that of n rigicl or That n e  ma) cnll these relatioils more clcar- 
elastic body or system of particles, mhetlicr ly before the n~iacl. consider for a inorncnt the 
soliti or fluid. In  n 1e r r  fen sections we sllall so-called ' eqnntioii of conti~ll~ity of an incoin- ' 
disl~oseoftlie first of these parts, aiitl the rest pressible flaitl ; wliicl~ cqnation is ilivincd from 
of this chapter nil1 l ~ e  dcvotecl to a cligressio~~ the gcomctric ti-utli, tliat the cluxlitity of such 
on the important si111jcct of attractioi~." I n  
otllcr worrls. this chapter is tie\ oted, wit11 the 
esce1)tion oS a couple of pages, to an cutended 
treat~ncntof attraction accordiiig to the Inw of 
the inverse square of the distance as applied 
to gravitation, electricity, a11d magnetism. 

,ifter a biicf in7 c~tigation of tlie risual for- 
rnulac for tllc attrnction of the spherical shcll, 
circular ilisli, tlliti c j  lirl~ler, circu1a1- nlc. etc., 
the 11ini11 sal!ject of the chapter is reached, 
~vhicllis the lr~otlcr~l m:~thcrr~:~ticaltheory of 
pote~ltial; TT hicll theory is the pri1icil)al iliefills 
iioir- in tlie discussion of questio~ls 
relati~ig to the clistiihutiori of atlractiug matter, 
and the forces ca~isc(l it. This theory, due 
as it is to tlic a~lalyticnl (lisco\ eries of Lapiace. 
Green, Gans-, and otllcri, night, ncvc~rtllelcss. 
I~avc long rcmaiiied elr barren of c~omparati~ 
fruitfill resultci iii p11j sics, lint1 it not I)ccn for 
tlic gellins of Falaclay, who, though n~iil~illccl ill 
the ~ s c  of ail:~lj-sis. lind a in031 pov\ crful grasp 
of geoinetric :~nd ~ L L J  Tusical iclations, the 
words of : i~~otl ier .~Far:ulny, in his ~nilltl's b h  

eye, s a n  lints of forcc tin\ ersing all space, 
wllcre ~liathe~tiaticians saw celitrei of force at- 

a Auitl, nhicli flons into ally nssllrne~l closet1 
sarf:<cc, lalici~ entirely n i t l~ in  i t ,  is equal to that 
flowing out, or that the totnlJozo is nil. This 
is precisely e~presseii  by the equtttion 

in wliicli cl S is the tlrca of the clement of t h ~  
assmnerl closed slurfacc. F is the normal flon- 
l)t?1* square n~ i i t  at  that t>lcnicnt. a i d  thc lilliits 
of ilitegration are so talien that it es tc~ids  over 
the entire surface. There is also a i ~ o t h e ~  form 
of t l ~ e  equation of co~ltiulrity, csl~rcssing the 
lii~leinatic trulli, tli:~t, in all incoil~prcssil)le 
fl~iicl, tlic \,:lrixtioii- 01' the co~upoiieiit vcloci- 
tics in the dircctioll~ rc.. y, x, I-~nlance; i.e., tlieir 
algebrnic slum is ~ ? i ! .n llich Jilny ile n littell 
t h l~s: -

ill .i\llicl~ u. v,w. are the eolnponcnt velocities 
in tlie clirertions .G. y, z ,  rcsl~ecti~ely.  

Xom, it is not difficult to picttire to the miiicl 
the inotiolis occa~ining within the mass of nn 
incomlrcssiblc finicl ; such as TI :rter. thr csam- 

trnctirig xt a diitallce : Faratlay saw :I m e i l i ~ ~ n ~pie. In rvhxtever TY:~J i t  lung 1x2 moviilg, nc  
where they .:tw i~otliing bat a clista~~ce ; Fara-
clay sought tlic seat of' the pl~enomcna in real 
actions goiilg on in tl~c. medirun. tiley Tvcare sat- 
isfied that tllt~J'for~~~cl it in a liolver of action at  
a clistni~ce." I le  conccivetl of lines of grnvi- 
tatioual forcc as holtliiig the planets in their 
orbits. These liiics racliated tli1.oup11 all spatae 
from tile attrtlc.ting body a%a i ~ u c l e o ~ ,rcgsrcl-
less of the csistelice oi 11011-existence of bodies 
upoii ~ ~ l l i c l i  the attr:xction could he ost~rtccl. 
Fa1 thcrmorc,, 1:aracl:l-y thollglrt of eztcli attract- 
ing l~ocly as snrrountletl at  cliff'erent distances 
hy successive level surfaces, -l i l~c thzit of the 
ocean, for example, or the ripper limit of 
the ntmosl~here ; n liicli surfitce5 cut the lines 
of force everj n here 'at right aiigles. Tliis was 
not ollly trnc of g lavi ta t i~g matter, hut each 

' I'rcfi~ceof ,\7asweli'a Electricity arid n~agtletiam. 

c:rn tliilik of strctlill-linec: aloi~g whicli the clif- 
fereiit parts of it flo~v. A numbc~ of these 
lines, sicle by side, can b(3 talteli to Sonil n 
s1rex111, and can be thought of as 1)oruidecl by 
a k i~ id  of tubular sarf:tce : which snrfacc miglit 
be ~cgalclctl as the bolulclary of the strcani, 
~vhich isolates it Proin smronuiling streams. X f  
the stream has the saulic \rclocit~ at c \  txly poilit 
along the tuhc, the11 its cro~s-section ~nrlst be 
uniform ; but, whert~ the velocity is Icss, the 
cross-section is pro~~ortioiiutely increi~sccl, ailcl 
vice ?;ersn. This foiloms from the f x t  that 
tlie sanle c111a11tity int~st pass each cross-section 
1)er ~iiiit of ti~nt.. A tube in wllicll u of~ u ~ i t  
1 ol11me passcs :I g i ~en cross-section per nilit 
of tirnc is cnllcil a unit-tube. Xow, the forces 
of attrnctioli in free space, caused b j  ally dis- 
trilmtion of matter, electricity, or magnetism, 
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follow preci-ely the same 1:ln s as the relocities 
and flotv of incompressible fluids ; for, consid~r  
for the md~ncnt tlie lilies of force starting from 
the surface of some attiacting bocly (a  n~ngnet, 
for exan~plr) .  They gracl~iallj diverge as the 
distance increases, and cur\ e avay into space. ' 

I h c h  one of these lines iiiaj be talten as the 
~~epreseiitati\,eof a definite amonnt of attraction, 
wliicll is tlie salile at all points along it ; arid if 
a tubular sorface be s~rpposecl to exist, inclucl- 
ing e\ eryvhcre certai11 of these lines wliicli lie 
luesicle each other. ancl no others. the total 
amount, of force acting across el ery cross-scc- 
tion of llie tube is tlie same : hence equations 
(1) a l~d(2) apply as \yell to forces of attrac- 
tion as to \ elocities of an incompressible fluicl. 
pro^ idecl P, 7 1 .  v, ru, he take11 to be tlle compo- 
nent forces along tlie norinal and a l o ~ ~ g  rc, y. z .  
respectively. :illtl pro-\ ided that none of the s t -  
tracting ~natter  hc containecl ITithin tlie closed 
surface consiclcrcd in quat ion (1).  or at tllc 
point conside~ed iii equation (2). 111 order to 
the farther clevelopment of these equations, let 
ns compute tlie nork whicli wonld be obtained 
in carrjing a of attracted inaterial from r ~ ~ ~ i t  
one given position to another. isThe \ ~ o ~ l i  
fo~uid fi,oin tllc usual exl)ressioii 

in ~~1iicIi co~npoi~eiit11,  v.w,b e i ~ ~ g  forces, the 
linlits of tlie i~ltegratior~ are the co-ordinates of 
the two giren points ; but ~vliat path is talcen 
betneen tllcse points is of no coiiseqnence, 
because tlie amount of n o ~ l i  depends aloiie 
upon tlseir differtlnce of level : 

in mliicll the right-hand numbers are partial 
differeiiti,~l coefficients. V is e\ ideritlg a func- 
tion of the co-ovdinates such that its valse de-
pe~ltls upon position. niiii not ripon tlie liincl of 
eo-orclinalcs employed. The point ~I l ic l l  fixes 
the lover limit of tlie integral in (3)  is ilsaally 
talien at  ii~finity ; and llie value of Ptalien he- 
tween it :mcl the point fixing the upper liinit 
is callecl tlie pote~ctintof the latter point. 

By help of ( 3 ) ,  Tve may put equation (1) in 
the form 

in which tl u is the elenlent of the normal to 
the closed surface consiclered. 

And b ~ -  s~djstitutingin (2 )  the values given 
in (4),  we hare. 

d L  V d 2  V d L  T- + $ - - = o  
dx2 dvL d x 2  (6) 

which is Laplace's equation, and is often 

written in the abbreviated form, V LV = 0. 
Poisson showed, that, n,lien the point at wliich 
the potential is to be computed is witliin the 
mass of the attracting matter, the right-haid 
ineniber of ( 6 )  should no longer be nil, but 
4 ~ - pinstead, i11 nhicli p is the clensity of the 
matter at  that point. Sin~ilarly, the right-hand 
member of ( 5 )  becomes 4 ~ r n  when an amount 
of matter m is inclucled within the closcrl snr- 
face consiclerecl. 

Equation (6) states that V m ~ i s t  be snch a 
f~~nct ionof the co-ordinates, that, if we take 
its three l~artial second cliffcre~ltial coeEcients 
and add them, their s u n  is ?lil. What possible 
algebraic forms are there wliicli fulfil this con- 
clitioii? They :ire, of coursc, to 11e found by 
attenlpting to solve the diff'ere~~tialequation 
(6).  I5ut it is to be seen beforehand, from 
the mailner in which tliat ecyuation mas es-
tablisllecl. that it ~ n n s t  have an infinite niun- 
ber of solutions ; for Vmust be such a f~~ilct iou 
as to be capable of expressing tlie n oil< to be 
obtained from a unit of a t t~acted  niatter lien 
brougllt froin inlil~ity into the presence of 
attracting matter, whatever its clistribntion in 
space. Tlic function V must t1lerefoise, in 
general, be different for ever! (liferent dis-
tril~ntion of attracting matter. 

The ii~tegratioii of equation ( 6 ) ,  anel tlie 
clisc~~ssionof its various solutions, constitute 
tlie branch of nlatliernatics callccl splierical 
harmonic analysis ; nild to it the autliors hare 
clerotccl pp. 1'71 to 219. in part i. The for- 
mulae there obtainerl are elnl~lojed, ~~ l i encver  
required in the present chapter, to express 
the potential. or tlle attraction of matter dis- 
tribiitecl accorcliiig to laws not conveniently to 
be treated by less elementary methods. 

As thc study of sl~herical harmonics has 
been conil~aratively neglected in this coiliitry, 
n short digression, explaining sonle of their 
properties, r n q  be useful. 

From the nature of attraction, it being to-
marc1 fisecl centres, it appears 'that polar co-
ordi~iatesrvonld be more suitable to express its 
relations than ~ c t a n g u l a r  co-ordinates ; and, 
in fact, eqnation ( 6 )  is usually transformed to 
polar co-ordinates in space before iutcgration, 
~~rhiclico-ortlinates limy be talten to be the 
raclius vector, the latitnile, and tlie longitude 
of the l~oiiit at m,liich the potential is com-
puted 

I t  mag be shown that there are two general 
forins of solntion of this polar clifi~rential equa-
tion, -one in ascending powers of the radius 
rector ; aiitl the otlier in asceridii~g polvcrs of 
its recil)rocal, witli coefficients clepending upon 
sines or cosines of the a n g ~ ~ l x r  co-ordinates. 
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A s  these series m:ry be.brolcen off a t  any point 
b j  the vanishing of the arbitr:~ry nrlmerical co- 
efficients ii~troduced dnring ir~tcgr:ltion, these 
solritions may be  in terms of the raclilis vector 
of a n j  degree, 1)ositivc or negative. 

I t  is  then four~cl that  :L most import:~nt and 
simple class of solutions, called zonal llarmonics, 
is  t l ~ o s e  wliicl~ arc  iarlependcr~t of tlie longi- 
tuclc, antl consequently contain but two varia- 
bles, - the radius vector and the latitude. 

I f  ill any Ilarmonit: we assunle some special 
value of the radir~s vector for consideration, 
we evidently confine our attention to a spl~cri-
cal surfi~cc ; ant1 tile esp~.cssion is then spolccn 
of a s  a slirfacc l i a r m o ~ ~ i e ,  fromill d i s t i n e t i o ~ ~  
tha t  in which tlle radirls vector is a variable, 
in  ~\ . l~i t : l~ solitl harmonic. c:lse i t  is called :L 

0 1 1  t l ~ csr~rfacc of a sphere of given ratlius, 
i t  is possiblc to suppose the ~ a l n c s  of a snrf:rce- 
li:irrno~iic to  be l i d  OK grnpliit:allg :dong t l ~ c  
radii to  each point, t o w r d  or away from the 
centre. aceortling to  thcir sign. This will g i rc  
a picture to  the r ~ ~ i n d  of' the distribr~tion of thc 
snrf:\ce-harinonic. 

SOFV,in a zon:rl ha~,nlonic of the first posi- 

tive tlcgrcc ( w l ~ i c l ~  varies :LS the sine of the 

latitutlc) the strrfacc-distributio~l is all positive 

on one side of the equator, ancl all negative 

on  the other. A simple zon:~l Iiarmonic of the 

seconcl tlcgrcc has a distribution like thnt in- 

cluded 1)etwecn a nearlj- sl~lierical ellipsoid of 

revolution about the po1:rr axis and a splicre 

when tlie two intersect along two pamllels of 

latitrlde. T h c  cllipsoitl may be prolate o r  oh- 

late. T h e  ~ ~ u m b c r  
of zones tlcpends, in any  
case, rlpon the tlegrce of the zonal I~armonic, 
atid is s11('11 that the ~ iumbcr  of parallels of Inti- 
tuclc a t  \\.liicli thc tlistribution cl~angcs sign is 
the same ns the dcgrcc ; :rncl t l ~ c y  arc. symmet- 
rically situated about tlic equator, so that  in 
the otltl rlegrees the equator is  itself such a 
parallel. 

l'here are  o t l ~ e r  solutions, callecl scctorial 
harmonics, ill which the surface-tlistributio~i 
c l~anges sign :rt equitlistant mcritlians, ancl 
other solutions still, which arc n cornbinntion of 
these two, callctl tcsscr:rl Iiarmonies, in which 
the sign of , t l ~ e  (1istril)ution changes, checker- 
board f:lsl~ion, a t  p:~rallcls :lnd mcritlians. Tile 
sectorial 11:unionics arc, I~owever, in reality, 
no t l~ ing  111orc than the combin:rtion of a num-
ber of zonal I~armonics of the samc dcgrcc, 
wl~osc poles arc  situntetl : ~ t  equal distances 
along the equator ; and the tesscral harn~onics  
a r c  combinations of the  scctorial with the 
zonal I~armonics. Indeetl, the most general 
harmonic is one i)y me:rlls of which any sur-
face-distribution whatever m a r  be esprcsscd by 

l~ropcrly determining tlic constant coefficients, 
mitl is l i~crely a coml)inntion of zonal harmon- 
ics sl~l)crposed one upon anot l~cr ,  with poles 
situateti in  some irrcgr~lar mmlncr upon the 
surface of the sphere. l'liis brings us to  the 
f~lnclamental tlieorcm stateti in section ,537, 
upon which the special importailce and 11scfu1- 
ncss of these fnnctions rest,  -" A spherical 
harmonic distribl~tion of density (i.e., matter) 
on a sl,l~crical slirfacc prodrlces a s i m i l : ~  and 
similarly placed spherical 1i:umonic distribution 
of potential o rc r  e r e q  concentric spherical 
surf:~cc tl~rougli space, external and internal; 
and so, also, conscq~~ent ly ,  of radial component 
force. . . . Tlic potential is, of course, a solid 
11:~l~monicthrough space, both estcrn:~l and in- 
ternal ; and is of positivc dcgrcc in thc internal, 
:rnd of negative degree in the estcrnal sp:lcc," 
as  is c~ i t l en t ly  necessary, if the series csprcss- 
ing the potcntial in t l ~ c s c  two cases are to  con- 
vclgt?. JVhcn we come to trcnt ill the same 
cqu:~tion the potentials of a given point due t o  
two tliffercnt bodies, or systems of bodies, a 
rcrnarl<able re1:ltion is found to exist k)ctwccn 
t l ~ c m ,  called, from its discovcrcr, Green's thco- 
rcin, n.11icl1, t l ~ o ~ ~ g h  somcwl~atco~nplicatcdwhen 
exl)rt:ssetl in rcctangtilar co-orclin:~tcs, has becn 
put by ~ l a x w c l l  in :L simple form, which majr 
1)e written 

,f V,clm, = .f V,dm,, ( 5 )  

in wliicll the subscripts refer t o  t l ~ c  first and 
sceo11~1s j  btcms res1~ectivc1y, ant1 tlie intcgra- 
tioni arc to  be cstentied so  a s  to  illcludc tlie 
total masses m ,  antl ? T L ~  re\ l~(~ct iveIyof tlie 
two s j s t c ~ n s .  I,aplacc's and I'oisson's equa-
tions :Ire, of course, particr~lar cnscs of Green's 
theorcm. Thoinson h:rs effected an important 
extension of Grct$n's theorem, given on pp. 
167 to 171, part i. Constant rcfcrences a re  
made t o  these t l~eorcms,  not only as  to  their 
dircct al~plication, as  we 11x1 c prcsenteti i t ,  but  
in their al)plication to the illverse question of  
t ie te~mining \vl~at  the distribution of matter  
must be to l~rodnce a given distribation of 
potential. 

The  most extcntlcd and iinportant :~pplica- 
tion of the tl~eorics of attraction ancl potential 
treated in this chapter is that  of ellipsoids and 
cl1il)soirlal sliells, -a sr11)jcct wliicl~ is  closely 
connected with thnt of t l ~ c  fgurc  of the earth, 
ant1 one which 11ns cl~gagcxd the prolonged at-
tt~ntion of many of the most 1)owerfrll mathe- 
~na t iea l  intclleets of tlic l ~ a s t .  A fiill accorint 
of the cor~rsc of discovery in this field is  found 
in Toclhunter's I I i s t o q  of the theories of a t-  
traction ant1 figure of tlie cnrth, 2 rols. 

T e n  pages of IICVV matter (pi). 40-50) have 
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beell inserted in this edition, Inotlcl.ll 
invcstigntions ilnpol.talic.c tllis s,,baiect. 

(To O e COIIL~III<~II.) 

OBL,GA7,10NS OF ICS  7.0 

P I ~ I L O S O I , I Iy, ,,,ATL) 11,0QuES'I,,ON s 
n , r r  
b U . I ~ l l 1U l b  I , L f Y f i  -- 11, 

I sArn tha t  I would qr~calc to yon. ]lot of tllc utilitv " ,  

of t h e  1nat11eln:ttics in any of t l ~ e  c l ~ ~ e s t i o ~ ~ soS corn- 
Inon life or of 1)hysic;~l scicncc, btlt ~.:ttl~erof t h e  
obligations of ~ r ~ s t l ~ c ~ ~ ~ n t i c s  sill)-to t l ~ c j e  t l i f fe re~~t  
jects. T l ~ c  wliicl~ t l~ i l s  presents itsolf c o ~ ~ s i i l ~ ? r ~ t i o r r  
is, in :L great IIIC:ISIII~C, t.11;~tof the I~istory of t,lie dl:- 
veloli~nent of t l ~ c  of mnthcrnatic:tl tlil'i'erel~t. I ) r n ~ ~ c l ~ e a  
sciellc'c in wit11 the oltler physicnl sci-c o n n e c t i o ~ ~  

(inclutli~lg t.11el.ei11 I~ytlrost?tics), IIis d i c t ~ ~ r n  bout 
the lever, Ilis ' l*:i:p;~in,'ant1 t l ~ c  story of the  defence 
of Syracuse, are \vcll 1inow11. Follo\\ring t l~cse  we 
l ~ n v c;L \ ~ ~ o r t l ~ )  inclutlillg tlie nstr0110- sc:rirs of I I ; I I I I ~ ~ ~ ,  

1ncl.s IIilil)nl~cl~its (A.1).  12.i),. . (1f.C. 150) ant1 I 'tol~:n~y 
:~nt t  e1111ing, s :~y,  \vitIl l ' ttpp~~s ('\.I). -LOO), but  ~ 0 1 1 -
tinr~ctl by t,l~cir >\r;tIiia~l ( .o~~~mc~ir t ;~ t .o l , s ,all11 the  II,:t1- 
in11 it11i1 other E I I ~ O ~ C R I I  of the  sixteentlk g e o ~ ~ l r t c r s  
ccsrltrtrv .tntl Inter. \;l~o n ~ ~ r s u c t l  - the GrerIc zrolnetrv. ~ 

d -
Tllc Greek :tritl~ntetic \\.;is, from l l ~ e  wmtt of a 

pr011cr nut;~t ion.  s i i~gnlwly  cu~nlirous : L I I ~  ~liffictllt; 
and it WZS, for i ~ s t r o l ~ i ~ n ~ i ~ ~ i ~ l  I)!.1)11rposes, s i ~ ~ i c r s e d r t ~  
t l ~ e  st;xngosir~~;tl : t r i l l ~ ~ ~ ~ c t i c ,:tttril)uted to I'~O~CIIIS.. 
but  11rol);tbly kno\vn bcforc l ~ i s  tilnc. T l ~ c  use of 
t11r pr(:scnt so-c;~llctl ,irnbic figtues becnme general 
;tlnollg hr:t1)i;111 \vrit,rrs 011 a r i t l ~ n ~ e tant1 astrol~only i ~ .  
about  the  lnitltlle of tlie tent11 t.cnt~u'y, but  i t  \v:ts 

erlccs,-;tstro~~o~nyant1 n~ecllanic:~. 'I'l~e ~ n a t l ~ e ~ n a t i -  11ot introtlucctl into ICarolic unt.il itbout two centuries 
en1 t l~eory is, in t l ~ c  tirrt, i r~s tn~lce ,  saagcstetl l)y sorne lat,er. Algebr;~, alnotlg t l ~ c  (:rccl.rs, is rcprese l~ tc~l  
cluestion of c o n ~ r ~ ~ o n  lil~ysical science, is nlniost exclusively 1)y t l ~ e  trt::~tisc of lifc o r  of I ) i o p l ~ a ~ ~ t t ~ s  
p u r s ~ ~ t v lant1 stutlictl tllilreof, l W ) ,- on 11~111-quite  i l ~ t l e p e r ~ t l e ~ ~ t l y  (,\.I). in fnct, n the  t l~eory  of 
and lwrl1al1s, nftcr n long i ~ ~ t c r ~ : ~ l ,  COIIICS in contact hers, conlninir~g clucstior~.: rt!l:~ting to sclt~arc ant1 
!crilli iL, or \\,it11 q ~ ~ i t e  ( l i f f ~ ~ . c ~ ~ t  cube nurnIicrS, nntl otllcr propertics c ~ fn~t r~ lbcrs ,tlr~estiol~. C;rorn(?try \vitli 
ant1 nlgclira rnrlst,, 1 t l ~ i n k ,  b(: considered as rnch of their s o l ~ ~ l i o n s .  T l ~ i i  11:ts no I~istoricitlC O I I I I C C ~ ~ ~ I I  

tl~cril o r i g i ~ ~ a t i n g  wit11 objects or qt~cs-  in c o ~ r l ~ c c t i o l ~  wit11 the Inter ;tlgr:br:t introtli~ct:tl into 1t;tly froin l l ~ c  
tions of cornlnou lifc, -gco~nc:try, ~~ot \ \ . i ths ta l~ t l i r~g  east by Leonartli 13onacci of I ' is ;~(A.D. 120'1-12OS), 

I~nrtllyi t1  I I ~ ~ ~ ; I S I I Y ~ ~ I I ~ ~ I ~ ~its I I : ~ I I ~ C ,  t11t: of l;t11t1, bu t  
r a t l ~ e r  from t11c c o ~ ~ t c ~ n p l : ~ t i o ~ ~  as tltcof sue11 forms 
slrzigl~t. line, t l ~ c  circlc, tlli! b:t11, t l ~ c  top (or  s11gnr- 
lotif). T l ~ c  Grcelc gcolneto~,s appropri;ltc:tl for the geo- 
~nclt,irnl f o r n ~ s  c:ort.c:.l)o~~~ling litst two of t.llcse to t l ~ e  
t l ~ c\\ortls rigoi/~r/ n11t1~\i:,~~o:, our sp l~erc  nntl cotlc; :t11tl 
they cxxte~~tlctl co~npletethe  \vortl ' cone '  to lnean t l ~ c  
figrrrc oi)tail~ccl by l ) ~ . o t l u c i ~ ~ g  of tlie tlic str;iigllt l i ~ ~ c i  
suri:t~ct both n.;~ys intlefinilcly. Ant1 so algcbr:~ woul(l 
seen] to II:LI'C al,isen fro111 t l ~ e  sort of c;tsy ~ ) ~ t z x l ~ ? s  in 
regartl to ~ ~ n n l t i c r s  m:ty bc m ; ~ d e ,  n l ~ i c l ~  cithcr ill t l ~ e  
pictiiresrlue forms of t l ~ r  1:ij;~-G:~nitn, \\.it11 its 111:iiden 
wi t l~  tile bonutifr~l locl;s, :t~icl its smnrnis of hccs 

:tr~ct suc-ccs5ft1lly c~~l t iva te t l  t l ~ c  liftcrnth rind sis-i l l  

t e c ~ l t l ~cent ,~ui rs  by Lr~c.:ts l';t~:iolus, o r  de liurgo, 
T;trtaglin, (:;LIz~;~II, nl~tl  Fe~.r:t~.i. I,:ttcr on, \vc 11:tve 
Vieta (1.5-!U-l(jO::), IIarriot, nlt.txa(ly rcxf~3~.rctl to, \V:tl- 
lis, a1111 otllcrs. 

. \ s t ro t~o~nyis, of c o ~ u s c ,  intin~:\telyronnc~c*t.ctlwit11 
gctomctry. T l ~ c  111osL riu~lile f;~c:ls of 01iserv:~tionof 
t l ~ e  I ~ r n v c ~ t l y  o l ~ l yI)(: in gro1111:tri- 1)otlics C:LII sluletl 
c;tl I : t ~ ~ ~ n a g e ;  t11:~t Ill(! stars dcsc~~i i~ t f  for i n ~ t ; t t ~ c ~ ,  
c:irc.les aliorlt t.llc I'olo- st:^!,, or t11:tl t l ~ c  t l i ff( lra~~t posi-
tions of thc  s i u ~  aruollg tl~t! fiscd i;t;tl.s in t l ~ c  coaise 
of t , l~c year for111 ;I c,irclc. f l u y  ; ~ S L ~ I > I I O I I I ~ ~ : ; L ~(:;LICUI;L-
t io l~s  it \v;ts fount1 Ili!ccssnry to ilrtctrnli~~c t l ~ c: L ~ C  

of  ;I ci~.c:lc 1)y r n c : t ~ ~ s  of its cllortl. 11otio11 is as  ' 1 ' 1 ~ 8arnid tlre f ~ x g n n t  blossolns, : ~ n d  tile one ~ I I C C I I - ~ ~ C ~  
left  l i~ in~rn i l lg  the loh~s-flower; or in tile mol'e ni 'o~~ntl  
pro~it ic  fo1.111 in ~ v l ~ i c l l  n stut11:nt h:rs 1)rescntctl to hi111 
in n tnotlern tcxt-boolc :t prol)leni 1c:rtling to a simple 
eclu:ttion. 

T l ~ t ?G r ~ e l c  as bcgi~lnin:: geo~rli'try nl;ty be r r g i ~ ~ ~ d c d  
with Plnto (1S.C. 4:10-3-17), Tl~c: r ~ o l i o ~ ~ s  of geo~nctr i-  
eal :~n:tlysis, loci, ; u ~ t l  t l ~ cconic sc:ct.ions, are ntlril~trted 
to I I ~ I I I ;  111;tny very ant1 t l ~ c r c  ttrc in his ' D i : ~ l i i g ~ ~ c s '  
iritercstirlg allusions to ~rr:ttliemntic;~l cjt~cstions, - in 
pzlrticulnr t l ~ o  1)nss;tge ill the ' T l ~ c : t c t c t ~ ~ s '  rnl~cl,c 11e 
:tffir~ns t l ~ e  i ~ ~ r o ~ ~ ~ r n c ~ t s ~ ~ r ; ~ b i l i t ~s i~ lesof t l ~ e  of cc:rt.~in 
sqlinrcq. E t ~ tthe c:trliost czt.;tnt writings arc t,l~osc 
of Euclicl (E.C. 2%). . T l ~ c r eis 11:irtlly any t l ~ i n g  i11 
tr~atl~ernntics111ore bea11t.if111 fifthtli:tr~ llis n . o ~ ~ t l r o ~ ~ s  
t)ook; ;tilt1 11e llns also, ill tile scvcr~th,  e igh t l~ ,  11int11, 
aud tent11 books, fnlly :u~t l  alily dcvelopetl !lie first 
~ ~ r i n c i p l e s  the tlleory of t l ~ eof nr~lnbers, i l i c l ~ ~ t l i ~ ~ g  
tlteory of i~rcor~irne~~s~u~nhlt~s~We 11:brc n e s t  Apol- 
l o l r i ~ ~ s(aboiit I5.C. 247) ;tntl iircltirne~lcs (B.C. 287- 
212), bot11 gconletcr~ of tlie l ~ i g l ~ e s t  merit,, :111il the  
latter of t l~ern  the foi~ntlrr  of t l ~ c  scicl~ce of st,ntics 

old ns II ippnrcl~i~s,  n ~vorlt of \vl~olr~is rcfcrrctl to :LS 
consisting of tn~olvo books on l l ~ ccllortls of circiilor 
arcs. IVc Ilnve (A.1). 125) I't,olcn~y's ' Alr~~:tgc.jt,,' 
the  first boolc of \vl~icll cont:tins :I t:tlile of arcs : u ~ t l  
ctiords, wit11 t l ~ e  ntethocl of construct i o i ~ ;  ; ~ n t l  : I I I I O I I ~  

oillor tlieorenis on the  subjct:t, 11r gives tl~crc:tile 
theorem, aftcrmnrtls inserted in Eurlitl (liool; vi. 
prol). I)), relating to t l ~ c  rctctangle contnincd by tllc 
tliagonals of :t quntlril;~tt?r:~I Tlteinscrilictl in n circle. 
~lrabi:uls  111:ttle the  i~nprov~:tllent in place of of ~ ~ a i ~ l g ,  
the  c l~ord  of :tn a~ .c ,  tl~c?sine, o r  l~a l f  chortl of do1111le 
t l ~ c  arc, ant1 so bro11:11t t l ~ c  tlleory into the  for111 in 
n l l i c l ~it is rlsetl in n~oclern t r i g o ~ ~ o m e t ~ , y .  'l'11e bcforc- 
mentionctl tllcol~rln of I'tolcn~y, -or, r : ~ t l ~ e r ,n par- 
ticular case of i t ,  into tllo n o t ; ~ t i o t ~  -t r :~~~sI : t t e t l  of 
sines, gives t l ~ c  cs~) ress ior~  for the sine of tllc s111n 
of two arcs in t c r n ~ s  of tl~t: sincs :tnd cosines of the  
compot~cnt  arci, an11 it is tlitis t l ~ e  f11111lan1cnt~1 
t l~eor rn l011 t l ~ c  s ~ ~ b j c c t .  W c  11:tvc in t l ~ e  fiftt'crlt,ll 
ancl sixtc:et~tll centuries a series of ~ n ; t t l ~ c m n t i c i ; w ,  
n.l~o, wit11 n~ondcrful e l ~ t l ~ u s i a s m  and pcrscvcl,anee, 
c a l c ~ ~ l i ~ t c t l  t l ~ e  trigononretric;tl circn-tal)les of o r  
lar ful~ctions,  - Niillcr or Regio~nont ; tn~~s ,  P ~ ~ r b a c h ,  
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