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PREFACE

ELECTRON TUBES, Volume II, is the tenth volume in the RCA
Technical Book Series and the second on the general subject of vacuum
tubes, thermionics and related subjects. This volume contains material
written by RCA authors and originally published during the years
1942-1948; the companion book, ELECTRON TUBES, Volume I, covers
the period 1935-1941.

The papers in this volume are presented in four sections: general;
transmitting; receiving; and special. The appendices include an elec-
tron tube bibliography for the years 1942-1948 and, as an additional
source of reference, a list of Application Notes. The bibliography
lists all papers concerning tubes even though they relate to specific
applications and are covered in other volumes of the Technical Book
Series on television, facsimile, UHF, and frequency modulation. This
has been done to insure that all applicable material on tubes would be
available in this volume—at least in reference form.

* * *

RCA Review gratefully acknowledges the courtesy of the Institute
of Radio Engineers (Proc. I.R.E.), the American Institute of Physics
(Jour. Appl. Phys., Jour. Opt, Soc. Amer., and Phys. Rev.), the Frank-
lin Institute (Jour. Frank. Inst.), the Society of Motion Picture En-
gineers (Jour. Soc. Mot. Pic. Eng.), and Radio Magazines, Inc. (Audio
Eng.) in granting to RCA Review permission to republish material by
RCA authors which has appeared in their publications, The apprecia-
tion of RCA Review is also extended to all authors whose papers appear
herein.

* * *

As outstanding as were electron tube developments from their
invention until the start of the recent war, the progress in tube design
and application technique during and since the war has been even
more remarkable, particularly in power and miniature tubes. Still

—vij—



newer work has already produced components which lend promise of
replacing electron tubes for certain uses, but for the great majority
of applications, electron tubes will continue to serve as the framework
around which radio-electronic progress will be fashioned.

ELECTRON TUBES, Volume II, like its predecessor is being
published, therefore, in the sincere hope that it will serve as a useful
reference text and source of basic information to advance radio and
electronics in all of its many facets.

The Manager, RCA Review
RCA Laboratories,
Princeton, New Jersey
March 19, 1949

——viti—
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ANALYSIS OF RECTIFIER OPERATION*f}
By

0. H. SCHADE

Tube Department, RCA Victor Division,
Harrison, N. J.

Summary—An analysis of rectifier operation in principal circuits is
made. The introduction of linear equivalent diode resistance values permits
a simplified and accurate treatment of circuits containing high-vacuum
diodes and series resistance. The evaluation of these equivalent resistance
values and a discussion of emission characteristics of oxide-coated cathodes
precede the circuit analysis.

Generalized curve families for three principal condenser-input circuits
are given to permit the rapid solution of rectifier problems in practical
circuits without inaccuracies due to idealizing assumptions.

The data presented in this paper have been derived on the basis of a
sinusoidal voltage source. It is apparent that the graphic analysis may
be applied to circuits with nonsinusoidal voltage sources or intermittent
pulse waves. ‘

It i3 also permissible to consider only the wave section during conduc-
tion time and alter the remaining wave form at will. Complicated wave
shapes may thus be replaced in many cases by a substantially sinusoidal
voltage of higher frequency and intermittent occurrence as indicated by
shape and duration of the highest voltage peak.

The applications of these principles have often explained large dis-
crepancies from expected results as being caused by series or diode resist-
ance and excessive peak-current demands.

Practical experience over many years has proved the correctness and
accuracy of the gemeralized characteristics of condenser-input circuits.

INTRODUCTION

ECTIFIER circuits, especially of the condenser-input type, are
extensively used in radio and television circuits to produce
- unidirectional current and voltages. The design of power sup-
plies, grid-current bias circuits, peak voltmeters, detectors and many
other circuits in practical equipment is often based on the assumption
that rectifier- and power-source resistance are zero, this assumption
resulting in serious errors. The rectifier element or diode, further-
more has certain peak-current and power ratings which should not be
exceeded. These values vary considerably with the series resistance
of the circuit.
General operating characteristics of practical rectifier circuits have
been evaluated and used by the writer for design purposes and informa-

+ Reprinted from Proec. I.R.E., July, 1943.
* Decimal Classification: R337 X R356.3.
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2 ELECTRON TUBES, Volume 11

tion since early 1934, but circumstances have delayed publication.
Several papers' have appeared in the meantime treating one or
another part of the subject on the assumption of zero series resistance.
Practical circuits have resistance and may even require insertion of
additional resistance to protect the diode and input condenser against
destructive currents. The equivalent diode resistance and the emission
from oxide-coated cathodes are, therefore, discussed preceding the
general circuit analysis. This analysis is illustrated on graphic con-
structions establishing a direct link with oscillograph observations on
practical circuits. A detailed mathematical discussion requires much
space and is dispensed with in favor of graphic solutions, supplemented
by generalized operating characteristics.

I. PRINCIPLES OF RECTIFICATION

General

Rectificaiton is a process of synchronized switching. The basic
rectifier circuit consists of one synchronized switch in series with a
single-phase source of single frequency and a resistance load. The
switch connection between load terminals and source is closed when
source and load terminals have the same polarity, and is open during
the time of opposite polarity. The load current consists of half-wave
pulses. This simple circuit is unsuitable for most practical purposes,
because it does not furnish a smooth load current.

The current may be smoothed by two methods: (a) by increasing
the number of phases, and (b) by inserting reactive elements into the
circuit. The phase number is limited to two for radio receivers. The
circuit analysis which follows later on will treat single- and double-
phase rectifier circuits with reactive circuit elements.

Switching in reactive circuits gives rise to “transients.” Current
and voltage cannot, therefore, be computed according to steady-state
methods. :

The diode functions as a self-timing electronic switch. It closes
the circuit when the plate becomes positive with respect to the cathode

1 M. B. Stout, “Analysis of rectifier filter circuits,” Elec. Eng. Trans.
A.LE.E. (Elec. Eng., September, 1935), vol. 54, pp. 977-984; September,
1935.

2N. H. Roberts, “The diode as half-wave, full-wave and voltage-
doubling rectifier,” Wireless Eng., vol. 13, pp. 351-362; July, 1936; and
pp. 423-470; August, 1936.

3 J. C. Frommer, “The determination of operating data and allowable
ratings of vacuum-tube rectifiers,” Proe. I.R.E., vol. 29, pp. 481-485; Sep-
tember, 1941.

4#D. L. Waidelich, “The full-wave voltage-doubling rectifier circuit,”
Proc. I. R. E., vol. 29, pp. 554-558; October, 1941.
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and opens the circuit at the instant when the plate current becomes zero.

The diode has an internal resistance which is a function of current.
When analyzing rectifier circuits, it is convenient to treat the internal
resistance of the diode rectifier as an element, separated from the
“switch action” of the diode. Fig. 1 illustrates the three circuit ele-
ments so obtained and their respective voltage-current characteristics
(see Section II). The diode characteristic is the sum of these char-
acteristics. The resistance r; is effective only when the switch is
closed, i.e., during the conduction period of the diode. The effective
diode resistance must, therefore, be measured or evaluated within
conduction-time limits. Consider a switch in series with a fixed resist-
ance and any number of other circuit elements connected to a battery
of fixed voltage. The direct current and root-mean-square current

" A-Te
L'Ny 7 T -‘ .
1) l‘”’;c.,-: _:___i'._n__‘ S
! + ¢ = ? / 1 : l- ) T’;‘) 3
=0 o+ o . :’: o —g —
: ; . gl — T —an—
, N ! ! vouTAce S it o
S ipa—e
P B § i
¢ ' ' VOLTAGE PR s el ™S
' . X T' TN
: . ! € ’
1 K [ Ty
_@- ' B e ! A _@:‘lll—:\l\l\‘M ] -l'_____“
SYNCHRO- INTER- NON - [~
WA Voorthta T abeiilie = TOUALINT cmcuy e Dotemined By Circuit
Fig. 1—Characteristics and equiva- Fig. 2-— Graphic evaluation of
lent circuit for high-vacuum diodes. equivalent diode resistance values.

which flow in this circuit will depend on the time intervals during
which the switch is closed and open; the resistance value is not ob-
tainable from these current values and the battery voltage. The correct
value is obtained only when the current and voltage drop in the re-
sistance are measured during the time angle ¢ (Fig. 2) when the
switeh is closed.

The method of analysis of rectifier circuits to be discussed in this
paper is based on the principle that the nonlinear effective resistance
of the diode may be replaced analytically by an equivalent fixed re-
sistance which will give a diode current equal to that obtained with
the actual nonlinear diode resistance. The correct value to be used
for the equivalent fixed resistance depends upon whether we are
analyzing for peak diode current, average diode current, or root-mean-
square diode current.

At the outset of an analysis amplitude and wave shape of the diode
current are not known and the diode resistance must, therefore, be
determined by successive approximations.
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Fig. 3—Relation of applied alternating peak voltage to direct output voltage
in half-wave, condenser-input circuits,

The complexity of repeated calculations, especially on condenser-
input circuits, requires that the operating characteristics of the circuit
be plotted generally as functions of the circuit constants including
series resistance in the diode circuit as a parameter.

Data for these plots (such as Figs. 3 to 7) are to be obtained by
general analysis of circuits with linear resistances.
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The solution of a practical condenser-input-circuit problem requires
the use of three different equivalent linear circuits and diode resistance
values.

The resistance values are obtainable from the peak current alone
because wave shape can be eliminated as a factor by means of a
general relation given by (6). The practical analysis of condenser
input circuits thus simplified, is carried out as follows:

1 w0 00

T -

&3] “1
E

S TOTAL CIRCUIT RESISTANCE IN SERIES
WITH ONE BRANCH INCLUOING. 7

&
* e

ié

i

0
WCAL (C IN FARADS, R IN OHMS)

a '

Fig. 4—Relation of applied alternating peak voltage to direct output voltage
in full-wave, condenser-input circuits.

The average diode current is estimated roughly and the diode peak
current is assumed to be four times the average value. The diode
characteristic (Fig. 8) furnishes an initial peak-resistance value and
(6) furnishes the other diode resistance values (see R, values in Fig.
9). Direct output voltage and average current are now obtained with
the equivalent average value E, from the respective plot (Figs. 3 to 5)
as a first approximation. Another chart (Fig. 6) furnishes the peak-
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Fig. 5—Relation of applied alternating peak voltage to direct output voltage
in condenser-input, voltage-doubling circuits.

to-average-diode-current ratio with the peak value R, and thus the
peak current and diode peak resistance in close approximation.

A second approximation gives usually good agreement between
initial and obtained resistance values, which are then used to obtain
other operating data.

A theoretical treatment of the method just described will be
omitted in favor of an analysis of operating characteristics of the
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rectifier tube itself. The user of tubes may welcome information on
the subject of peak emission which is of vital importance in the rating
and trouble-free operation of any tube with an oxide-coated cathode.

II. ANODE AND CATHODE CHARACTERISTICS OF RECTIFIER TUBES
Anode Characteristics
1. Definitions of Resistance Values

The instantaneous resistamce (r;) of a diode is the ratio of the
instantaneous plate voltage ¢, to the instantaneous plate current ¢,

awun,

w
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Fig. 6—Relation of peak, average, and root-mean-square diode current in
condenser-input circuits.

at any point on the characteristic measured from the operating point
(see Fig. 1). It is expressed by
€
Td = “‘:‘— . (1)
p
The operating point (0) of a diode is a fixed point on the character-
istic, marked by beginning and end of the conduction time. It is,
therefore, the cutoff point I;=0 and E;=0, as shown in Fig. 1.
The operating point is independent of the wave form and of the con-
duction time ¢ (see Fig. 2).
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The peak resistance® (#;) is a specific value of the instantaneous
resistance and is defined as

¢
£, =—— (see Fig. 2). @)

Py

1"’
Peak voltage é; and peak current ip are measured from the oper-
ating point 0.

[
CIRCUIT PARAMETER

Ly HALF -WAVE

VOLTAGE-OOUBLER

H i FucL-wave

RIPPLE_VOLT!
E

»*

it

1
A

L]
40 % 06
10 100
WCR {C IN FARADS, R IN OHMS)

Fig. 7—Root-mean-square ripple voltage of condenser-input circuits,

The equivalent average resistance (7;) is defined on the basis of
circuit performance as a resistance value determining the magnitude
of the average current in the circuit. The value ; is, therefore, the
ratio of the average voltage drop €44y in the diode during conduction
time to the average current %,y during conduction time, or

Ca(e)

(3)

Fy=
toe)

5 For system of symbols, see Appendix.
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The curved diode characteristic is thus replaced by an equivalent
linear characteristic having the slope 7, and intersecting the average
point A, as shown in Fig. 2. The co-ordinates é;, and 7,4 of the
average point depend on the shape of voltage and current within the
time angle ¢. The analysis of rectifier circuits shows that the shape
of the current pulse in actual circuits varies considerably between
different circuit types.

[N ET 1)

.4
X
8
c
F
A
0% P
g 3 HESRISEE 5Y3-6 |
e : A !
2 . i) EiEE 57 .
3 SEst: 2522 g
2 ¥ SE 5 T igE 0
b &z EEE 0
w R ¢
E 1:- 1 aaseny €

A it
o AT :

.
! 1
i 3
A
0
J
3 [
i "
o] T N
A T g HE 1
1 < 587 g <
1 10 100

DIODE VOLTS ey =Eq+ op

Fig. 8—Average anode characteristics of some RCA rectifier tubes.

The equivalent root-mean-square vesistance (|r4]) is defined as
the resistance in which the power loss P; is equal to the plate dissipa-
tion of the diode when the same value of root-mean-square current
|I;| flows in the resistance as in the diode circuit. It is expressed by

Py
| 1q |2

(4)

fral=
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Fig. 9—Equivalent circuits and resistance values for condenser-input
rectifier circuits.

2. Measurement of Equivalent Diode Resistances

‘The equivalent resistance values of diodes can be measured by
direct substitution under actual operating conditions. The circuit
arrangement is shown in Fig. 10. Because the diode under test must
be replaced as a whole by an adjustable resistance of known value, a
second switch (a mercury-vapor diode identified in the figure as the
ideal diode) with negligible resistance must be inserted in order to
preserve the switch-action in the circuit.

When a measurement is being made, the resistor R, is varied until
the particular voltage or current under observation remains unchanged
for both positions of the switch S. We observe (1) that it is impossible
to find one single value of R; which will duplicate conditions of the
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aetual tube circuit, i.e., give the same values of peak, average, and
root-mean-square current in the circuit; (2) that the ratio of these
three “equivalent” resistance values of the diode varies for different
combinations of circuit elements; and (8) that the resistance values
are functions of the current amplitude and wave shape.

3. Wave Forms and Equivalent Resistance Ratios for Practical Circuit
Calculations
The form of the current pulse in practical rectifier circuits is deter-
mined by the power factor of the load circuit and the phase number.
Practical circuits may be divided into two main groups: (a) circuits
with choke-input filter; and (b) circuits with condenser-input filter.
The diode current pulse in '
choke-input circuits has a rectangu- 1DEAL or00E u;;nj
lar form on which is superimposed R s
one cycle of the lowest ripple fre-
quency. In most practical circuits,
this fluctuation is small as com- Rq

=l
oV

pared with the average amplitude " OSC ILLOGRAPY
of the wave and may be neglected
when determining the equivalent
diode resistances. It is apparent
then that the equivalent diode re-

TO MEASURE T,

RMS CURRENT -

I-——-——l OR AV. CURRENT
=1 LOAD I

Fig. 10— Circuit for measuring
equivalent diode resistance values.

sistance values are all equal and
independent of the type of diode characteristics for square-wave forms.
Hence, for choke-input circuits, we have

Fa=Tg=]r4]. (5)

The diode current pulse in condenser-input circuits is the summa-
tion of a sine-wave section and a current having an exponential decay.
It varies from a triangular form for ¢ < 20 degrees to a full half
cycle (¢ =180 degrees) as the other extreme. In Table I are given
the ratios of voltages, currents, and resistance values during conduc-
tion time for two principal types of rectifier characteristics: the 3/2-
power-law characteristic of high~vacuum diodes, and the idealized
rectangular characteristic of hot-cathode, mercury-vapor diodes. In
this table, the designation |%,];, represents the root-mean-square value
of the current during the conduction time.

It follows that the relation

= 0.887,=0.93 | 4 | (6)
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Table I
3/2-Power
Cotrilg;c' Rectifier Rectangular
Time Wave Characteristic Characteristic
Shape - = =~ = - =
A!;gle Lo | |ble | Gaw Tq lrgl | Gaw | T4 | |74l
i, ip é, 74 Fq é,; Faq Fq

Condenser-Input Circuits

D .
egrees | 0500 | 0.577 | 0.593 | 1.185 | 1.120 | 1.0 | 2.00]1.500
=20 '

90 and uf\' 0.637 | 0.707 | 0.715 | 1.120| 1.057 | 1.0 | 1.57(1.272

180

130 7V | 0725 0.780 | 0.787 | 1.085 | 1.030 | 1.0 | 1.38{1.190
Choke-Input Circuits

180 S |10 |10 |10 1.0 |10 1.0 {1.0 | 10

is representative for the group of condenser-input circuits containing
high-vacuum diodes, and holds within += 5 per cent over the entire
range of variation in wave shape. The actual error in circuit calcula-
tions is smaller as the diode resistance is only part of the total series
resistance in the circuit.

CATHODE CHARACTERISTICS

Peak-Emission and Saturation of Oxide-Coated Cathodes

The normal operating range of diodes (including instantaneous
peak values) is below the saturation potential because the plate dis-
sipation rises rapidly to dangerous values if this potential is exceeded.
Saturation is definitely recognized in diodes with tungsten or thoriated-
tungsten cathodes as it does not depend on the time of measurement,
provided the plate dissipation is not excessive. The characteristics of
such diodes are single-valued even in the saturated range, i.e., the
range in which the same value of current is obtained at a given voltage
whether the voltage has been increased or decreased to the particular
value.

Diodes with oxide-coated cathodes may have double-valued char-
acteristics because of the coating characteristic. The cathode coating
has resistance and capacitance, both of which are a function of temper-
ature, current, and the degree of ‘“activation.”
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A highly emitting monatomic layer of barium on oxygen is formed
on the surface of the coating, which, when heated, supplies the electron
cloud forming the space charge above the coating surface (see Fig. 11).
The emission from this surface may have values as high as 100 amperes
per square centimeter. The flow of such enormous currents is, how-
ever, dependent on the internal-coating impedance, and is possible only
under certain conditions. Special apparatus is required to permit
observation of high current values which, to prevent harm to the tube,
can be maintained only over very short time intervals determined by
the thermal capacity of the plate and coating. For example, an in-
stantaneous power of 15 kilowatts must be dissipated in the close-
spaced diode type 83-v at a current of 25 amperes from its cathode
surface of only 1 square centimeter.

Equipment for such observations was built in June, 1937, by the
author after data obtained in 1935 on a low-powered curve tracer®
indicated the need for equipment having a power source of very low
internal impedance for measurements on even relatively small diodes.
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Fig. 11—Representation of cathode
coating. Fig. 12—Peak emission test circuit.

1. Measurement of Diode Characteristics and Peak Emission

The circuit principle is shown in Fig. 12. The secondary voltage
of a 2-kilovolt-ampere transformer T, is adjustable from zero to
2 kilovolts by means of an autotransformer 7',. Transformer and line
reactances are eliminated for short-time surge currents by a large con-
denser load (C =20 to 80 microfarads). The large reactive current is
“tuned out” by a choke L of considerable size. The voltage is applied
through a large mercury diode and a synchronous contact arrangement
m to the tube under test in series with a resistance box E; and a con-
denser input load C; and R;. This load permits adjustment of “the
peak-to-average current ratio. Variation of R; changes the average
current. Variation of C, and phasing of the synchronous contact m
with respect to the 60-cycle line voltage permit regulation, within wide
limits, of the rate of change and duration of the current pulses.

The dynamic voltage-current characteristic of the tube under test

¢ Demonstrated, Rochester Fall Meeting, Rochester, N. Y., November
18, 1935.
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is observed on a cathode-ray oscillograph connected in the conventional
manner. Calibration deflections are inserted (not shown) by other
synchronous contacts to provide accurate and simultaneously visible
substitution co-ordinates which may be moved to any point in the
characteristic.

The motor-driven synchronous contactor closes the circuit at a
desired instant of the line-voltage cycle. The circuit may then be
maintained closed for approximately 80 cycles to allow decay of the
starting transient (see Fig. 13). It is then opened for approximately
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Fig. 13—Starting conditions in a full-wave, condenser-input circuit with
large series resistance,

70 cycles to allow time for the discharge of condenser C;. This cycle
repeats continuously. The diode Dy in series with the tube under test
protects it against damage in case it breaks down or arcs, because the
diode takes up the inverse voltage if a given small reversed current
determined by R, is exceeded. This condition is indicated by a small
glow tube in shunt with Dy '

2. Coating Characteristics

A theory of electron movement and conditions in oxide coatings
has been formulated after careful analysis of saturation characteristics
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observed on the curve tracer. As saturated coatings produce closed
reactive loops in the characteristic, it is found necessary to assume the
existence of a capacitance in the diode itself. Because of its large value
(see Fig. 14(c)), this capacitance requires a dielectric thickness ap-
proaching crystal spacing and, hence, must be located inside the coat-
ing. It is beyond the scope of this paper to report the many investiga-
tions which led to this particular conception.

The oxide coating is an insulator at room temperature. At in-
creased temperatures, it becomes conductive (normal operating tem-
peratures are between 1000 and 1100 degrees Kelvin). Electronic
conduction may be thought of as

occurring by relay movement of $ o0 3\\
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. . . . . » o t

ing, which is a layer containing in- NN § aec youtace T
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areag in Fig. 11) interposed with
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Fig. 14—Double-valued character-
The conduction is high, when isties of actual and artificial diodes
2y

. showing coating saturation.
a sufficient number of relay paths
not broken by oxides have been formed and when electron movement

is facilitated by the loosening of the atomic structure which takes
place at increased temperatures.

The coating is not necessarily a homogeneous conductor as it may
consist of many sections operating in parallel but having different con-
ductance values with individual temperature parameters. At increased
plate potentials, poorly conducting sections tend to saturate, the sec-
tion potential becoming more positive towards the surface. Negative-
grid action of neighboring sections with higher conductivity may tend
to limit emission from the surface over the poor section but the
increased positive gradient towards the saturating section causes it to
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draw electrons from the surrounding coating towards its surface.
Further increase in current demand may then saturate the better con-
ducting paths and may even fuse them, thus forcing current through
poorer sections. Forced electron flow results in local power dissipation
and temperature increases and may cause ionization and electrolysis
accompanied by liberation of gas (oxygen) and formation of barium
metal; i.e., it causes an accelerated activation process.

These conditions in the diode coating, therefore, should furnish a
voltage-current characteristic of purely ohmic character as long as
activation-gas liberation is substan-

tially absent. Characteristics of 2 '
. - . ]
this type are single valued. Single- Tps0
. 3 . . -«
valued characteristics indicate, & 30 ",
w
however, unsaturated ohmic coating % . b
3 "y - 2
conductance and limiting surface 3 g
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Fig. 15—Single-valued diode char- alent circuit for hot-cathode, mer-
acteristics. cury-vapor diodes.

emission when moderate-current densities are involved as will be ap-
parent from the following discussion. As cathode and coating tem-
peratures are relatively slowly varying parameters, characteristics
such as shown in Fig. 15 are observed on the cathode-ray curve tracer.
The characteristic of diodes containing larger amounts of gas exhibits
a discontinuity or “gas loop” (compare Fig. 16(b)) which is recog-
nized by the fact that corresponding current values after ionization
require less diode potential than before ‘“breakdown.” The character-
istie, hence, is steeper than normal.
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3. Transient E'mission

Let us now consider the action of insulating oxides in the coating.
They block many possible electron paths to sections of the surface layer
which, therefore, cannot emit steady electron currents. However, elec-
trons can be moved to the oxide surfaces and a displacement current
can flow in these coating sections allowing transient-emission currents
to be drawn from the corresponding surface sections,

The displacement current in the coating and the corresponding
transient surface emission represent a certain fraction of the total
diode current, which may permit a total emission current of short
duration much in excess of the possible steady-state conduction cur-
rent. The “transient-emission” current depends on the effective capaci-
tance value of the blocking oxides, their series and shunt conductance
in the coating, the emission and area of corresponding surface elements

° °

- PLATE c 3 PLATE
«— VACUUM ~— VACUUM
«— SURFACE ——— ~— SURFACE

Te ¢ COATING

COATING

’ MeéQTSEL
LK LK

Fig. 17— Circuit network repre- Fig. 18—Same as Fig. 17 with re-
senting the coating impedance in  sistances replaced by special diodes.
high-vacuum diodes.

to the plate as well as on the external plate-circuit impedance, and the
wave form of the applied plate voltage.

For the purpose of analysis, therefore, we may draw representative
networks such as shown in Figs. 17 or 18 and show the temperature-
controlled coating conductances r, as a network of “close-spaced diodes”
which may conduct in two directions, each one having a single-valued
characteristic which may be unsaturated or saturated depending on
the assumed conditions in the coating; the conductance values of these
“diodes” depend on the number of parallel or series paths they
represent.

The diode contains, therefore, in its coating, a type of condenser-
input load circuit, which is analyzed later on in this paper; its action
explains double-valued voltage-current characteristics obtainable from
the diode alone.
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Consider a high plate voltage suddenly applied by means of a switch
to a diode as in the circuit of Fig. 19. If the coating is not limiting,
the current obtained is that at a point P on the corresponding diode
characteristic. Hence, the current wave form in the circuit is as shown
in Fig. 19(a). If the surface emission is assumed to be unchanged,
but the coating conductance is limited, due to an insufficient number of
“coating diodes” and too many nonconducting oxide groups, the wave
form of Fig. 19(b) is obtained. At the instant when the switch is
closed the current value i is demanded by E; from the surface layer;
the conduction current in the coating is limited to the value I, by
saturation of the “coating diodes.” Because of the oxide capacitance,
a displacement current can flow and charge up the oxides, but their
charge may be limited by hypothetical series diodes.

The coating resistance is extremely low’ below saturation, but be-
comes infinite when the conduction current is saturated; the charging
current must then flow in the plate circuit (external) of the diode.
The total plate current is, therefore,
the sum of the conduction current

SWITCH

A " Nsteot, I, and a ‘transient-emission” cur-
10 H i . .
W 71 rent. The “coating transient” de-
. &

A %, o e cays to zero the same as normal
. L. . transients at a rate depending on

Fig. 19—Circuit for observation of P g
peak emission transients. the actual shunt-conductance value

and the total series resistance in
the circuit (Fig. 19(b)). The decay can be changed by adding external
resistance in the plate circuit. When the surface emission is good, i.e.,
as long as the total vacuum-space plate current is space-charge-limited,
the current will rise initially to the value (point P) determined by the
applied potential, but will then decay to the saturation value deter-
mined by the coating conductance.

The condition of oxide-coated cathodes can, therefore, not be judged
alone by their capability of furnishing high peak currents, but the
time of current flow and the current wave form must also be carefully
considered, because the diode characteristic may not be single-valued.
Fig. 14 shows characteristics which are not single-valued. It should
be noted that the characteristic loops are formed in the opposite sense
a8 gas loops. Their extent depends on the time interval involved and
the current value exceeding the unsaturated conductance current. An
artificially produced characteristic of this type is also shown in Fig.
14(c). The loop size can be varied by adjusting the cathode temperature
of the shunting diode. Both diodes had single-valued characteristics.

7 Its magnitude depends on the number of series diedes and, hence on
the barium content and thickness of the coating.
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4. Current Overload and Sputter

The degree of activation is not stable during the life of the cathode.
Coating conductance and surface emission change. Factors affecting
the change are the coating substances, the evaporation rate of barium
which depends on the base material, and the operating conditions to
which the cathode is subjected. This life history of the cathode is the
basis on which current ratings are established. Rectifier tubes espe-
cially are subject to severe operating conditions. If a diode is operated
with too high a current in a rectifier circuit and its surface emission
is decreased to the saturation value, then the tube-voltage drop will
increase rapidly and cause excessive plate dissipation and destruction
of the tube. Should the coating conductance in this diode decrease to
a value which limits the demanded current, power is dissipated in the
now-saturated coating with the result that the coating-voltage drop
and coating temperature are raised. The votage and temperature rise
in the coating may cause reactivation but also may become cumulative
and melt the coating material. We may consider that good conducting
paths are fused or that a dielectric breakdown of oxide capacitance
occurs; in any event vapor or gas discharges result from saturated
coatings. In most cases breakdown occurs during one of the following
inverse voltage cycles as observed on the curve tracer. A saturation
loop is first formed as shown in Fig. 14 and a certain time must be
allowed for diffusion of the gas into the vacuum space. Fusion of coat-
ing material may also occur during the conduction period. These break-
downs are known as “sputter,” and in usual circuits destroy the cathode.

A second type of sputter is caused by the intense electrostatic field
to which projecting “high spots” on the plate or cathode are subjected.
The resulting current concentration causes these spots to vaporize with
the result than an arc may be started. Hundreds of scintillating small
spots can be observed at first at very high applied surge potentials,
but may be cleared after a relatively short time.

Transient peak currents of 25 amperes per square centimeter have
been observed from well-activated oxide-coated cathodes. The stable
peak emission over an extended period is usually less than one-third
of this value.

5. Hot-Cathode Mercury-Vapor Diodes

The breakdown voltage E; of mercury vapor for cumulative ioniza-
tion is a function of the gas pressure and temperature. It is approxi-
mately 10 volts in the RCA-83 and similar tubes. A small electron
current begins to flow at E, =0 (see Fig. 16), and causes ionization
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of the mercury vapor. This action decreases the variational diode re-
sistance 7, to a very low value. The ionization becomes cumulative at
a certain current value (7, =0 at 40 milliamperes in Fig. 16(a)), and
causes a discontinuity in the characteristic. Hence, it is not single-
valued within a certain voltage range. Beyond this range (see Fig.
16(b)), the slope (r,) of the characteristic becomes again positive
until saturation of the emitter is reached.

For circuit analysis, the mercury-vapor diode may be replaced by
a bucking battery having the voltage E; and a fixed resistance as shown
in Fig. 16 (c) ; or the diode characteristic may be replaced by an ideal
rectangular characteristic and its equivalent resistance values and the
series resigtance r,, as shown.

The first representation is adequate for most practical calculations.
The value 7,4, is in the order of 4 ohms for small rectifier tubes. The
low series resistance and the small constant-voltage drop E,; are distinct
advantages for choke-input filters, as they cause very good regulation;
the low resistance, however, will give rise to enormously high starting
transients in condenser-input circuits, in case all other series re-
sistances are also small. The destruction of the coating in mercury-
vapor diodes is caused by concentration of current to small sections of
the coating surface and not by heat dissipation in the coating. Mer-
cury-vapor diodes as well as high-perveance (close-spaced), high-
vacuum diodes having oxide cathodes should, therefore, be protected
against transient-current overloads when they are started in low-
resistance circuits to prevent destruction of the cathode coating.

6. Protective Resistance Values

Very high instantaneous peak currents may occur in noninductive
condenser-input circuits when the circuit is opened long enough to dis-
charge the condenser, but reclosed before the cathode temperature of
the diode has decreased substantially. The maximum peak current
Imax occurs when closing the circuit at peak line voltage. At the in-
stant of switching, C is a short circuit and the current f,,, is limited
only by the series resistance (including diode) of the circuit,

€max
Imax = M

E,

For a given maximum diode current I,,., and the corresponding diode
peak voltage £;,., the minimum effective series resistance R, in the
circuit must hence be
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€max — Bimax

By=—.

Idmax

This limiting resistance must be inserted in series with low-impedance
sources (power line in transformerless sets). Commercial power trans-
formers for radio receivers have often sufficient resistance besides
gsome leakage reactance to limit starting currents to safe values.

I1I. CiRcuUIT ANALYSIS
General

The rectifier diode is a switch operated in synchronism with the
applied alternating-current frequency. Switching in reactive circuits
causes transients. The total current in the circuit may be regarded
as the sum of all steady-state currents and transient currents within
the time between two switching operations. Steady-state voltages (e,)
and currents (Z,) in the particular circuit before and after switching
are determined without difficulty. It is very helpful to draw them
approximately to scale and with proper phase relation.

The switching time of the diode is then located on the graph. Cur-
rents change at switching time ¢, from %; to i, = 7,5y + 7, and voltages
from e; to ey == €y, + €, The transients i, or e, are zero, when the
current change does not occur in an inductive circuit or when a voltage
change is not required on a capacitance at the time of switching. A
sudden change A7, or Ae, demanded at ¢, causes transients. They
initially cancel the change Ai; or Ae, because an inductance offers
infinite impedance to an instantaneous change in total current and a
capacitance offers zero impedance to an instantaneous voltage change.

The initial transient values are, therefore,

it(o) inL =— A'l:L
and
et(o) onC=— Aec.

The transients decay exponentially from their initial value.

According to the decay time of the transients, fundamental rectifier
circuits may be classified into two principal groups: (1) circuits with
repeating transients in which the energy stored in reactive elements
decreases to zero between conduction periods of the diode; and (2)
circuits with chain transients in which (a) the magnetic energy
stored in the inductance of the circuit remains above zero value, and
(b) the electric energy stored in the capacitance of the circuit remains
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above zero value. The much used “choke-input” and “condenser-input”
circuits fall under the second group.

We shall analyze the operation in important circuits, i.e., the full-
wave choke-input circuit and condenser-input circuits.

1. The Full-Wave Choke-Input Circuit
a) Operation of circuits with L and R, in the common branch circuit

Circuit and operation are shown in Fig. 20. The analysis is made
by considering first one of the diodes short-circuited to obtain the phase
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Fig. 20—Starting and operating conditions of an aperiodic full-wave, choke-
input rectifier circuit.

relation of the alternating voltage &, and the steady-state current 7,
as shown. If we assume that the diode D, closes the circuit I at the
time € =0, a transient 7, with the initial value ¢, o) = — %,(o) Will flow
in the circuit. The total current ¢ is the sum of the currents 7, + i,
It starts, therefore, at zero and rises as shown until the second switch-
ing operation occurs at the commutation time { == when the second
diode D, receives a positive plate voltage. The total current 7 in cir-
cuit IT ‘after ¢t == is again the sum of currents 7, + 7, (7,, has re-
versed polarity with respect to 7,; and is not shown in Fig. 20) but
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the initial value i; g, of the second transient is increased by the value
i(z) now flowing in the common circuit inductance L.

The current ¢;, increases, therefore, at every new switching time
until the decay of the transient i;(,), during the time ¢ ==, is numeri-
cally equal to the steady-state current rise 27,(y,. For the final operat-
ing current at the nth commutation time (see right side of Fig. 20)

iy = Va09) (L e BT D) — — 2%, ¢y
Einet =Voioy 2 () /T R IRPEY, (M

A broken line is shown connect-
ing all commutation-current values.
This line represents closely the
average current I in the common
circuit branch. The final average
current I in the load resistance E;
is given by (7), when the transient
decay i;(,) during the time = (Fig.
20) can be regarded as linear (low
steady-state power factor® of cir-
cuit). The average plate current
per diode is I,=0.5I, since each
diode conducts alternately, and
passes a current pulse shown by ¥
the shaded area in Fig. 20. With Fig. 21—Oscillograms taken with
the numerical values of the circuit ciroyit of Fie. 20.

Fig. 20 substituted in (7) we obtain

T == I = 0.298 ampere.

The oscillogram in Fig. 21 was taken on circuit Fig. 20.

b) The full-wave choke input circuit with capacitance-shunted re-

sistance load

For large capacitance values the by-passed load resistance R; of
practical circuits is equivalent to a battery having a voltage Ep = IR;,
where I is the average load current or battery-charging current. The
circuit operation (see Fig. 22) is described by obtaining I as a func-
tion of Zp. The final commutation current %,,, which is closely the
average current I is given by

I =i = (Ip+ T50)) — 205(0)/ (1 — R/2FL) (Tb)
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and similar to (7) except for an increase of the transient term due
to the battery current I, =E,/R,.

Equation (7b) is valid only over a range of load or battery voltage
(Ep) in which switching time and conduction period of the diodes
are constant (¢ ==). This range is shown by the solid part of curve
F in Fig. 22 and ends at a particular current and voltage of the cir-
cuit characteristic marked the “critical point.”

The eritical point is the opérating condition at which the instan-
taneous current ¢ in the common branch circuit has zero value at
one instant. An analysis shows that in the range E; = é,,,, to B, = Ey’
each diode circuit operates independently as a half-wave rectifier cir-
cuit (battery-charger operation, curve H in Fig. 22). Current com-
mutation begins at E”; the diode circuits begin to interact, but the
conduction angle is still ¢ <.

5001e-&1ax.
BEGINNING OF CURRENT
n COMMUTATION —
@ 4001 *
5 el CRITICAL POINT
2 8 BEGINNING OF TOTAL VOLTAGE
A= CHAIN CURRENTS—= /£ = Eg+T xR & =495 siv ot
5> E ‘Z_ w= 377
« Rg = 110 OHMS
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Fig. 22—Operating characteristic of a full-wave, choke-input rectifier cir-
cuit with battery load E:r or resistance load R.— Ez/I shunted by a large
capacitance.

The conduction angle increases from ¢ =0 at Bz =¢6,,, to ¢ =7
at the critical point F;” which marks the beginning of chain current
operation.

The critical operating condition is obtained by solving for i=20
with ¢ === or by equating the direct current to the negative peak
value of the total alternating current in L. The critical point is hence
specified by a certain current or by a certain ratio K of direct-current
resistance to alternating-current impedance in the circuit. With refer-
ence to the equivalent circuit treated in the following section, a rela-
tion to the fundamental alternating-current component of the rectified
current (see (10)), i.e., to the impedance Z ), at double line fre-
quency is more useful. We set, therefore,
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(R, + By)
— =K ®)

Z(2F)

and determine significant values of K for particular circuit impedance
conditions.

If we neglect harmonics higher than 2F, which contribute little
to the peak value because of phase shift and increasing attenuation
in L, the peak ripple current (equation (10)) becomes

imln =4/3m (émax/Z(2F))

and setting it equal to the average current
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Fig. 24—Same as Fig. 23 but with
large series resistance.

I= 2/7!' (émax/ (Rs + RL))

we obtain K = 1.5 for the ratio as shown in (8).

The exact solution for the critical current can be obtained from
a graphic analysis by simple reasoning for the case R, = 0. The gen-
eral golution will only be indicated. It is obtained by drawing the
complementary curve (1-—4,) of the total transient beginning at the
time € =0 (see Figs. 23 and 24) and shifting it upward until it
touches the current 7,, thus solving for ¢==0 at the point of contact.
Note that i,,, is the same at ¢, and = in both cases shown.
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For R,=0, the transient section becomes a straight line having
the slope 2/7 and running parallel to the peak-to-peak connecting line
of 7, The sine-wave slope 2/ =— cos £ gives the point of contact
at X = 50.4 degrees (Fig. 23), and the peak ripple current is obtained
from

50.4
Imin = Fsmax { SiD 50.4° ——— | = 0.211% 04
90

emax

oL

=0.211

Equating this value to the average current given by (10), we obtain
the value K =1/0.211 =1.51 for circuits with R, =0. The graphic
analysis of circuits with larger resistance (see Fig. 24) furnishes K
values sufficiently close to 1.5 to justify the use of this constant for
all practical purposes. For practical circuits with 2oL » 1/20C we
may further write Z,p) = 2oL and obtain the critical inductance®

Lo= (R,=Ry.)/20K = (R, + Ry)/6xF. (9)

¢) Equivalent circuit for the chain current operating range (¢ =7 or

(B, 4+ B;) < 1.5Z5py)

Inspection of (7b) shows that average and commutation current
are directly proportional to the sum of the battery current 7, and a
term having a constant current value “I;” for a given circuit and
constant line voltage. Equation (7b) can be changed into the form

I=(gR,)/(R,+ R,

indicating that the secondary circuit may be replaced by an equivalent
circuit without switches and energized by a voltage which contains
a constant direct-current component # = I R,. The equivalent voltage
in the circuit is the commutated sine wave resulting from the sequence
of positive half cycles + é; and + &, in the range ¢ = 7. The equivalent
eircuit is shown in Fig. 25(a). The single generator may be replaced
by a battery and a series of sine-wave generators (Fig. 25(b)) having
amplitudes and frequencies as given by the following equation of the

8 The relation Lo— R:/1000 was given on an empirical basis for
® =377 by F. S. Dellenbaugh, Jr., and R. S. Quinby, “The important first
choke in high-voltage rectifier circuits,” QST, vol. 16; pp. 14-19; February,
1932,



ANALYSIS OF RECTIFIER OPERATION 27

commutated sine wave:

1-3 3.5 5-7

e =
T

28 nax 2cos2F 2cos4F 2cos 6F
1— —_ (10)

All current components in the circuit may now be computed separately
by steady-state methods; the direct-current component is the total
average voltage £ in the circuit.

Some useful relations of voltage components are: Line voltage in-
duced in one half of the secondary winding (root-mean-square)

| E|= 1.1E

Total average voltage il ‘
) {0.90 | E | / ot

COMMUTATED

SINE-WAVE GENERATOR

0.6376,,x m

Voltage of frequency 2F (root-

mean-square) CTS:E 2

_ 0.424 ' E ' L “ CORE-LOSS
I E le = (11) © SHUNT RESISTANCE

0.471F Fig. 25—Components of equiva-
lent and practical full-wave, choke-
input circuits.

Voltage of frequency 4F (root-mean-square)

. 0.085 | £ |
BAWES { _
0.0945E

Total choke voltage (root-mean-square)

tEr,,={ i

0.482E

The current components in the common circuit branch are calculated
from the above voltages divided by the impedance of one branch cir-
cuit at the particular frequency. Because the current is commutated
every half cycle of the line frequency from one to the other branch
circuit, the average current in each diode circuit is one half of the total
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average current; and root-mean-square values of currents or current
components in each branch circuit are obtained by multiplying the
root-mean-square current values in the common circuit branch by
1/v/2. The peak current in each diode circuit has the same value as
in the common circuit branch.

Average load current

E

JI=——
Rc + RL
Average plate current (per diode)
1,=051 (12a)

Double-frequency current (root-mean-square) in common circuit
branch

| E |op

REES

2p

Total current (root-mean-square) in common circuit branch

[ 1, =VEF[T]0p

Root-mean-square diode current or root-mean-square current per {rans-
former winding

1]

[1{,= (12b)

Peak diode current

fg=I+ (| T|:p X VZ

The total power dissipated in diode and load circuits of the practical
secondary circuit shown in Fig. 25(c) is the sum of the power losses
in the circuit resistances. In equation form, it is

Total power = series-resistance loss
<+ choke-core loss

+ direct-current power in load.

The plate dissipation per diode is given by
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P,=05]1]%X|7]. (13)

With reference to (5), we have

€4
P,,=0.5|I]L2X—l—_ (14)

where é, is the diode voltage taken from the static diode characteristic
at the output-current value I.

d) Regulation

The regulation of choke-input circuits is determined by the total
series resistance Kg, since the voltage E in the circuit is constant in
the useful chain current range for an energizing alternating voltage
of constant value. Thus, the regulation curve has the slope 1?5 (see
Fig. 26), which includes the diode resistance. The regulation curve

EFFECTIVE

AVERAGE VOLTAGE
£=0.91E| \J/SLOPE:T'Z

0-C OUTPUT VOLTAGE —"E(n,_)
mi
1]
Fee]

c ARSTATI
R HARACTERISTIC
2= . OF DIODE

Tary {N ~
2l
! REGULATION CURVE

Rg=Ty+m,
R=Rg+R

\ CENTER-TAPPED
Y — A~C VOLTAGE SQURCE
O~C LOAD CURRENT —»= ]

Fig. 26—Regulation characteristic of a full-wave, choke-circuit with high-
vacuum diode,

for a circuit with high-vacuum diodes is the sum of the 3/2-power-law
diode characteristic and the ohmic series resistance r, of one branch
circuit as shown in Fig. 26. The curve is correct for constant voltage é
and beyond the critical current value. In practical circuits, the voltage
source € has a certain equivalent resistance, which must be added to 7.
The regulation curve Fig. 26 is invalid below the critical current value
and must be replaced by a curve following the laws discussed for
Fig. 22. '

The equivalent internal resistance of the rectifier circuit as a
direct-current supply source is the slope of the regulation curve at
the current value under consideration. This value should be used for
steady-output conditions only, since the reactances in the load circuit
cause transients at the instant of sudden load changes.
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2. The Condenser-Input Circuit

In rectifier circuits with shunt-condenser-input loads, the condenser
is alternately charged and discharged. In the final state of operation,
charge and discharge are balanced. The graphic analysis of such
circuits is comparatively simple and readily followed. Formulas for the
calculation of specific circuit conditions are easily derived from the
constructions.

a) Circuits without series resistance
The graphic analysis of a half-wave rectifier circuit without series
resistance (Rg) is illustrated in Fig. 27. Steady-state voltage é and

"

Rg

C=4 us
R_= 1500 OHMS

N Bs:o
c €=150 sin 377¢
— 0

Fig. 27—Graphic solu-

t-MILLIAMPERES
e~-VvoLTS
o
e

o - - O
. =166.15 :3* =107.25 tion of operation for a
-100 - ° half-wave, condenser-
] input circuit without
J series resistance.
=200

current ¥, are constructed on the assumption that the diode is short-
circuited. The steady-state condenser voltage é, coincides with & be-
cause Rg=0.

The diode timing is as follows:

The diode opens the circuit at point 0 when the diode current
becomes zero.

Since the condenser-discharge circuit consists of C and R;, the
condenser voltage decays exponentially as shown. At point C it has
become equal to the energizing voltage €. The diode becomes conduct-
ing and closes the circuit. Because there is no potential difference

~

between the steady-stage voltages & and &, the condenser does not
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receive a transient charge. The current, therefore, rises instantly to
the steady-state value of the 7, curve and follows it until zero at point 0.

The timing of the full-wave circuit in Fig. 28 is quite similar, The
time for the condenser discharge through Rj, is reduced since e, meets
the positive half cycle &, and thus closes the circuit through D,. Point
C in Fig. 28 is located at a higher value of & than in Fig. 27. The
conduction angle ¢ is consequently reduced although C, E;, and ©
have the same values in both circuits. The average current in the full-
wave circuit is, therefore, smaller than twice that of the half-wave

circuit.

C=4auf

RL= 1500 OHMS
Rg=0

€,28,=150 sin 3774

Fig. 28—Graphic solution

of operation for a full-

wave, condenser-input cir-

cuit without series resist-
ance,

Some of the relations obtainable directly from Figs. 27 and 28 are
i. the conduction angle ¢ =180° —® —§8. (15)
The intersection of & with the decaying voltage ¢; furnishes for

half-wave operation (n=1) and full-wave operation (n=2)

ii. sin B=s8in® ¢ (7+6+P/WCR, for n=1
}‘ (16)

and sin B =sin ® ¢~ (6+8)/wO R/, for n=2

where =, ®, and 8 in the exponents are in radius. This equation may
be solved graphically or by trial and error, varying S. '
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iii. The average current during conduction time is

Igyy=1,(1—cos¢)/.

It is the area under a sine-wave section divided by its base. Hence, the
average plate current is as shown in (iv).

£
iv. I,=i4—=— (1—cos¢). a7
T 2n

v. Average current I and voltage £ in the load resistor-are

=I, for n=1
I=2I, for n=2}. (18)
E=1IR,

vi. The diode peak current i, is, obviously

i,=1, for ¢o>90°} (19)
. 19

and i,=1%,sin¢ for ¢ <90°

The performance of these circuits, hence, is determined by their
power factor «CR;, and the phase number n. It will be evident from
the following that the series resistance R, of practical circuits appears
as an additional parameter which cannot be neglected.

b) Circuits with series resistance _
In circuits with series resistance, the steady-state condenser volt-

age &, does not coincide with the supply voltage €, as illustrated in
Figs. 29 and 30. Phase displacement and magnitudes of current and
voltage under steady-state conditions are required for analysis of the
circuit and are computed in the conventional manner. The parallel
circuit C | | R, is converted into an equivalent series circuit to de-
termine the angles ® and ®’ by which 7, is leading €, and &, respectively.
The steady-state condenser voltage &, in the parallel circuit equals the
voltage across the equivalent circuit as shown by the vector diagram
in Fig. 30.

The diode opens the circuit at the instant i, =0. For circuit con-
stants as in Fig. 30, the diode current ¢; substantially equals Z, at the
time of circuit interruption because the transient component i, of
the current, as shown later, has decayed to a negligible value. Point 0
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is thus easily located. In circuits with large series resistance, however,
1, = 0 does not coincide with Z, = 0 due to slow decay of the transient
¢/. In both cases the condenser voltage e, equals the voltage &,
at the time 0, because i, =0 and consequently there is no potential
difference on Ry and transients do not occur at 0. The condenser
voltage decays exponentially on R, from its initial value at 0, as dis-
cussed for circuits with By = 0, and meets the supply voltage é again
at point C. At this instant (¢,), the diode closes the circuit. Current
and voltage, however, do not rise to their steady-state values as in

2004 i d o)
0
100 Ry
.‘3 Cc
£, /L 3
zh o, ~ B
ot Rg= 220 OHMS  yax = 150V.
Jo R_=1500 OHMS @ = 377
2 czauf
= =100
A A
-200q - 1 4.775 uF
Fig. 29 (above)—Graphic solution 4 1500
of operation for a half-wave, con- HF OHMS 246
denser-input circuit with series OHMS
resistance. B B
PARALLEL £QUIvV. SERIES
LOAD CIRCUITS CIRCUIT AT
w= 377
Fig. 30 (right)—Equivalent series '
circuit for the analysis of half- d (SERIES)
wave, condenser-input circuits with
R, > 0.
©= , .
\ ©=66.15
A\
Rs  R_(SERIES)

circuits with Ry = 0, because the steady-state voltage &,.,, differs from
the line voltage &, by the amount Ae, =%, Rg. A transient voltage
of initial value e;9) = — (i5(0)Bg) occurs on C. It drives transient cur-
rents i/ and i,” determined by Ohm’s law through the resistances Ry
and E;, respectively. (See Fig. 30).

The transients e, and i, prevent voltage and current from follow-
ing the steady-state wave forms, as

id = i. + it’ = is — 'ia(o)(_t/(RnHRb)C (20)
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and
ec:éc+et:éc+Rsi“0,€_t/(R.HRL)C (21)

between the time ¢, and the opening time at 0.

For small values Ry and C, the transient decay is rapid as shown
in Fig. 29 and point 0 is readily determined. The oscillogram Fig. 31
was taken on the circuit Fig. 80 and checks the graphic construction.

The solution of operating conditions in circuits with large time
constants requires additional steps, as e, and 7, do not reach steady-
state values before 7, = 0. The diode opens the circuit earlier at an
angle B/, which increases from cycle to cycle as shown for a full-wave
circuit in Fig. 13. The condenser
voltage e, rises in successive con-
duction periods until its numerical
decay over R; equals the numerical
rise during ¢. This final condition
i3 shown in Fig, 82(b).. The
graphic solution for the final oper-
ating condition is illustrated in Fig.
32 (a) and is made as follows:

Steady-state current 7, and volt-
age €, are drawn with proper phase
relation. A closing time ¢, is as-
sumed near the estimated average
output voltage, condition A in Fig.
32(a) assumes 7, =0.7TA and
€ ) = 258 volts at t,. The current
transient 7,” is_subtracted graphic-
ally from 7,. Only two points ¢; and
t, are necessary near the intersection; ¢; gives a decay of 57.4 per cent
and then ¢, gives a decay of 50 per cent from %5¢0)- The intersection
with the 7 curve gives a solution for i, equal to 0 and determines
line 0, which gives & =308 volts which is also the volatge e,. This
voltage decays now over R; until it intersects the following half cycle
é, for closing time C, at point A = 283 volts which is the second closing
time. As this voltage is higher than the initially assumed voltage
(€) =258 volts), the final condition is not yet reached. A second
trial marked B was made with an initial voltage &;,, = 888 volts and
furnished &) =319 volts at C,. The correct condition &) =&, is
obtained from the auxiliary graph in Fig. 82(a) in which the voltage
pairs A and B are connected by a straight line, which intersects the
45-degree lines €, C; = €(,)C, at the point X, and provides the solu-

Fig. 31—Oscillograms taken with
circuit of Fig. 30.
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tion for the final condition &, = 306 volts. If desired this value can
be checked and corrected by exaect calculation.

The final construction in Fig. 32(b) was made with this value, The
shaded areas include the amplitude values i; and e, during ¢ which
are given by (20) and (21).

The average current during ¢ is the area under the sine-wave sec-
tion minus the area under the exponential curve i,, both divided by
the base. This furnishes

id(fiﬂ = ismnx [ (COS ;8’ — €08 (d’ + B,))

— oCR’ (1 —e—2/«CR') gin (® + B)]1/¢ (22)
104500 -~
) ¢ /STt
3 o _ // \
" 1 ec Ec
g 380 _\_l__:.;_é\
% . 5+ /
< Et:. / ldzJ.—cz
3 tioo \/\ JT
g 4 >5 - —
S0 : L
< cls‘—ﬁ;- L6 —N\g /
L 03 e
-100 1 e \ 7
- -~ ()
~200 (e;‘ —iﬁ}
-5 EQUIVALENT 3.
-300 € CIRCUIT }Zk
T
—a00 St &3t orve X¢
1oit 2. =165.i1164.8
£_3
- .
250 300 350 arapet Bt OHeh'isas,r fivs

(o) (b)
Fig. 32—Graphic solution of final operating conditions for circuit in Fig 13.

with R’ = Rg||R, and ¢, 8 and B’ determined graphically from the
construction or by trial of values. The average plate current per diode
is again

I,=1304)/9°/360°

and the direct load current in this full-wave circuit is I = 2,. In case
of large time constants, as in the example, the average condenser
voltage E, is quite accurately obtained from

Ec =0.5 (ec(o) + ec(¢)) (23)
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and the load current by Ohm’s law I = E,/R;.

The root-mean-square values of ripple voltage and diode current
‘are needed for many calculations. They may be obtained for all cases
from

l E I(ripple) =0.321 (ecmax - ec(min)) (24)

360°
[I,| =111, /‘/ o . (25)

Equation (24) holds within 10 percent for wave shapes varying from
a sine-wave to a saw-tooth and (25) gives better than 5 per cent
accuracy for all wave shapes occurring in condenser-input circuits.

and

¢) Generalized operation characteristic (steady-state operation)

It has been shown that the conduction angle is a function of the
circuit constants in condenser-input circuits. The section of the ener-
gizing voltage ¢ utilized during conduction time has, therefore, no
fixed value as in choke-input circuits where ¢ = 180 degrees and where
the voltage € during ¢ is a half sine wave, It is, therefore, not possible
to derive a general equivalent circuit for condenser-input circuits
which contains a voltage source of fixed wave shape and magnitude.?

Steady-state conditions as well ag transients are controlled by the
circuit constants, which are contained in the product «CR;. The angle
¢ depends further on the relative magnitudes of R; and Ry and is,
therefore, described in general if also the ratio By/R; is known. Gen-
eral curve families may thus be evaluated which show the dependent
variables E, %, and I in terms of ratio versus the independent variable
«CR;, for various parameter values Rg/R;. The series resistance Ry
includes the equivalent diode resistance which is evaluated by means
of (6), because the current wave is periodic in the final operating state.
The reasoning leading to (6) is not applicable to a single transient,
as obtained for starting conditions of rectifier circuits.

Generalized characteristics have been evaluated for the three types
of circuits shown in Fig. 9. The characteristics in Figs. 3, 4, and 5
show the average voltage £ across the load resistance R, as a function
of wCR; and Eg for half-wave, full-wave, and voltage-doubling cir-
cuits. They permit the solution of the reversed problem to determine
the magnitude of the applied voltage necessary to give a certain

.9 The equivalent voltage may be expressed by a Fourier series for each
individual case as shown for the simplest case B, =0 by M. B. Stout in

footnote reference 1; the method, however, is hardly suitable for practical
circuit analysis.
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average voltage output for a given load. The series-resistance value Eg
includes the equivalent average resistance r; of one diode and the
power-transformer resistances as reflected into one secondary winding.
As their complete calculation required too much time, the characteris-
tics were plotted from accurately measured values. The measurements
were made on circuits of negligible inductive reactance. Series-
resistance values in these circuits were determined accurately by the
method shown in Fig. 10. Table II gives a number of calculated values
which show the accuracy of the curves to be approximately 5 per cent
or better.

Table II
Type of = _ ,

Condenser-| . ~p _RL 0 g E e M

Input 1 wR. |degrees|degrees| “g_. I, I,

Circuit

0.5 0 26.5 163.56 0.335 3.33 1.69
1. 0 45.0 134.0 0.384 3.68 1.81
2. 0 63.4 111.6 0.486 4.61 2.00
2.26 0 66.15 106.4 0.503 491 2.02
4. 0 75.9 87.1 0.623 6.60 2.24
8. 0 82.9 65.1 0.742 9.86 2.60
Half-Wave | 16. 0 86.4 48.6 0.862 13.92 3.00
n=1 32. 0 88.2 35.3 0.930 19.90 3.51
64. 0 89.1 25.1 0.996 27.57 4.16

2. 0.10 — 121. 0.434 4.48 1.9
2.26 0.147 | 50. 128. 0.428 4.42 1.88

4. 0.05 65.1 99.3 0.632 5.28 2.1

4. 0.10 56. 108.4 0.537 5.14 2.0
1. 0 26.5 142.5 0.644 3.47 1.75
2. 0 45.0 121.0 0.678 417 1.90
4, 0 63.4 92.6 0.740 6.06 2.17
4.52 0 66.15 86.8 0.744 6.55 2.24
Full-Wave 8. 0 75.9 67.0 0.816 9.30 2.55
n=2 16. 0 83.0 49.0 0.885 13.74 3.00
32. 0 86.4 35.6 0.945 19.70 3.50
64. 0 88.2 25.4 0.999 2717 4.15
4, 0.05 — 104. 0.671 5.43 2.05
4.52 0.0735( 50. 105. 0.636 5.35 2.04
8. 0.05 56. 90. 0.710 6.20 2.20
30.2 0.10 17.9 100.6 0.646 5.39 2.08

In compiling the data for the current-ratio characteristics in
Fig. 6, it was found that the three rectifier-circuit types could be
shown by a single family after a “charge factor” n was added to the
product of the circuit constants «CR; and to Ry as shown in Table II,



38 ELECTRON TUBES, Volume 11

The factor n is unity for the half-wave circuit. For the full-wave cir-
cuit, n is 2 because the condenser C is charged twice during one cycle.
For the voltage-doubling ecircuit, » is  because the two condensers
require together twice the charge to deliver the same average eurrent
at double voltage. The values in the table indicate that the factor n
is actually not a constant. The mean value of the current ratios does,
however, not depart more than 5 per cent from the true value, the
error being a maximum in the steep portion of the curves and de-
creasing to zero at both ends. The upper section of Fig. 6 shows the
ratio of root-mean-square current to average current per diode plate.
This family is of special interest in the design of power transformers
and for computation of diode plate dissipation.

Fig. 7 shows the root-mean-square value of the ripple voltage
across R, in per cent of the average voltage.

The voltage-doubling circuit shown with the other two condenser-
input circuits in Fig. 9 may be regarded in principle as a series
connection of two half-wave rectifier circuits. Each condenser is
charged separately during conduction time of one diode, but is dis-
charged in series with the other condenser during the time of noncon-
duction of its associated diode. The analysis of operation is made
according to the method discussed but will not be treated. The average
anode characteristics of RCA rectifiers are shown in Fig. 8. The
method of carrying out a practical analysis by use of these curve
families has been outlined in the first section of this paper.

APPENDIX
System of Symbols
The number of special symbols and multiple indexing have been
greatly reduced by introducing four special signs for use with any
symbol.

1) The symbols in gerieral are of standard notation, lower case letters
1, 7, indicate instantaneous, sectional, or variable values and
capital letters I and R indicate steady values.

2) Special values
a) Sinusoidal voltages or curremts are indicated by a sine-wave
sign above the symbol &, i, £. Their maximum values are indi-
cated by index, &,,,, Enay.
b) Peak values are indicated by circumflex; é, %, #; maximum
peak values are written 7,,,,, ete.
¢) Awverage values are indicated by a horizontal bar; E, I E.
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d) Root-mean-square values are indicated by vertical bars |E|,
], [R,].

An index in parenthesis specifies the time at which the symbol is
valid, i.e., its numerical value. Hence, 7,(,, is the steady-state alter-
nating-current value at the time = and 4,y is the transient current
at the time 0. When used with an average or root-mean-square
value, the time index specifies the period over which average or
root-mean-square values are taken, such as I, |i,](s). A conduc-
tion time index (¢) on resistance values such as #, R, is unneces-
sary. (See definition.)



SPACE-CURRENT FLOW IN VACUUM-TUBE
STRUCTURES*}
By

B. J. THOMPSON

RCA Laboratories,
Princeton, N. J.

Summary—From well-known formulas for space-current in diodes and
for amplification factor in triodes, interelectrode capacitance, plate current,
and potential distribution in triodes and multi-grid tubes are determined
through use of the concept of planes of equivalent potential. By the same
means, amplification factor in multigrid tubes is derived.

INTRODUCTION

workers, largely, one may suspect, because it has presented
- many possibilities for ingenious methods of analysis. The re-
sulting knowledge of the design factors which determine the various
performance characteristics of tubes is quite complete and is expressed
in terms which can readily be applied to practical tube-design problems.
In spite of this state of the art, the general tendency is to make use
of the more “scientific” phases of tube design to aid qualitative under-
standing rather than to supply specific design information. In this
paper, the writer presents some of the concepts of vacuum-tube analysis
which he has found informative and useful.

First, space-current flow in diodes will be discussed. Then, methods
will be presented for reducing triodes and multigrid tubes to equivalent
diodes. Amplification factor, interelectrode capacitance (cold), and
electron transit time will be covered. The writer claims little origi-
nality and no novelty in this material, Some effort has been made to
give credit to the proper sources.

VACUUM-TUBE design is a subject which has intrigued many

A. DiIopE THEORY

Ideal Case
The simplest vacuum tube is the diode. The behavior of multi-
electrode tubes may be described most readily in terms of the behavior
of a diode. For these reasons our treatment will start with the diode.
In the ideal diode, electrons are emitted from the cathode in un-

* Decimal Classification: R131.
t Reprinted from Proe, I.R.E., September, 1943,
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limited numbers at zero velocity and a part of these are drawn over to
the anode under the influence of the positive field established by its
potential. .

In Figure 1, K represents the infinite plane cathode at zero potential
and A the plane anode at a positive potential E, spaced a distance d,
from the cathode. Let us suppose first that no electrons are emitted
from the cathode. The potential distributjon will then be as repre-
sented by the line a, the gradient at all points being E,/d;,. If now
the cathode begins to emit a limited supply of electrons, all of these
electrons will be drawn to the anode. The electrons move at a finite
velocity and, therefore, there is a certain number of them in the space
at all times. The field set up by the negative ‘“‘space charge” of these
electrons acts to depress the potential in the space below that of the
first condition, increasing the field near the anode and decreasing it
near the cathode. This condition is shown by line b.

If the rate of emission of elec-
trons is continually increased, all of
ey the emitted electrons will be drawn
T to the anode and the gradient at
E a the cathode continually reduced un-
til the gradient reaches zero. Since
the electrons are assumed to be
emitted with zero velocity, they can
not move against a retarding field;

) ) o therefore, there will be no increase
gi‘ogd'el;ﬂ%te’g?;iggtr;’;’:&‘;;sm0? in anode. curre.nt'with further in-
space charge. crease in emission beyond this
point. The condition of zero gradi-

ent at the cathode is represented by the line ¢ in Figure 1.

The mathematical analysis of the ideal parallel-plane case is quite
simple. It will be presented here as an example of this type of analysis.

Poisson’s equation in rectangular co-ordinates is

K A

—d

O2F /0x? - 02K/ /oy? + 02E /022 = — 4zp. (1)

Since there is no gradient in directions parallel to the cathode and
anode, the equation becomes simply

22E /022 == — 4xp. ~ (2)
We may also write that

I=pv (8)
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and v= (2eE/m)1/2 (4)

where p is the space-charge density, £ the potential at any point a

distance z from the cathode, v the velocity of the electrons at «, I the

current per unit area, and ¢ and m the charge and mass of the electron.
On combining the last three equations, we obtain

d2E I .
e —— (5)
dx2 (2eE/m)1/2

If we multiply both sides by dE/dx and integrate once, we obtain

1 /dE\ 2 8wl
—|— | =—————— FEV2 4 F? (6)
2\ dx (2e/m)1/2

where F is the field at the cathode. If we let F, equal zero, a second
integration gives us

E» m \1/4 dxp
B34 =381z — | & (7
0 2e 0
1 /2 \1/2 E,3/2
or I=—[—
97 m dkpz
=2.33 X 10— (E,3/2/d,,2). (3)

This is the well-known Langmuir-Child! equation for space-charge-
limited current flow per unit area between parallel-plane electrodes.
It means that for each square centimeter of cathode or anode area
2.33 microampers of current will flow with 1 volt difference in potential
and a distance of 1 centimeter between cathode and anode, and that
a current of 233 microamperes per square centimeter will flow if
the potential be raised to a little over 30 volts or the distance reduced
to 1 millimeter.

The foregoing analysis ‘is for parallel-plane electrodes. The case
of concentric cylinders, of much practical interest, is very much less
simple to analyze and, therefore, only the result will be presented here.
Excellent analyses are available in the literature?

1I. Langmuir and K. T. Compton, “Electrical discharges in gases—
Part II,” Rev. Mod. Phys., Vol. 3, pp. 238-239; April, 1931,
2 See pp. 245-249 of footnote reference 1.
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The current in amperes per centimeter length of the concentric
cylinders is given by the well-known Langmuir equation

=14.66 X 106 (E,3/2/r,,2) (9

where 7, is the radius of the anode and 8,2 is a function depending on
the ratio of anode radius to cathode radius. Tables and curves of 8
have been published?. It will be noted that the current again depends
on the 3/2 power of the anode voltage; otherwise, the expressions at
first glance do not appear very similar. Part of this difference is
due to the fact that one expression is for current per unit area, while
the other expression is for current per unit length.

It will be interesting to put the two expressions in similar form.
Let us divide equation (9) by 2ar,. Equation (9) then becomes
identical with equation (8) except for the presence of the term S,2
_in the denominator and the fact that the distance 7, is measured from
the axis of the cylindrical system. When the ratio of anode diameter
to cathode diameter becomes very large, 8,2 approaches unity and,
of course, the distance between cathode and anode approaches 7,
as a limit. At this limit, then equations (8) and (9) become identical,
and we observe the interesting fact that the anode current flow per
unit area is the same in a cylindrical system with fine-wire filament
as it would be in a parallel-plane system with the same distance be-
tween cathode and anode. This statement, of course, neglects the
effect of initial velocity of emission.

At the other limit where the cathode and anode diameters ap-
proach each other the system is obviously essentially a parallel-plane
one. The value of 8,2 then changes rapidly and maintains such a
value that r,28,2 is equal to d;,2.

The fact that the two expressions give identical results at the two
limits of ratio of anode-to-cathode diameter should not lead one to
suppose that the expressions are approximately identical for inter-
mediate ratios. Where the anode diameter is from 4 to 20 times the
cathode diameter, the current calculated from (8) is in excess of that
indicated by (9) by very nearly 20 per cent. This is the maximum
error that would result from the use of expression (8) for cylindrical
structures.

The potential distribution between cathode and anode may be cal-
culated most usefully from the expressions for current. From (8)
we may write

3 See pp. 247-248 of footnote reference 1.
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E3/2/dy 2 = E3/2/5?
or E = Ey(x/dy,) 43

In other words, the potential between parallel planes varies as the
four-thirds power of the distance from the cathode in the case of
space-charge-limited currents.

The potential distribution between concentric cylinders is less
simple. We may write from (9)

E3/2/rBy? = E%/2/r3?
or E =E,(rB2/r,8,%) 2?3

where (32 is taken for the ratio r/7,. This expression is not analytical,
the values of 8 and B, being obtained from curves or tables.

Effects of Velocities of Emission

Electrons are emitted from a heated surface with a random dis-
tribution of velocities in all directions. The velocities which concern
us in the present analysis are those normal to the surface of the
cathode. This velocity distribution may be expressed most simply as
follows: n/ng = ¢—F¢/k¥T where n is the number of electrons out of the
total number n, which has a sufficient velocity to reach a plane electrode
parallel to the cathode at a negative potential of F, T is the tempera-
ture of the cathode, and & is Boltzmann’s constant. Expressed in terms
of current this becomes I = I e—Be/kT where'l is the current reaching
the negative electrode and I, is the total emission current from the
cathode. To carry this out experimentally, it is necessary that the
collector electrode be placed so close to the cathode that space-charge
effects do not cause a potential minimum in space.

We initially assumed that all electrons were emitted with zero
velocity and that, therefore, the field at the cathode would not be
negative. In the practical case where all electrons have finite velocities
normal to the cathode, all of the emitted electrons must reach a posi-
tive anode parallel to the cathode unless at some point between
cathode and anode a negative potential exists.

Fig. 2 shows the potential distribution between parallel-plane
cathode and anode for successively higher values of emission. Line a
represents the case where there is no emission, and, therefore, no
space charge, with resulting constant potential gradient between
cathode and anode. Line b shows the case where there is sufficient
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emission to reduce the gradient at the cathode just to zero. This is
similar to the condition represented by ¢ in Fig. 1 with the important
difference that now all electrons pass over to the anode because of their
finite velocities of emission.

Any further increase in cathode emission, however, will cause the
potential near the cathode to become slightly negative as shown in
line ¢. In this case all electrons having velocities less than %,, are
turned back to the cathode, while those electrons having greater veloci-
ties of emission pass on to the anode. Further increases in cathode
emission cause the potential minimum to become more negative with
the result that a larger fraction of the emitted electrons return to the
cathode. For continued increase in cathode emission, however, there
will always be some slight increase in anode current.

The results obtained from the
simple analysis based on zero ve-
rEb locity of emission are obviously not
1 applicable to this practical case if
E S b precision is desired. Since a greater
+ (3 maximum potential difference (E,
o + E,,) is acting over a shorter effec-
- —d tive distance (d, — d;,,) and since
B the average velocity of electrons is
Fig. 2—Potential distribution in a higher because of their initial ve-
diode, showing the effect of initial locities and hence the sapce-charge

velocity of electron emission. effect of the electrons is less, it is

obvious that the space-charge-
limited current flow for a given anode potential is greater in the actual
case than in the ideal.

Em

Langmuir? has presented a complete analysis of the space-charge-
limited current flow with initial velocities of emission. He has shown
that a good approximation may be made by the use of (8) with a
correction for the reduced effective distance and the increased effective
potential. His equation is as follows:

(E,— E,,)%/? 0.0247T1/2
1,=233X10-0 —— X x| 14— (10)
(dyp — Dim) 2 (Ey—E,)12 ‘

where T is the cathode temperature in degrees Kelvin, I, is in am-
peres per unit area. E,, is negative in sense. The value of d,,, in centi-
meters may be calculated from the approximate expression

4 See pp. 239-244 of footnote reference 1.
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Ay ~ 0.0156 (1/10001,)1/2 (T/1000)8/4,
The value of E,, is given by E, =— (T/5040) log,, (I,/1;,).

More complete results of Langmuir’s analysis are too cumbersome
to be presented here. The use of (10) should lead to errors not greatly
in excess of 2 per cent even under extreme conditions.

It is interesting to observe from Langmuir’s calculation in a prac-
tical case where the cathode temperature is 1000 degrees Kelvin, the
emission density greatly in excess of the anode current, and the anode
current density 1 milliampere per square centimeter, that the distance
from cathode to virtual cathode is approximately 0.016 centimeter
(0.006 inch). Thus, in modern close-spaced vacuum tubes the position
of the virtual cathode cannot be neglected.

The error involved in using (9) as compared with the exact solu-
tion for cylindrical structures is less than in the corresponding case
of parallel planes. For a discussion of the effect of initial velocities
in this case, the reader is referred to Langmuir and Compton5,

The potential distribution between parallel planes, taking into
account initial velocities, may best be determined by the use of a plot
presented by Langmuir and Compton®.

B. TRIODE THEORY

Triode Mu Formulas

The earliest analysis of the electric field existing between parallel
planes with a parallel-wire screen interposed is that of Maxwell’. In
this it is assumed that the spacings between the planes and the screen
are large compared with the spacings between wires and that these
in turn are large compared with the wire diameter. The result ex-
pressed in vacuum-tube terminology is

2nd,,

alog, (2sin 7r/a)

2nd,,
or = (where #7/a is small).
a log, (a/2x71)

5 See pp. 252-255 of footnote reference 1.

8 See Fig. 42, p. 243 of footnote reference 1.

7J. C. Maxwell, “Electricity and Magnetism,” third edition, 1904, Vol.
1, section £03.
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In these expressions, d,, is the distance from the center of the grid
wires to the plate, a the spacing between grid wires (¢ = 1/n, where »
is the number of wires per unit length), and 7 is the radius of the grid -
wires. It will be noted that the distance between grid and cathode
does not appear.

This formula is in serious error when the spacing between grid
wires is not large compared with the wire diameter, as is frequently
the case. Because of this, van der Bijl developed empirically the for-
mula p=Cd,, rn?+ 1, where C is equal to 160 for parallel planes.
An obvious defect of this expression is that s can never be less than
unity.

The most generally useful and accurate formula for amplification
constant which has been published is that developed by Vogdes and
Elder®, This analysis assumes that the spacing between grid wires
is small compared with the distances between the grid and the other
electrodes. The development is as follows.

Fig. 3 represents the geometry of the vacuum tube. By means of
a conformal transformation, this same geometry may be represented
in different co-ordinates. In such a transformation, equipotential sur-
faces and flux lines still cross at right angles and all laws of electricity
still apply. '

Suppose the geometry represented in the w plane in Fig. 3 be trans-
formed to the 2 plane by the transformation z = e2mnw,

Since 2=x+ 7y
and w=u+jv
then z -+ ]'y — g2mnu Y gi2mny — pejg-

This transformation is represented in Fig. 4. The cathode is a point
at the origin. The grid wires become a single figure intersecting the
x axis as e—27» and e2w, The center of the grid wires is at x = 1.
The anode is a circle about the origin of radius equal to e27ndss,

The figure representing the grid wires is not a circle. If r is less
than a/2w, however, it can be shown readily that the figure is essen-
. tially circular and it will be assumed, therefore, that such is the case.
If the figure is a circle, its radius is

e2mnr — g—2anr

= sinh 27nr
2

8B. F. Vogdes and F. R. Elder, “Formulas for the amplification con-
stant for three-element tubes,” Phys. Rev., Vol. 24, p. 683; December, 1924,
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and its center is located at

e2gnr b g—2anr
& = ———————— = cosh 2mnr.
2

In Fig. 3, if the anode were removed to infinity and a potential
applied to the grid, the successive equipotential surfaces at greater
distances from the grid would become more and more nearly planes
until, at distances several times a, the surface could be regarded as
essentially a plane. Therefore, under the limitations of our assump-
tions concerning relative spacings, the anode plane may be considered
to be the equipotential surface due to the field of the grid alone. This

CATHODE GRID ANODE
¢
a d
hid é 9P +4

0

CATHODE
T \A
+v|
Y TR

O
“w”PLANE
Fig. 3—Cross section of a triode in N 2” PLANE
normal co-ordinates. Fig. 4—Cross section of the triode of Fig.
3 transformed from the w plane to the
2z plane.

is equivalent to saying that a circle of radius e277ds» — cogh 2nnr drawn
about the “center” of the grid wire in Fig. 4 does not differ materially
from a circle of radius e?7*&» drawn about the origin. The justification
for this assumption may be checked by considering the rather extreme
case where nd,, =0:50 and nr=0.03. Then e2?"» equals 23.1 and
cosh 27nr equals 1.02,

The convenient result of these assumptions is that a line charge
placed at the ‘“center” of the circular grid wire, Fig. 4, produces
equipotential surfaces at the surface of the grid wires and at the anode,
since the charge on the cathode located at minus infinity must be zero.

Let us place a charge — @ at the ‘“center” of the grid wire. The
potentials E,, E, and E, of the cathode, grid, and anode become

E, = C+ 2Q log cosh 2nnr
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E,=C + 2Q log sinh 2mnr
E,=C42Q 27nd,,.

If the cathode potential be taken as zero,
E, = 2@ log sinh 2znr — 2Q log cosh 2znr

= 2@ log tanh 2xnr
and E, =2Q 2=nd,, — 2Q log cosh 27nr,

Under these circumstances, the amplification constant may be defined
asp=—FE,/E,

log cosh 2znr — 2=nd,,
whence . p= .

log tanh 2wnr

The assumptions made in this derivation invalidate the expres-
sion for use with relatively very close spacings between electrodes.
The same type of analysis as that presented by Vogdes and Elder may
be made to give more rigorous results. Salzberg? has carried out such
an analysis. It differs from that just presented chiefly in that an
additional line charge is placed on the x axis, Fig. 4, outside the anode
at such a position as to make the true anode cylinder an equipotential
surface. Therefore, the anode may be allowed to approach much more
closely to the grid. This leads to an expression accurate for cases where
the spacing between the anode and grid is small compared with the
wire spacing, though not when the wire spacing is small compared
with the wire diameter. Salzberg’s expression is

log cosh 2xnr — 27nd,,

- log tanh 27nr — log (1 — e—4%mdsr X cosh? 2xnr) ’

There is no obviously useful definition of amplification factor in
the purely electrostatic case (no space charge) when the charge density
induced on the cathode is not uniform. It is possible by extension of
the analysis described above, however; to arrive at an expression for
the charge distribution on the cathode when the spacing between
cathode and grid is finite. Salzberg has carried out such an analysis?®.
It departs from that of the cathode at infinity by considering the poten-

9 Bernard Salzberg, “Formulas for the amplification factor of triodes,”
Proc. LR.E., Vol. 30, pp. 134-138; March, 1942,
10 Not published.
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tials in space produced by a line charge at the cathode in addition to
the others.

The amplification-factor formulas here given may be applied to
cylindrical tubes if 7, log (7,/r,) is substituted for d,, where r, and r,
are the radii of the grid and anode, provided /7, is small.

Equivalent Potentials in Triodes

For most practical purposes in calculating the electric fields at
cathode, anode, and the space between, except very near the grid, a
potential may be assigned to the plane of the grid. In other words, it
is assumed that an equipotential plane may be substituted for the grid
without altering the electric fields. This would be true only when the
grid wires are small and closely spaced in comparison with the spac-
ings between grid and cathode and anode.

K q A
3/6 q
o]

d d
gk i’ ap Cq6
{
@
i G
s A Ny
i
.o K Ce A
Fig. 5—Triode with equivalent  Fig, 6—Star network of the capaci-
plane G at grid. tances of the triode of Fig. 5.

The equivalent potential of the plane of the grid E; may be derived
in several ways. The most simple with which the writer is familiar is
the following. The capacitance between anode and the equivalent plane
G at the grid, Fig. 5, is Cp¢ = 1/4nd,, and the capacitance from cath-
ode to G, Cpq = 1/4nd,, while, by definition C ¢ = uC,q.

In the star network of capacitances, Fig. 6,

g Eccg(} + Ebch + EkaG
Vs = .
Coa+ Cra + Cpa
Let us make E;, equal to zero. Then,
pE. + E,
p+14 dap/ dg

EG:
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Ec + Eb//"

or Eq= .
1+ 1/.“‘ + dyp/dgk:u'

The physical basis for this analysis is that the anode ean influence
the field at the cathode only by acting through the grid plane. By
definition, the grid has p time the influence of the anode. It is obvious
that this reasoning implicitly assumes that amplification factor is
proportional to grid-anode spacing, for we might just as well have
called the cathode the anode. The quantity d,,/dg g is simply the re-
ciprocal of the amplification factor of the grid with respect to the
cathode.

We shall find it convenient to determine another equivalent-poten-
tial plane. The equivalent potential of the grid plane depends on grid

and anode potentials and on grid-

" g ? 4 cathode and grid-anode spacings.
o } Is there an equivalent plane the
o, | potential of which depends only on
o33 grid and anode potentials and grid-

f o | anode spacing?
£ EQ_O—II/ In Fig. 7, E4 is the equivalent
Ee | potential of the grid. If the con-
o | stant potential gradient between
] ° 1 grid and cathode extended past the

—d

grid, the potential E at any point

Fig. 7-— Determination of equiva- a distance z from the grid would be

lent potential E, of the @ plane.

(E0+Eb/l~")
= (14 x/dgk).
14+1/p+ dop/dykﬂ

We wish to find a potential £ = F, at a distance x = d,, from the grid
which is independent of d,. At such a point the ratio

14 2/d,;

L+ 1/p+ dpp/dgp
must be independent of d . Obviously this means that

X dgp/ dgkﬂ'

dvk—ﬁ 14+1/p
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or T =dg,/ (4 1) =d,.

The potential E, is given by
B = E.+ Ey/n .
14+1/p
Applications of this equivalent-potential plane will be given

Interelectrode Capacitances in Triodes without Space Charge

The direct capacitance between grid and anode, C,,, may be cal-
culated readily from the expression for E,, the equivalent potential
of the plane of the grid.

The capacitance per unit area from anode to the equivalent plane
of the grid is C,q =1/4nd,,.

dB, 1 1
Then Cgp == Cpg —_— == < .

dE, A4nd,,\ 1+ 1/p+ dg/dgp
1 . 1
Similarly Co = ,
drdg \1 4+ 1/pn 4+ d,p/dpn
Cp 1 1
By definition C,;=—= .
m dndg \ p+ 14 d,,/dy,

These derivations are for the parallel-plane case. The case of cylin-
drical electrodes may be treated in a similar fashion.

Amplification Factor in Multigrid Tubes

The analysis of multigrid tubes may be readily carried out by use
of the second expression for equivalent potential E,.

In Fig. 8, the @ plane is to be substituted for g, and A. Its potential
is
Euw + Ey/pgop
Ej=——

14 1/pgap

and its distance from g, is d;, = d,150 + dyop/ (1 + py2p). We now have
a triode and can calculate its u. The simplest expression is p,,=
(W g192/Qg192) Bg1, Where p’yy, is the amplification factor of g, with
respect to a plane at g.
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Now Mgig2 = Hg1q (dEc2/qu)
= .u'alq(l + 1/:“1721))
- I"‘,yly2 (dqu/dylﬂ2 1+ 1//"172P) .

On substituting the expression for d,, in this equation, one may re-
duce it to the following form by simple manipulation: g, = wotg2 +
Wo1p/ y2p Where 1/, is the value ugy, would have if g, were removed.

Of course pg1p = pyigotige, Whenee' poi, = ppipaptyay + 1’1, The
direct capacitance between g, and g, may also be determined readily,
since C,yy0=C,(dE,/dE ). Also, the capacitances between grids
and anode or cathode may be determined in the same manner.

By an obvious extension of the method, amplification factors and
capacitances may be determined in structures containing any number
of grids.

K q, g, @ A K q A
o o { |
o ° |
o) e} | |
o o | |
o] o] | |
(o} o | E l
(o] o] ]
(o] (o] | Es
(o} (o) l '
(o] o} | |
Fig. 8 —Determination of amplifi- I
cation factor and inter-electrode 0 & —d
capacitance in multigrid structures Fig. 9—Apparent location h of the
by use of the @ plane. cathode as seen from the grid.

Effects of Space Charge on Potential Distribution in Triodes

In the case where space charge between grid and anode may be
neglected (as is usually the case in receiving tubes with negative
control grids), a quite precise equivalent diode may be constructed by
the use of the first expression for equivalent potential with a space-
charge correction. Fig. 9 shows the potential distribution in a triode
with space-charge-limited current. It is obvious that the field at the
grid is the same as would exist without space charge if the cathode
were at point k, determined by drawing a tangent to the potential
curve at the grid. If it be assumed that the potential between cathode

11 For an alternative derivation see S. Koizumi, “On the amplification
constants of multi-electrode vacuum tubes,” Jour. I.E.E. (Japan), pp. 505,
857; 1930.
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and grid varies as the four-thirds power of distance, d, is three
fourths of dj. Hence, we must modify the expression for Eg as
follows :12

E.+Ey/p

EG = .
1+1/p + (4/3) (dﬂﬂ/dyk/"“)

The analysis of the current-voltage relationship of a triode may be
made directly from the diode case by the use of this equivalent-diode
expression. If in the equivalent diode the space current I, = f(Egy)
the cathode current (equal to the plate current with negative grid) is
given directly. The transeonductance g, is found by taking the de-
rivative of f(Fs) with respect to E, The plate conductance 1/7, is’
found by taking the derivative!® of f(Eg) with respect to E,.

Electron Transit Time in Negative-Grid Triodes

The electron transit time in any electrode structure may be cal-
culated readily if the potential distribution is known. In general

dx m \1/2 dx
t = [ e— .

/ v < 2e / E1/2
The calculation of transit time in the absence of space charge is
obvious. In a parallel-plane diode with space-charge-limited current,

the transit time from cathode to anode may be calculated if it be
assumed that

E =E,(x/dy,) /3

m \¥2 4,28 [t
whence t={— x 2%y
2e E 2 [,

12 B, D. H. Tellegen, “The calculation of the emitted current in a triode,”
Physica, Vol. 5e, pp. 301-315; 1925.

13 Note added April 6, 1943: Fremlin! discusses several old expressions
for equivalent diode potential, none of which is similar to that given above,
and then derives an expression for anode current of a triode starting from
the known condition of grid and anode at such potentials as to maintain the
space-potential distribution of a diode undisturbed to the anode (grid at
“space potential”). Unfortunately, no simple analysis of this sort is valid
when there is appreciable space charge in the grid-anode space as is implicit
under Fremlin’s assumptions. In the case of negligible grid-anode space
charge, Tellegen’s expression seems satisfactory.

14 J, H. Fremlin, “Calculations of triode constants,” Elec. Communica-
tions, July, 1939.
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m 1/2 3dk1)
- _2: E2

=5.05 X 108 (d;,/E,!/?)

where t is in seconds, d,, in centimeters, and E, in volts. In other
words, the electron take three times as long to pass from cathode to
anode as if it had traveled at the final velocity the entire distance, and
half again as long as if it had been uniformly accelerated.

The cylindrical analysis is not so simple but may be carried out as
presented by W. R. Ferris.!s

In the case of electron transits between grid and anode, the in-
tegration is carried out with the initial velocity of the electron cor-
responding to the equivalent potential of the grid.

15 W. R. Ferris, “Input resistance of vacuum tubes as ultra-high-fre-
quency amplifiers,” Proc. I.R.E., Vol. 24, pp. 82-108; January, 1936.
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Summary—The radiel and axial motions of electrons in the betatron
are described by means of a potential function of forces. Previously reported
conditions of equilibrium, stability and damping of oscillations are derived
for the region of parabolic variation of the potential. Extension of the
analysis to mon-parabolic regions gives an account of the injection in con-
ventional instruments in better agreement with experiment, particularly in
regard to higher voltages of imjection. Space charge limitations are dis-
cussed with the help of the Laplacian of the potential of forces. By means
of an additional radial electric field electrons can be introduced as in the
magnetron, without any asymmetry inherent in the conventional betatron
circumferential injector. The analysis of the conditions of equilibrium and
stability, greatly facilitated in this case by the nmotion of potential, shows
that no substantial improvement in space charge limitations can be expected
and that the required variations between the flux linking the electron orbits
and the magnetic and electric fields at the orbits are difficult to realize on
account of their complexity and narrow tolerances. The X-ray output of a
small experimental double yoke instrument was measured by a phototube
multiplier viewing an irradiated fluorescent screen and gave evidence of
multiple group electron capture.

PART 1

INTRODUCTION

erator of high energy electrons and gamma rays has created

need for a comparatively detailed knowledge of the electron
dynamics of induction acceleration, both for the sake of engineering
design and for possible future modifications and improvements. New
points of view worked out for this purpose are applicable to other
electronic devices such as the magnetron, or various electron optical
lens systems of rotational symmetry. It is interesting to note that in
the betatron are the longest, longest lived, and most stable, closed
electron orbits known outside of the atoms themselves.

The idea of accelerating electrons by the solenoidal electric field of
magnetic induction has been considered by many investigators (1, 2, 3,

THE current widespread development of the betatron as a gen-

* Decimal Classification: R138.
+ Reprinted from Jour. Frank. Inst., April, May, 1947.
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6, 31).* In order for large energies to be gained in this manner, the
acceleration must take place over very long electron paths, and while
the magnetic field producing the electric field may simultaneously be
used to bend the paths back on themselves, the elements of stability
of these paths is of primary importance to successful operation. The
basic principles concerning this stability were recognized by Steen-
beck (17, 32), who published a design embodying most of the essential
features of present apparatus. These and other properties of the orbits,
especially the mechanisms of electron injection, were discussed by
Kerst and Serber (10), and the successful operation of a small betatron
was reported by Kerst in 1940 (8).

The betatron or induction accelerator consists in its essentials of
an alternating current magnet, generally with a laminated iron core!
and an air gap, and within the gap an evacuated chamber containing
an electron injector and a target. The injector, an electron gun, directs
a beam of electrons circumferentially at a phase of the cycle of the
magnet when the magnetic field is weak but increasing. The electrons,
momentarily of moderate energies, are turned by the weak magnetic
field into an approximately circular path while an electric field is in-
duced along that path by the increasing flux of the magnet, a field
which in ordinary transformers is responsible for the electromotive
force induced in the windings. Therefore, as the electrons revolve in
their orbits, they gain energy according to the number of turns they
make. Meanwhile, the magnetic field increases too, so that in spite of
the increased energy of the particles, they are held close to their
original paths. Evidently, since the energy gain is determined by the
average field intensity inside the circular path, while the field just at
the circle keeps the electrons there, some definite relation between the
two must exist. It turns out that a satisfactory relation is for the
average field to be just twice the orbital field. Finally when the elec-
trons have gained an energy corresponding to a change of flux of
almost a quarter cycle, this two-to-one condition is artificially upset and
the orbit moves toward the target. This is bombarded by the electrons
and high energy gamma rays are produced. The gamma rays leave the
chamber in the forward direction in a fairly well defined beam, but while
some high speed electrons scattered by the target are capable of leav-
ing the chamber, there is at present no published description (38) of
a method for extracting the bulk of the electrons in a well defined beam.

* All such references will be found under heading “References” on
page 103.

! Higher frequency air core systems may have desirable characteristics
but have not yet been developed successfully (1, 22).



58 ELECTRON TUBES, Volume 11

It is intended here to develop the equations of electron motion as
they are applied to induction acceleration, and with the aid of an arti-
ficial potential function to encompass the earlier work on the electron
trajectories and the conditions for stability, which constitute first order
calculations for the most part, considerations on wider departures from
equilibrium, particularly during injection, and the general influence of
space charge. The application of an auxiliary electric field of rotational
symmetry is discussed in detail without materially complicating the
equations. Some experimental work complementing the theory is re-
ported.

EQuaTIONS OF MOTION
The pertinent equation for electron motion in an electromagnetic

field is given by
®

d. . - .
5 ml = — ¢ (E+3 x B), (1)

wherein
M= e e .
TV v and ol 1.76 X 10" coulombs per kilogram (2)

Here it is presumed at once that effects peculiar to quantum mechan-
ical calculations are of no significance to the motion. Also, it is
assumed that the acceleration of the electron is sufficiently small that
associated force terms which appear in the general equation of motion
are quite negligible. This assumption is substantially correct for all
but the highest attainable accelerations for very high energy particles,
a case which will be commented upon separately. The component equa-
tions of motion from (1), expressed in the conventional coordinates
of the circular cylinder, are

‘%[m] — mrit = — e[E, + 8B, — iBy), (3-1)
g—t[mr’éj = — er[Es + B, — #B.], (3-9)
‘%[mz] = — o[E. + By — 1B, (3-2)

The electric and magnetic field components expressed in these equations
are of course related by the Maxwell electromagnetic field equations,
and even though the sources of the field, i.e.,, charges and currents,
may be of arbitrary distribution, two restrictive equations must be
obeyed, namely:
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—_

curl E + % =0 and divB = 0. @)

In the ideal betatron, the electric field is assumed to be generated
solely by induction from the changing magnetic field, and it is without
sources such as charge or polarized materials. To the lines of the
magnetic field are ascribed the symmetries of an axis of revolution
and a plane of reflection. With the coordinate axis and the plane of
the origin coinciding with these two respectively, it is also assumed
that the angular component of the magnetic field, By, and the angular
variation of the axial component, 2B,/9d, are everywhere zero. From
these hypotheses, it can be shown through equations (4) that of the
field components only three remain, B, which is a function of 7, 2,
and ¢, and B, and E, which are related to B, by the equations

r 9B,
rB, = — f r = —
’ o 9z rEy )
In vacuum, the remaining Maxwell field equation requires of B, that
1 r 9B, 1 aB
r——dr — — + == = 0. (6)
0z?

In the construction of an actual accelerator, the symmetry of the
magnetic field is unavoidably imperfect and dielectrics and conductors
associated with the vacuum chamber disturb the induced electric field.
The error made in the forthcoming analysis by neglecting the small
forces arising from the angular dissymmetries which may be present,
depends upon whether the principal forces are in unstable equilibrium
and upon whether the small effects are likely to be cumulative. Some
tentative judgment on these questions will become possible as a result
of the analysis of the ideal case.

With the assumption of complete symmetry in the fields as stated,
equations (3) reduce, with the aid of equations (5), to a comparatively
simpler set.

[mr] mrf? — erdB,, (7-r)

d . - f 3B,
Zé [mz] = —¢f A r 9z df, (7-z)

P
dt[mr’é] e[or = dr + +B,
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d r
= e?d—tj(: r Bdr. (7-6)

Recalling the functional dependence of B,, it is noted that

2x f rrB,(r, z, t)dr
0

is the magnetic flux passing through the circle r, 2. The integration of
equation (7-8) calls for a constant, C, which describes some of the
initial eircumstances upon injection of the electron into the field.

m° d
C=—rd - f rB.(r, 20, to)dr, ¥
0

wherein the superscript and subscripts 0 denote the initial values of
the quantities. Thus the integral of equation (7-8) is

ejo"rB,dr+ C
=S

m r

9)

If this result is placed in equations (7-r) and (7-z), it is found that

i r Tz
Bdr + C
d- o €9 j‘:r
J;[mr] i R (10-r)
d eza{frrB,dr+C2
—mi]= — ——| . (10-3)
dt 2moaz | r ]

Were it not for the variance of the mass, m, the form of equations
(10) would be strongly suggestive of two-dimensional potential motion.
However, the mass, or the total energy of the particle, can change only
through motion along the one existing component of the electric field,
E, Thus from equations (5) and (9), the mass-energy equivalence
gives for the total variation of mass:

r 2
d RS f rBdr + C
Zme] = —erEy = — p—— | 11
dt(_: : ’ 2mat r (11)
and the value of m is given directly by combining equation (9) with
the formula for the mass, (2),
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f'rB.dr + C :
e|— | + myct

mec?t = r T A . . (12)

c!

the particle’s kinetic energy is thus:

j‘:'rB,dr. +‘ C i

_(m = mo)c®  m? Mo r _1f.
V= e T e moc’[l __7"+z"] +1-17-019)
e ct

In virtually all operable betatrons, the number of “volts per turn”
is very small in comparison to the total energy of the electron, starting
at Vi, =.512 Mev rest energy, so that in the course of a few revolutions
the proportional change in m as it appears in equations (10) is very
small. The dependence of this change on the radial and axial trajec-
tory as in equation (11) is an order of magnitude smaller still and
may be neglected altogether.

The differentiation on the left of equations (10) leads to the terms
r(dm/dt) and z(dm/dt) having the character of viscous damping
terms, because the increasing mass of the accelerated electron tends to
bring about a reduction in the radial and axial velocities of its motion.
Again for conventional instruments having a small number of ‘“volts
per turn,” and this includes practically all low frequency magnets,
these terms are very small and for most purposes may be neglected.
During the early, low energy stages of the acceleration, where damping
effects are of particular interest, there are other very much larger ones
to be discussed, which arise through the changing of the magnetic field.
Although the initially larger terms tend to vanish at relativistic speeds
and leave the mass variation terms as the only damping, the latter will
be ignored in most of this discussion.

Under the above provisions, equations (10) can be written exactly
as if describing two-dimensional potential motion.

f’rB,dr +C ’
9 o v - € i V,u, (14-)’)

Mor = — €— b ourd S — =
or L2m: r
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frrBzdr + C ’
Myp = — e_‘?_ ﬂg w0 = - gi Vi, (14-5)
0z L 2m® r 9z

wherein the symbol V), the “potential of magnetic and inertial forces,”
is introduced for brevity. Also for convenience let the symbol Vo
replace (m2/my?) Vy. With this notation, an approximation to equation
(13), useful for electrons whose tangential component of velocity is
the principal one, is

Ve vg[m —1 ] (15)

the limiting forms of which are, for low energies, Vi, and for very
high energies, V2V, Vi

If, in addition to the magnetic and induction fields, an electrostatic
potential field V, having the same symmetries as the magnetic field is
applied to the region of the electron motion, and thus superposed on
the fields which have already been considered, the angular motion
equations (7-8) and (9) remain unaltered, while to the right sides of
equations (10) for the radial and axial motions are added the appro-
priate forces obtained from the gradient of Vj, namely, e(o V/or)
and e (2 V;/92). In this case, however, the change in mass does not
occur only through motion in the tangential or angular direction, so
that in order to achieve the same simplicity as in equations (14), the
new equations must be restricted to the non-relativistic region. For
most purposes, this is not a severe restriction, since electrostatic poten-
tials large enough to materially influence the motion of the higher speed
electrons are hard to apply. In conventional accelerators, the additional
electric field is due primarily to the space charge of the electrons in
the chamber and is of importance only in the early stages of accelera-
tion. The equations of motion corresponding to equations (14) now
have the form:

a3
ot = — ea% [Vi = Vil met = — e [V = Vil (16)

THE Two DIMENSIONAL MOTION

The approximate equivalence of the radial and axial electron motion
to two-dimensional classical motion in a potential field slowly changing
with time offers important advantages, both for the analytical and the
intuitive understanding of the processes involved. As has already been
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stated, the total electron path is very long, and while it is turned back
upon itself, the region in r and z which it may occupy, must of course
be within the vacuum chamber. To thus confine the electron, there
must be, in this region, a minimum in the potential surface V, or
Vu — Vg if the additional electric field is present, and the two-dimen-
sional analog of the particle’s kinetic energy must be insufficient to
carry it beyond the potential barrier surrounding this minimum which
corresponds to a stable circular orbit. With the particle kept in this
bowl, the necessary properties of the trajectory are obtained. For
purposes of discussion, these properties may be subdivided according
to whether they depend on the momentary existence and shape of the
bowl or whether they pertain to the effects of the change of this
shape with time.

The elementary conditions for the existence of an instantaneous
stable circular orbit, an “instantaneous equilibrium orbit” of radius
7, may be found directly by applying the conventional relations of
analytic geometry to the function [V, — Vjg].

(a) (—%_[VM — Ve] =
(b) é‘-[Vw - VB’] >0

© ;’—[VM —Ve]>0

@) 2 [Vu = Vil =

@ LV = VeloVu = Vel _ {M 'S0, {17)
ar e Jdraz

On account of the symmetry which the electric and magnetic fields
possess with respect to the plane of z =0, the fourth condition is satis-
fied everywhere on this “equilibrium orbit plane.” It then follows that
on this plane the last condition is satisfied if the second and third are,
so that only the discussions of the first three conditions, called the
radial equilibrium, the radial and the axial focusing, conditions, re-
spectively, are not trivial. If Vj is taken to be absent, the radial
equilibrium condition applied to V) gives the alternative relations
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[rBar+ c |
o o, (18)
r
frrB,dr +C
B —S——0——=0. (19

The first of these refers to a condition for the electron at rest, see
equation (9), and is of no interest here. The second alternative is the
appropriate condition for equilibrium in the radial direction. If it is
included in the formulas when the radial and the axial focusing condi-
tions are applied to V,, the following two inequalities are obtained,
respectively (32):

r 4B,
Bar > b (20)
(" 9B,

B, fo r——dr >0, (21)

wherein 2B,/9z is zero for 2 = 0. Taking into account the quasi-static
nature of the magnetic fields with which one must deal in practice,
the time derivative term in equation (6) may be neglected and the
result used for substitution in relation (21) which may be written with
the same functional expression as (20). Combining the two:

r 3B,
1>[—F,6r]>0" (22)

This means simply that the lines of the magnetic field must be convex
outward and that the field intensity diminishes with increasing radius,
while the corresponding diminishing in centripetal magnetic force must
occur more slowly than the decrease in centrifugal force at constant
electron velocity. The quantity in brackets is a more general form of
the “n” of Kerst and Serber who assumed that the magnetic field was
proportional to r—* During the acceleration cycle the importance of
the constant C becomes less and less relative to the time increasing

r
/’I’Bz dr. Equation (19) approaches the condition,
0

| fn rrB,dr

B, = =

) (23)
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wherein the right side is obviously { the average value of B, within the
circle. To have a stable orbit, condition (23), together with condition
(22), must be satisfied for some value of ». In conventional instru-
ments, the magnetic field intensities at all points vary synchronously
throughout the greater portion of the acceleration cycle, and so this
value of 7, called the principal equilibrium orbit, is a constant, r,.
Then, as may be noted by applying the present conditions to the
formula from (5), this position is also the minimum for E, or the
equivalent, volts per turn divided by radius. Kerst and others have
used this fact for measuring the position of the equilibrium orbit.

Induction accelerators are usually built so that condition (21) is
satisfied for all positions within the vacuum chamber, and since the
equilibrium orbit plane 2 = 0 is one of symmetry, the axial sections of
the potential surfaces V, have substantially similar characteristics
whatever the other circumstances may be. They are parabola-like in
shape, symmetrical and increasing outward monotonically on either
side of z=0. The rate of the increase depends on how negative is

r 9B, '

, and the adjustment of this parameter determines whether

th:: walls of the potential bowl, in the axial direction, are sufficient to
keep the electrons from the corresponding material walls or other
obstructions of the vacuum chamber. While the radial sections of the
potential surfaces are of no greater intrinsic importance than the axial
ones, the appearance of the constant C in the formula for V, makes
their characteristics critically dependent on the initial conditions. For
each value of C, the radial sections are, for the most part, of the same
general shape for different values of 2. A representative set of such
radial sections of V;, for different values of C for the plane 2 =0, and
which thus includes the equilibrium orbit position, is given in Figure 2,
The instantaneous magnetic field distribution from which these curves
were computed is shown in Figure 1, which includes an outline of the
pole pieces generating this field.

A large variety of injection phenomena can be understood by con-
sideration of the V, radial section curves only, since usually the axial
sections may be taken for granted. While the curves of Figure 2 are
entirely representative of all values of C, the particular ones drawn
were chosen with the position r = 18 in mind as the initial location of
the electrons. In such an instance, these particular values of C corre-
spond to tangential velocities of injection (neglecting relativity correc-
tions) differing by a simple factor, one plus the coefficient of P,g, from
the velocity of the “normal” electrons, whose C value is zero and hence
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whose equilibrium orbit radius is unchanged during the acceleration.
With reference to the concept of two-dimensional conservative motion,
it is a matter of inspection of Figure 2, to see that for electrons injected
at r =18, even for those without radial and axial velocities, only those
with tangential velocities corresponding to C values within the interval
—.020 P,5 to + .125 Pqg, approximately, can be captured initially within
the potential bowls. For those with small radial velocities in addition,
the range is evidently more restricted and can be found immediately by
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Fig. 2—The radial profiles of the potential of magnetic and inertial forces.

recognizing the additional barrier necessary to contain the additional
“two-dimensional kinetic energy.” While the potential minimum for
which V,, is zero has been excluded from consideration on the conven-
tional betatron because the associated acceleration is small, it repre-
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sents the situation of zero tangential velocity obtained when electrons
are emitted directly into the chamber from a hot cathode located at
the zero position, such as » =18 for C = 1.0 P,5. With the addition of
the electrostatic field V5 from a concentric anode, this case describes
a static magnetron with a non-uniform magnetlc field and is considered
in detail below.

If an electron in a conventional betatron is confined near to a stable
circular orbit in accordance with the existence of a minimum in the
appropriate surface Vj, there are associated with its motion three
frequencies or periods which arc more or less unique, depending on
whether the radial and axial oscillations are of small or large amplitude.
In the limit of very small such amplitudes the periods of rotation and
radial, and axial oscillation are, respectively:

[ —1
T, =2x -:;B,] , atr =r; (24)
Yy —1
Tr = 2r i'Bl:l [ ! aaB ] , atr =yr; (25)
L= S8 [ - 22" ar-r 09

Provided the particle remains within the potential bowl for large am-
plitudes, only the formula for T, needs major correction: to be multi-
plied by a factor much greater than unity because the particle ap-
proaches the rounded crests of the surrounding potential barrier. In

r 9B,
any event, since —

obeys condition (22), the periods T,
z a/r rsri N
and T, are always greater than 7.

Very small angular dissymmetries of magnetic and induced electric
field strengths may be present in an accelerator. If it is presumed that
the electron motions are very nearly those of the ideally symmetrical
case, the potential notion may still be applied, and the small dissym-
metries can be accounted for by small, additional radial and axial forces,
which recur with a period of Ty. Since T, and T, are greater than T,,
it follows that no direct resonance effect is likely to occur and that the
disturbances on the ideal motion are not likely to accumulate beyond
what are produced in the first few revolutions after injection. Thus,
if the electron is well contained in the potential bowl in the first place,
the motion will be in accordance with the formulas developed for sym-
metrical fields.
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SPACE CHARGE

Whether an electrostatic field is applied from electrodes or not, a
large space charge will contribute to V, and should be taken into ac-
count. Since the charge distribution is not known and in general will
depend on the manner of injection, the stability conditions (17), which
still must be satisfied, are not capable of direct verification. They lead,
however, to a definite limitation on the supportable space charge dens-
ity, for by summing the first three of conditions (17), [(17a) being
multiplied by 1/7], one finds that the Laplacian of [V, — V] must
exceed zero. Since V itself must obey Poisson’s equation, it follows
that:

r 2
f rBdr + C
...f_<v2 V}y=ﬁn‘9 B, -
&g m

2 ,2

frrBtd + C 2 f’r aBz dr 2

r

P + ._.733__ .(27)
N r R

The limiting charge density given by this relation may be found in
charge distributions in complete axial and radial equilibrium, wherein
the repulsive forces between particles are just compensated by the
retaining forces of the applied fields. Consideration of an optimum of
such distributions will establish the upper limit of charge supporable
in the betatron, whatever the injection mechanism. The magnetic
forces of the space charge current are assumed negligible at the time
of injection,

Supposing at first that all electrons present have a common value
for the integration constant C, the surface of [V, — V] which origi-
nally possessed a minimum before the electrons were inserted and space
charge forces contributed to V5 now has the shape of a bowl whose
bottom is flat over the region of the charge distribution. Here the
charge density is given by the right side of relation (27) and as more
charge is added, this value is not exceeded but the distribution extends
itself over a larger space. Eventually, with additional charge, the re-
pulsive forces can no longer be counterbalanced. This is shown in the
surrounding potential barrier, where, at least at one point on the edge
of the flat bottom, the barrier is pressed down, as the surface curvature
changes from concave upward to concave downward. Then no further
charge can be supported for it spills out by this route. With the usual
field shapes, this “leak” will occur in a radial direction in the 2=0
plane provided the vacuum chamber walls and other obstructions have
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not interfered beforehand, because the potential surface goes to rela-
tively greater height in the axial direction. It seems fairly certain that
in this case of equilibrium, there is supported the greatest possible
number of electrons with the chosen value of C. The configuration is
one of minimum total energy as compared to non-equilibrium dis-
tributions of the same amount of charge, and these distributions in
sufficient time must surely rearrange themselves so that some of the
particles will surmount the surrounding barrier by virtue of their extra
energy, even if, as is unlikely, the initial arrangements succeed in re-
ducing the space charge repulsions relative to the retaining forees.

If groups of electrons of different values of the integration constant
C are present and in complete equilibrium (without orbital oscillations),
they cannot mingle in the same spatial region because these values
appear explicitly in the radial equilibrium condition (17a) which can-
not be satisfied for the same space coordinates but different C’s. It
follows from the continuous dependence of the equilibrium relations on
C that although one group may be space charge limited with its poten-
tial bowl depressed at some point, in general another group may be
found of slightly higher or lower C whose potential surface [Vy — V5]
still has a minimum and can receive more charge. Assuming the in-
jector is able to provide it, the additional space charge will cause some
of the previous group to be lost, but the equilibrium position of the
new group, as given by (17a) with the new value of C, is necessarily
well removed from the position of the “leak” in the old grbup. Then
on members of the old group at this position, the proportional repulsion,
or force per unit charge, of the new group is less by virtue of greater
distance than was that of the displaced charge, and there is a net gain
in the total charge supported. If the injection mechanism is able to
meet the demand, this displacement of groups may go on over a con-
tinuous range of C values until that group is reached which simul-
taneously depresses its potential barrier in two places of different radii,
both radially outward and inward for conventional instruments. Now
no further group of slightly different C can have a minimum in its
potential surface and the space charge limited condition of the last
named group, in equilibrium and standing alone, is the final con-
figuration.

For the above reasons, it is thought that the optimum space charge
saturated condition of the betatron, which can be obtained at the time
of injection, consists of the support in radial and axial equilibrium of
the-full complement of one group of electrons of a single value of C,
or in most cases of a single tangential velocity and time of injection.
Since the influence of the space charge field depends not only on the
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charge distribution but also on the electrostatic boundary conditions
which must be satisfied, the exact computation of the value of the
integration constant C which applies to the select electron group is
difficult, if not impossible. Fortunately, there is a wide latitude in the
choice of this C which will lead to substantially the same total for the
supported space charge, so that one may assume a value corresponding
in the case of a conventional betatron to the radial profile curve of V;;
whose two maxima are of the same height, on the grounds that there
will be a rough symmetry about the minimum position. In Figure 2,
this value is about ¢ = — .008 P,;. It should be emphasized, however,
that the injection mechanism may be quite unable to establish this
optimum electron group and it may be necessary to consider another
group of very different value of C, which can support much less charge.

To find the upper limit of the capturable charge itself, the space
charge density given by equation (27) with a proper choice of C, must
be integrated within the limits of the charge distribution. In estimat-
ing these limits, electrostatic boundary conditions must be taken into
account. If the induced space charge image fields are assumed to be
negligible, the radial curvature of the negative space charge field alone
will be negative throughout the distribution. Thus, by radial focusing
condition (17b), the charge distribution cannot extend beyond the
points of inflection of the radial profile curve of V, and probably not
quite as far. A fair guess of the limits can be made by taking the lower
inflection point for one limit and its horizontal projection to the other
side of the bowl of V for the other. In Figure 2, these limits are, for
C =.008 Pjg, v, =16 and r; =9, and for C =4 .1 Py, r,=16.5 and
r, = 15.5. The relative axial to radial extents of the charge distribu-
tion is determined to a first approximation by the square root of the
inverse ratio of curvatures of V. Evaluated at the instantaneous
equilibrium orbit » = 7;, these values are

*Vu _ emo,,, r 3B,
aw -  m P B e’ atr =r; (28-2)
*Vu _ emg [ r 8B, _
s Bzl 1+ B,W]' atr = r; (28-r)
r 9B,

The experimental adjustment of the parameter — to from — &

B, or
to — 1 in accordance with condition (22) so as tzo have the electron
configuration roughly conform with the shape of the vacuum chamber
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leads in present instruments to an axial extent from } to 1 times the
radial extent for values of r; close to the main equilibrium orbit, but
very much smaller ratios for other electron groups. The radial-axial
distribution having an approximately elliptical boundary, one finds the
total charge, @, supported in this toroidal ring is the product of the
volume and the average charge density of (27) which is roughly given
by its value at »;.

r 0B,
1
2'—’1:]2[ +B ]

Ty

[(rBar + c]

EMq |y
2m? r r=ri

Q = 7leyr

(29)

For low energies of injection, the second quantity in braces is by
equation (15), the voltage of injection. The first braced quantity is
a geometrical factor which depends both on the field shape of the
betatron and the choice of €. From Figures 1 and 2, the value of this
factor for the optimum C of —.008 P, is approximately 1 but for a
C of 4+ .1 P,5 it is about 1/100. Excepting for the geometrlcal factor,
equation (29) is the same as that of Kerst (9).

The maximum supportable charge, and hence the maximum space
charge limited output of the betatron, is, other things being equal,
directly proportional to the injection voltage. It has been quite gen-
erally observed that the output increases with injection voltage, but
the total output has been of the order of ten per cent, or less, of that
computed by the old formula or what is practically the same thing,
formula (29) with the optimum geometrical factor. The injection
voltages currently in use seem too high for electron scattering by re-
sidual gas to enter into this effect.

The implication of these experimental results appears to be that
while the betatron may at injection approach a space charge limited
condition, the injected electron groups which can be captured in stable
orbits are those of tangential velocities or C values departing consider-
ably from the optimum.

MoOTION IN THE POTENTIAL OF FORCES

The increase of the magnetic field with time brings about the ac-
celeration of the electrons and the change in magnitude and shape of
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the appropriate potential of force [V — Vg]. While the energy given
by equation (15) in combination with (19) increases at first with the
square of r B, at the equilibrium orbit, and for relativistic velocities
directly with r B,, the radial and axial oscillations about the orbit
are altered by the change in the potential surface. The existence of a
minimum determines the possibility of stable electron orbits, but dur-
ing the acceleration period the limits and velocities of the oscillations
are changed. On this account, the electrons might alternatively strike
the walls of the vacuum chamber and injection apparatus or be focused
into a narrow beam.

The radial and axial motion constitutes two-dimensional motion in
a potential field changing with time, but most of the essential char-
acteristics can be found in a corresponding one-dimensional motion.
This is particularly true in the conventional betatron because it can be
shown by a Taylor expansion of the potential ¥V, near the main equi-
librium orbit that the motions in the r and z directions are independent
up to fourth order terms. The potential surface changes but little in
the period of one oscillation of the particle. An approximation in the
analysis will be made based on the smallness of the change in energy
per oscillation as compared to the energy itself, namely, an adiabatic
approximation.

Congsider at first the equation of a constant mass point in a poten-
tial of forces W, of the form W(x,{) =G (x)F (t) where G(z) is a
non-negative function of space only and F (¢) a slowly varying func-
tion of time only:

. aW
Y5 T ex (30)

Without ultimate loss in generality, it may be assumed for simplicity
that G(0) == 0. An energy integral can be obtained by integrating
both sides of equation (30) multiplied by %:

‘oW
o O

where =2, and & =%, at ¢t =¢t,. The value of the integral in this
equation can be estimated by the law of the mean since G > 0.

fa_g b= f G ”“d‘ = [%%] ﬁ:W(x. dt,

where £, < £, < t. (32)

@ — i) = — W4 W to) + | —dt, (31)
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By substituting W from equation (81) into the last integral, ¢ ?_V_V dt

ty OF

can be written:

aW _ 1dF f‘[ £ —~ ab’]
—dt (1 + C)I:—I:,E ]‘l " W(xo, to) + ) dt, (33)
where
1dF Winax
<322 - —0 0
F dt Joux W+ﬂ—1f§—d£
T2 =t Ju2
1 dF
The value of ; ~d— (t —ty) is the proportional change of energy of
t

oscillations per period and is assumed very small in the adiabatic ap-
proximation. Therefore, the value of ¢ is also small since the ratio of
the maximum value of the potential in the interval to the difference
between the initial energy and the average kinetic energy is of the
order of unity. In the application of this idealized problem to the pres-
ent day betatrons, ¢ is less than one per cent and will be neglected. By
substituting into equation (81) the value from equation (83) where

1 dF
—— at #, is assumed equal to its value at ¢, again according to the
F dt
adiabatic approximation, the total energy of oscillation E of the mass

point becomes:

F 7

2

+F(1t—o)-lg~‘[(‘W(xo, to)+‘i§) (t — to) —j::—*;dt] (35)

Let us assume an oscillatory motion such that at t=¢, £=0 and
2 =@ and again £ =0 when ¢ = t; + T at which time z = a - An, The
increase of energy AE during the period 7T is:

L+ T 42
AE = —k [W(x.,,o)T f 1dt]

Fto) di
=AW -~ W('Vo, ) Tf

AE = AW — 8E =

o2
E=W+ = W(xo, to) + —2‘
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Average kinetic energy in one period
AW(l— = — - — ) (36)
Maximum kinetic energy in period

where AW is the increase of W at the point £ = g and 8E is what may
be called the energy increment deficiency because it is the difference
between the most energy which the mass point would gain were it
immobilized at 2 = @ and its actual gain of energy while oscillating in
the increasing potential trough.

The change of amplitude of oscillation, Aa, is evidently related to
the energy increment deficiency by the approximate relation:

- E - Average kinetic energy AW
oW Maximum kinetic energy W

0% | zea 0% |z

Aa (37)

showing that it is proportional to the rate of change of the potential,
the ration of the average to maximum kinetic energy and inversely pro-
portional to the gradient of the potential at the turning point of zero
kinetic energy.

In the case of harmonic motion in a parabolic potential, the average
kinetic energy is half of the maximum and the gradient at the extre-
mum is twice the average gradient from the minimum to the extremum,
so that: :

7
Aa . AW (38)

= — 3 .

These considerations can be applied to the actual case of the elec-
tron in the Vj potential surface by writing:

e
= CVulr, ) = Vul(re, )] (39)
0
Relation (38) can then be written, for the normal electrons, C = 0, as:
Aa AVM AB
T TiYL. ST E (40)

relations derived by Kerst and Serber (10). These relations are valid
even when the terms involving dm/dt which were omitted in deriving
equation (14) are taken into account. This relation (40) shows that
the amplitude of oscillation is proportional to B—3.

In the case of .the parabolic potential, the integrated equation of
motion itself of the mass point can be obtained and a closer estimate
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can be made of the error due to the adiabatic approximation than was
possible in the general derivation. Equation (30) takes the form
T = — 2 (02W/2x2) where 02W /0x2 is a function of time only, and can
be solved approximately by the substitution x = u e* which leads to:

W\t W
e=a (20 cos ( ['\2 Hatta), (41)

where the amplitude of oscillation is seen to vary as found before and
W
the instantaneous angular frequency of oscillation is — . A dif-
ox?
ferential equation can now be written which is exactly satisfied by
oW

equation (41) whose form is ¥+ (1-+¢ )=0. The propor-

ox2
tional error ¢; with respect to equation (30) can be computed:

] _(62W “2[1ﬁ(62W 5(32W 3w
T\ ox? 492\ 9x? 16\ ox? o )] @)
For the case of non-relativistic speeds of the corresponding electron

e
motion, if v =— B is the instantaneous Larmor frequency correspond-

ing to the ﬁeld Bc, this error is less than:

2 R2
w?B
€1<-—' i

7 B 1 1 4+ Lcostwt), (43)

assuming the magnetic field to vary sinusoidally as B,=B,, sin ot.
The error is most at injection time but is extremely small, of the order
of 10—10 to 10-8 for practical instruments, since it depends on the
square of the ratio of the magnet and electron Larmor frequencies as
mentioned by Kerst and Serber (10).

In general, the potential function V, or [Vy — V] cannot be
represented as a product of separate space and time functions, par-
ticularly because C appears in V. The position of the minimum
changes with time but the oscillations of the electrons will take place
around the instantaneous position in a reference system moving with
it, just as if the minimum position were stationary. This is because
the rate of acceleration of that position is negligible in all practical
cases. Since equation (19) implicitly expresses the radial position of
this minimum, 7;, for the conventional betatron, it may be used to
give r; through differentiation.
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T 3B,
Tt Y 4B,
i-. = r2 — at . —
P = B.[ 7 oB. - atr =r,. ()
T[E ar + 1]

Assuming the magnetic flux and field to increase synchronously, this
equation may be approximated for very small values of the difference
r,—7, = a; and written for a small time increment Af.

Ax, _ _ AB,

= oe—

X B, (45)

Ty,

For non-relativistic energies, this is equivalent by equation (15) to a
relation obtained by Kerst and Serber (10).

Ax,- IAV
a2 (16)

Thus the instantaneous equilibrium orbit shifts asymptotically toward
the main equilibrium orbit so that the separation is at first inversely
proportional to the magnetic field. This shift is in contrast to the
damping of the amplitude of oscillation which is inversely proportional
to the square root of the magnetic field.

An important departure of the electron motion from what has
already been described may take place during the latter part of the
acceleration period from force terms which have hitherto been neg-
lected in the equations of motion. Iwanenko and Pomeranchuk (19)
have pointed out that in consequence of the high centripetal accelera-
tion of the electron in its orbit, the charged particle will radiate energy
at a rate which for large values of its own kinetic energy (of the order
of 100 Mev) may be a considerable proportion of the rate of energy
gain from the induction field. The results of this will be first a change
in the position of the equilibrium orbit and ultimately a limit on the
attainable kinetic energy. This limitation can be offset, in principle,
by building high energy accelerators with relatively smaller centripetal
accelerations, that is, with smaller field strengths and larger orbital
radii, or with shorter acceleration periods, that is, higher frequency
(12). If the amount of energy radiated were known, the effects on the
electron path could be computed from present formulas with the aid of
equation (15) by introducing an artificial time variation to the constant
C. However, it is at present not clear whether the radiation formulas
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for a single electron are immediately applicable to the case of the
multitude of circulating electrons in the betatron. References have
been made in the literature to a paper by J. S. Schwinger (39) which is
shortly to appear and which presumably will give a definitive treatment
of the radiation problem. See also ref. 28.

INJECTION IN A PURELY MAGNETIC BETATRON

The betatron has been discussed thus far under the assumption of
perfect symmetry of mechanical arrangement, and electrons were con-
sidered present with appropriate energies without regard to any actual
injection mechanism. In the conventional magnetic betatron electrons
are injected circumferentially from a gun of finite dimensions, which is
necessarily located in the region of acceleration of the particles. The
gun presents, therefore, a possible obstruction to their manifeld revolu-
tions. In fact, it is found experimentally that the output of the beta-
tron is very much less than the upper limit imposed by space charge.

Upon injection, the electrons oscillate, as has been shown, around
instantaneous equilibrium orbits shifting radially in the plane z =0,
with axial and radial amplitudes which are damped as the energy
increases. Since the extremum positions of oscillations recede in the
radial direction on account of both the change in amplitude and the
shift of equilibrium orbit, while axially only the change in amplitude is
effective, it is more favorable to locate the center of the gun at some
radial distance x, from the main equilibrium orbit, r, rather than away
from the plane 2 = 0. An electron will return to the gun, or to a region
nearby where the electrostatic leakage field may cause it to strike the
gun, at some time T after emission. This time depends on the relation
between the period of revolution T, and the period of radial oscillation
T,, in connection with the angular and radial extents of the gun. For
an exactly tangential direction of injection, a particular electron will
succeed in missing the gun if the total recession of the path 8r, in the
times T of the first or any other subsequent passage very near the gun,
is greater than the distance d between the point of injection and the
edge of the region near the gun where collision can occur. If, at in-
jection, the electron has a small radial velocity in addition, the situation
is less favorable but still depends on the magnitude of the recession.
This total recession 8r is evidently the sum of the decrements (Ar,+ Aa)
occurring in time T, and is obtained from equations (37) and (45)
where AV, the energy gain in this time, is approximately the product
of the number of revolutions N and the energy gain per revolution,
w “volts per turn.”
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If the radial section of the potential trough is approximated by a
parabola, which is a consideration essentially the same as the first order
treatment of Kerst and Serber (10), the total recession 8r immediately
after injection is given by equations (38) and (46).

E_‘f’. (47)

br = ~ }(xi0 + 3a,) v

Since the sum of the initial instantaneous orbit position z;, and the
initial amplitude a, is the total initial distance z, from the main equi-
librium orbit, the condition for avoiding the gun requires at least that

1Nwxo > Vid. (48)

The value of N can be estimated from the sinusoidal nature of the
trajectory by considering the ratio 7,/T, from equations (24) and
(25) in relation to the mechanical dimensions of the gun. For an
experimental arrangement used by the present authors, the value of N
varied from 2 to 6, depending on the injection constant C but always
within the approximation that the potential functions are merely first
order departures from the main equilibrium radius. In general prac-
tice it is found experimentally that much higher values of the product
V.d than those of the above inequality (48) can be used. Indeed, the
output of the betatron apparently increases with the voltage of injection
V,. It may be expected, however, that the actual non-parabolic nature
of the potentials for some injection parameters will materially alter the
factors contributing to the recession 87, these factors being the damp-
ing of the amplitude of oscillation Ag, the equilibrium orbit shift Az,
and the period T of consecutive passages very near the gun.

As has already been pointed out, the range of C values of electrons
which can be captured in stable orbits depends first on the existence of
a minimum in the potential function and second, that the walls of the
bowl are everywhere as high as at the point of injection. In conven-
tional practice, all electrons are injected at the same voltage throughout
an interval of time, so that the range of C values comes about through
differences in the time of injection, and hence in the value of the mag-
netie field integral appearing in C, equation (8).

For values of C toward the ends of this range of capturable elec-
trons, the radial sections of the potential surfaces depart significantly
from the parabolic approximation. When the gun is located further
from the main equilibrium orbit than the extrema of the locus of ex-
trema (1, < 8.5 and r, > 17.5 for the example of Figure 2), there is a
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value C; of C for which the potential V, has a maximum at the gun.
The rate of change of the amplitude of oscillations of electrons injected
at times just following that corresponding to C; (when 7, > 17.5, or
just preceding when r, < 8.5), is very large since it is inversely pro-
portional to the value of © V,/or at the injection point in accordance
with equation (37). Since this rate becomes very large for injection
times corresponding to Cy, the gun clearance may be improved by a
large factor of the order of a hundred over that of the parabolic case,
provided of course that the gun is so located that the electrons are not
lost in their first swing across the equilibrium orbit on the side opposite
to the gun. (7 <7y < 8.5 or 17.5 < ry < 22.5, in the example of Figure
2.) The recession will depend on the product of the rate of change of
amplitude by the time T of consecutive passages near the gun, and
therefore on the number N of revolutions between dangerously close
approaches. The number N varies with C and passes through small
and large values depending on the ratio of T,/T,;. Hence there is the
possibility of capturing electrons in several distinct groups correspond-
ing to the large values of N. The capture of electrons through the large
damping of amplitude will occur in a range of C values close to C;
(smaller than C; for an external gun, greater for an internal one),
which is a comparatively small part of the total range corresponding
to potentials with a minimum and in general the potential trough will
be shallower than the normal curve (C =0) with hence less space
charge capacity.

Consider the gun located at or near the limit at which the potential
can have a maximum, that is, at or near one of the extrema of the
locus of extrema of the potential function (ry = 8.5 and ry = 17.5 in
Figure 2). At these points there will be a value C, of C for which the
potential V,, will have an inflection point. Near such a point the rate
of shifting of the instantaneous equilibrium orbit, which is inversely

< r OB,
proportional to [ 1+ —

B, or
very large. Since it approaches infinite values at the point itself, here
again the position of the electrons may recede in the time T, which is at
least equal to Ty, an amount 8r greater than d even if the amplitude
damping were not taken into account. The range of C values for which
the rate of equilibrium orbit shift is sufficient is only a small part of the
range for which equilibrium orbits exist. Furthermore, the potential
troughs are very shallow and it is probable that the number of electrons
captured in them approaches being space charge limited, even for small

injecting currents.

> as shown by equation (44), becomes
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Finally, consider the case of an injector located at a position such
that for some value C5 of C the initial potential curve has a maximum
whose value is equal to that at the injector position but which is located
on the opposite side of the potential minimum. It is apparent that for
C values approaching C;, greater for an external gun and smaller for an
internal one, the period of oscillation T, around the equilibrium orbit
tends to infinity since the radial velocity of the electron near the maxi-
mum of V is very small. Consequently the time T becomes very large
and for a finite rate of shifting of the equilibrium orbit given by equa-
tion (44), the recession 87 of the electrons may be sufficient for clearing
the gun, provided the shift of the orbit is away and not toward the gun.
This occurs only for particular gun positions and C values (for example
ry = 8, C =—.004) which are small compared to the total range hav-
ing minima in the potential.

These considerations show that for high injection voltages the
principal mechanism of capture is the damping of amplitude of oscilla-
tion when the potential function has a maximum near the gun. The
cases of rapid shift of the equilibrium orbit and of long periods of
radial oscillation may account for similar capture but are less probable
mechanisms.

To estimate the interval of time over which electrons can be cap-
tured, consider a synchronously varying magnetic field, or one which
can be expressed as the product of separate functions of space and time:

B(’r 2, t) = b(” z) 'f(t)- (49)
The potential V can then be Written as:

f(to)
brdr 4 ==
Vi = &% ) f“ f Ol (50)

2m? !

where ¢, is the injection time and D = C/f(t,). This relation shows
explicitly as has been implicitly assumed so far, that the scale factor
of the potential surface after emission time increases in the ratio
f2(t) /f2(t,) while the shape of the surface changes with respect to one
derivable from an unchanging magnetic field just as if the constant C
decreased in ratio f(%,)/f(t). The interval of time ¢; to #, in which
the C values correspond to potentials with a minimum is therefore, for
the case illustrated in Figure 2:

f(ti’) — PIS + Cmax
f&)  Pis+ Cuin

= 1.15, (51)
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corresponding approximately to 15 per cent. of the phase angle of the
injection period characteristic of a sinusoidally varying magnetic field,
an angle proportional to the square root of the injection voltage. The
range of C values corresponding to initial functions having the special
properties necessary for capture is a small part of the total range of C
values characterizing a minimum of the potentials ¥V, and can be esti-
mated on the basis of the size and location of the gun and is unlikely
to exceed 10 per cent. in practical cases. The effective phase in which
electrons can be captured is therefore only a small percentage, about
1 per cent., of the injection phase itself, and the corresponding effective
time of capture is quite short (about 10—7 second for 4,000 volts in-
jection voltage and other parameters used in the example of this paper).
In spite of this, it is found that in present day betatrons the current
emission capabilities of conventional guns are ample to provide a charge
equal to the limit given by space charge, equation (29).

The mechanism of gun clearing was accounted for by ignoring the
effects of space charge, while the upper limit of capturable charge was
estimated in a preceding section by ignoring the obstruction of the gun.
The actual effects are only partially described by these two limiting,
idealized cases. However, it is probable that even if the capturing
potential troughs were space charge limited, this fact would not alter
the existence of limiting requirements on values for the damping of the
amplitude of oscillation, the rate of equilibrium orbit shift or the period
T of consecutive passages near the gun, which are primarily responsible
for the gun clearing mechanism. It is even possible that space charge
has an enhancing effect in damping oscillations for if one supposes
formula (87) to be entended to such a case, the principal alteration
would be a reduction in 2V, /or, with a consequent considerable in-
crease in Aa. On the other hand, it is very likely that the particularities
required from the potential function to avoid the gun obstruction are
inconsistent with large capturable charges and are responsible for the
low percentages of the upper space charge limit which are usually
observed in actual experiments.

PART II
BETATRON WITH AN ADDITIONAL ELECTRIC FIELD

The injection of electrons from a cylindrical cathode coaxial with
the magnetic field with the help of an additional radial electric field has
tempted many investigators. A priori, it seems that large space charge
could be captured by this means since electrons are injected in initially
intense fields, a condition which is known to yield large rotating charges
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in magnetrons. In addition, the problems of an asymmetrically located
gun are eliminated. The following analysis shows the requirements in
the variations of the fields necessary to obtain equilibrium and stability.
These turn out to be more complex and to have narrower tolerances
than in the case of a purely magnetic betatron. It is shown also that
no substantial gain in space charge can actually be realized.

The analysis is restricted to a toroidal region whose radial and
axial limits are small compared to the average radius and also, to non-
relativistic speeds. It is convenient to use a power expansion of the
total potential of forces V,= Vy,— Vg around a position 2 =0 and
r =1, or £ =0 when » — 7, is abbreviated by z, where r, is the asymp-
totic equilibrium orbit of the purely magnetic instrument with syn-
chronous field variation defined by equation (23).

The expansion, limited to cubic terms:

Vi=Vi0,0) +x ‘W‘+ aV‘ Pt
: dz?
FV.

+ i S b 2L (5)

where the derivatives are understood to be for x =z = 0, has no terms
with odd powers of z because of the assumed symmetry about the 2z =0
plane. It is convenient also to break up this expansion into separate
ones for Vy,, and V. and to introduce for the former two new symbols,
B, and B, defined as follows:

B. = B,(r., 0, 8, (53)

1
=3 B'-Ordr - B‘::fr .|. =2 7426, ]

=iy
=1 f 'y C
Tl Bl O9

It is seen that B, is the magnetic field at the main equilibrium orbit
and B, is proportional to the angular momentum of the electrons at the
position » =7, and 2z == 0 and is also equal to =72 times the flux linking
the circle » =r,, 2 = 0, at any time, plus a constant which depends on
the initial configuration of the magnetic field within the initial circle
=1, 2 =2, as well as the initial position and angular momentum of
the electron.

The expansion of V;;,, expressed in terms of B, and B, with the rela-
tion between the spatial derivatives of B taken into account, takes the
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form:
e e

Vio = %;;or,’Bq’ + x Er,B,[B, - B,]
+ 322 — [B2 + 3B — (3 + n)B.B,] + 122 = uB.B,

mo my

e 1
+ x? o [~ + 3n)B: — 12B,? +(12 + 4n + n,)B.B,]

e 1

+ 3x2? o [#nB? — (n + n.)B.B,], (55)
where the numerical coefficients » and n, are defined as:

dB, r2 92B,

2 = 5

14
n=—— n .
B, 97 |,ur.’ B, ort |,.,.

s=0 s=0

(56)

If the magnetic field varies synchronously in the region of validity of
the expansion, n and n, are constants and the coefficients of the ex-
pansion are second order polynomials of the two variables B, and B,.
These variables must be particular functions of time for particular
modes of operation. To analyze all possible modes, it is convenient
to assume at first that B, and B, vary independently and later to con-
sider the effect of their actual functional dependence. The assumption
that B, and B, are arbitrary functions of time requires that the flux
linking the circle * =r, and 2 =0 and the field at that circle be con-
trolled independently, and implies that the flux exterior to and linking
the toroid is independent of the field within the toroid since some of the
flux linking 7, is controlled by B,. A large degree of independent con-
trol was actually obtained in an experimental double yoke magnetic
circuit,

The analysis of the variation of the potential functions V, is greatly
facilitated by a diagram having B, as abscissa, B, as ordinate and
showing curves for which the values of the coefficients of the expan-
sions V,, Vyo or Vg remain constant. Figure 3 is such a diagram for a
particular choice of geometrical parameters. The lines of constant co-
efficients of V;,, are conic sections and each coeflicient is represented
by a family of concentric and homothetic conics. For example, the
lines of constant 0V ,,/0x are hyperbolas whose asymptotes are the B,
axis and the 45° line B, = B,. The asymptotes themselves are lines
of 2V,,/%x =0 and they devide the B,— B, plane into positive and
negative regions of 2V, /0x.
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In the expansion of the electrostatic potential Vg, the coefficients
are related by Laplace’s equation, assuming the space charge to be
negligible. Assuming also the spatial distribution of the electrostatic
potential to remain similar to itself as the potential varies in time, that
is, synchronous variation of the electrostatic field, the ratios of 22V /
222 and 92V /022 to oVy/0x remain constant, and it is possible to ex-
press them in terms of a numerical factor k:

Vs  kaVs Ve k4 1aVe
zt 7, 9x and axt 7, ox (57)

The expansion of V;, limited to cubic terms is therefore:

Vs = Vs(0,0) + 2 5% — g 211000y 4 ROV
re r. 0x
33Vg a Vx

+ et o+ st (58)

The conditions (17) for stable equilibrium, or the existence of a
minimum of the function V,= [V, — V], can now be conveniently
analyzed. In general, the capture of charge can occur as long as the
minimum is within the toroidal region but we will consider at first only
the case of electrons whose equilibrium orbit is always in the center of
the toroidal region =0, 2=0, and later compare other captured
electrons to these “normal’”’ electrons. The first order condition (17a)
requires that at all times:

% = 35 = g 7eBdB. — B (59)

The lines of constant 2V,,/0x, identical with 9V /2, on the focusing
diagram show what value of electric field must be applied for a given
magnetic field B,, and a given equivalent change of flux B, in order to
balance the electric, Lorentz and centrifugal forces at every instant.

Consider the location of the representative point on the B,— B,
diagram for the instant of emission. (8, is zero, neglecting the thermal
velocities of emission.) The value of B, can be expressed approximately
in terms of B, by expanding the integrals of equation (54):

B, = sB,

[ G 3G -3 (2) 2 @
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The constant s is hence approximately equal to — (z,/7,), 2, being the
initial value of z. The representative point at the emission time is
therefore on the B, = sB, line shown on the figure for two values of
s ==*1/16. Subsequent to emission, the value of B, will increase in
an actual induction accelerator since the kinetic energy is an increasing
monotonic function of B,. No natter how B, is related to the increase
of B, eventually the operating point (B, B,) must end on or near the
asymptote B, = B, for otherwise the values of 2V,/9x would have to
become unpractically large to balance the magnetic and inertial forces
which increase rapidly with speed. Therefore, the focusing problem
consists essentially in analyzing the conditions at points between the
lines B,=3sB, and B,=B, and on the line B,=B, itself. It is
interesting to observe that these limiting lines are representative of the
field conditions in a static magnetron and a purely magnetic betatron
respectively. The electric field at the emission time

Vs

e
rrl o r.s(1 — 5)B.o?, (61)

where B, is the value of B, at t = t,, is approximately the value of the
cut-off electric field of the magnetron, while on the line B, =B,, the
electric field is zero, the characteristic of a conventional purely mag-
netic betatron. The betatron with radial injection by an auxiliary
electric field operates toward the end of the acceleration cycle, as a
purely magnetic instrument. Thus, it may be considered as the super-
position on a magnetic betatron with its main sinusoidal power source
and synchronously varying magnetic field of auxiliary means to alter
the field and flux by the incremental values B,, and B,, necessary to
obtain equilibrium in combination with the electric field.

Consider now the conditions imposed on the variations of the mag-
netic and electric fields by the second order conditions (17b and ¢) for
the existence of a potential minimum at * =z = 0. Since the values of
02V g/0x? and 92V /022 are proportional to oVy/ox, equations (57),
they can be expressed in terms of B, and B, if it is assumed that the
electric field 9V g/ox is actually adjusted at every instant in accordance
with the first order minimum condition (59). The second derivatives
of V, are thus:

3V, Vy, _ 0tV

dx? ox? ox?

= m—"—o [Bz+ 3Bz ~ (3 + n)BB, + (k + 1)By(B. — B,)J,(62)
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v, _ Vo _ 02V
9z Az 9z

[4
= (nB.B, — kBB, — B))]. (63)

The lines of constant curvatures 92V,/0x2 and 292V,/922 are conic
sections depending on the parameters n and k characteristics of the
geometrical configurations of the magnetic and electric fields. In order
for these curvatures to be positive as the operating point moves from
the line B, =sB, to and on the line B, = B, these parameters must
have appropriate values. The value of » must satisfy the relation,
0<n<1, as in condition (22), of the limiting magnetic betatron.
This can be seen by making B, = B, in equations (62) and (63).

The permissible limits of k can be found by considering at first the
lines of constant 92V,/9z2 which form a family of concentric and homo-
thetic hyperbolas whose asymptotes, or lines of zero value, are the
lines B, =0 and B, = B,(1 —=/k). Obviously, the operating line must
not cross the asymptotes, so that for the starting point (B, B,) on
the line B, = sB,, B, must be positive or 8B, > 0. This means that
the initial magnetic field must be positive with an internal cathode
(s > 0) and negative for an external cathode (s < 0) as illustrated on
the focusing diagram. In order for the asymptote B, = B (1 —n/k) to
be outside of the operating angle, it is easy to show that k < (n/1—3s)
for s> 0 and k> (n/1—s) for s <0.

The lines of constant 22V,/0x2 are ellipses if the discriminant of
the polynomial in B, and B, is negative, a condition occurring when:

n—2Vl—n<k<n+4+2vVl —n (64)

If k lies outside of the limits of this inequality the equivalue lines
22V,/222 are hyperbolas and there are points in the B, B, plane for
which 22V,/0x2 < 0. It can be shown that, if 0 <% <1 and the in-
equalities required by 92V,/0z2 > 0 are satisfied, some of these nega-
tive points are necessarily in the operating angle, so that inequalities
(64) must be satisfied.

The focusing conditions in the radial and axial directions within
the operating ranges are therefore:

0< <1,

n—2V1—n<k< Tll—; for internal cathode s > 0,

. (65)

1-=5

< k< n+4+2vY1 —n forexternal cathode s < 0.
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The parameters used in drawing the diagram of Figure 8 are those
of an experiment performed by the authors. The magnetic field was so
adjusted that the measured values were r, = 1.6”, n = .565 and n, = 0.
The two cylindrical electrodes both carried electron emissive areas so
that either could be made the cathode. (zy= = .1”, making s = = #.)
See Figure 6. A definite curvature of electric field was obtained by
adjusting the potential of the end shields or “hats.” Measurements
in an electrolytic tank of a scale model showed that when the hats
were connected to the cathode k¥ =—.6 for an internal cathode and
k =1.15 for an external cathode. These values of s, k and n satisfy
the inequalities (65).

With the help of the focusing diagram, feasible modes of operation
can be predicted by considering what variations of magnetic field in-
crement B,, flux increment B, and electric field oV,/92 produce
focusing and among them, which are most easily obtained in practice.
Linear variations of the flux B, and field B, are particularly simple if
the corresponding lines in the diagram are parallel to the asymptotes
of the equivalues of oV, /2x because the required variation of oV y/ox
is then also linearly related to the field or flux. For short enough phase
angles of a sinusoidal drive, these variations are also linear with respect
to time. Two such operating lines have been shown on the focusing
diagram, one for an internal and the other for an external cathode, and
the corresponding time variations in Figure 4. It can be observed in the
case of an internal cathode, that B, takes two different values for some
values of B, so that B, must necessarily be non-monotonic and conse-
quently both field and flux must be controlled by the increments B,
and B,. On the other hand, control of the flux alone is sufficient with
an external cathode. In this case, at the emission time, the magnetic
field is negative and therefore defocusing in the axial direction. The
electric field overcompensates that effect and is also responsible for
giving stability to the electron orbits at the instant when there is no
magnetic field at all. This shows, incidentally, that the B, axis illus-
trates the conditions of a purely electrostatic system.

The focusing diagram- showing the conditions for a minimum at
x =2z=0 is convenient for finding further conditions for capturing
the charge. It is evident that a finite range of electron emission times
must be considered, for infinite current densities would be necessary
if all the emission were to occur at one particular instant. For every
emission time there is a different potential function V,, because the
constant C involving the initial flux is different. Since the electro-
static potential V; is necessarily the same for all electrons, the minima
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of V,=Vye— Vi, if existing, will be, in general, at different instan-
taneous positions x; and have different curvatures 92V,/3x2 and 22V,/222
for each electron. The electrons will be captured for such shifts of
instantaneous orbits x; and such changes in the depth of the potential
trough which will effectively prevent them from hitting the bounding
electrodes. It is obvious that the initial position «,, of the instantaneous

5Ve o
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&
o
L)
L)
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Fig. 4—Time variation of the magnetic field, magnetic flux and electric field.

equilibrium orbit x;, must be closer to the cathode than the anode;

X3 N
0<=2< 1., (66)
R xo
Furthermore, if at no time the orbit is closer to the cathode or anode
than it was originally to the cathode, or

[#:] < lxil, (67)

capture will be insured as long as °92V,/%a2 and 22V,/922 remain no
smaller than their initial values.

We shall restrict the analysis to the case, described above, of linear
field variations providing an equilibrium at x = 0 for so-called normal
electrons for which the variables B,=B,,, B, and 9Vy/0z satisfy
equation (59) and B,, is given on the successive segments of the
operating line by:
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BQn = B, — (1 - S)BeOru Bqn = constant, Bq" = B,, (68)
while 9V ,/9z can be expressed on the first of these by:

% = miore(l - S)BeOA\’(Be - (1 - S)Bellv); (69)
where B,y is the initial value, B,y of B, at the emission time of the
normal electron., The potential V,, of other electrons finding them-
selves in the same magnetic field will depend on B, and a value B,
differing from B, by a constant amount AB, characteristic of the
emission time. The position of the minimum of the potential V,=
Vuo— Vg will be at a position x; determined for times subsequent to
normal emission and approximately equal to:

_av,
o= dx - AB,(B.—2B,y)
i oV, ‘B24+3B,22—(3+n)B.B,+(k+1)By(B.— B)
ax? (70)

The initial equilibrium orbit position z,, of an electron emitted subse-
quently to the normal electron is seen from equation (70) to have the
same sign as B, therefore opposite to x, in violation of condition
(66), an understandable result since for late electrons the electric field
is stronger than cut-off of an analogous magnetron.

Therefore, only early electrons are capturable. Whether this will
actually occur depends on the electric field, which, prior to the normal
emission, is not specified by the normal equilibrium equations (59) and
(69). It will be assumed to vary linearly with B, at a rate p times
faster than immediately subsequent to normal emission. With this as-
sumption, both V, and Vg are determined for early electrons and it is
possible to compute the instantaneous position of x; of the potential
minimum of V; = Vy,— V for each instant ¢ and each emission time
t, in the emission period extending from the instant ¢, at which the
electric field is zero to the instant ¢, of the emission of the normal elec-
tron. It is convenient to introduce the numerical factors ¢ =t,/ (¢,
—t,) characteristic of the emission time and A =1¢/(¢,—1t,) char-
acteristic of any instant in the period between the emission of any
electron and the normal electron. With these abbreviations, the result
of the computation is:

x.~=xo(1—q)(1—)\+§), (71)



92 ELECTRON TUBES, Volume 11

when terms in (z,/7,)? are neglected with respect to terms in (2y/7,).
Therefore the initial position x;, of the position minimum (A =0) and
the position x;, at the time of the normal emission (A =1) are:

Xio = xo(l — q), _ (72)

Xon = 2o L= 9. (73)
P

Equation (72) shows that the initial equilibrium orbit is at the cathode
for the earliest emission time (¢ = 0) and in the center of the tube at
the latest (¢ =1). The amplitude of oscillation at the'emission time
of any electron is (xy— ;) = |qxy| and becomes slightly smaller at
the normal emission time in virtue of the increase of 22V,/222 in the
interim.

At the instant of emission of the normal electron, there are already
in the tube a series of electrons all oscillating around different equi-
librium orbits with different amplitudes. In order for‘(xi,,) to be less
than (z,) in accordance with relation (67), p must be greater than
one. At the limiting value when the rate of change of the electric field
at the emission period is equal to the rate subsequent to normal emis-
sion time, or p = 1, the instantaneous equilibrium orbit of any electron
does not change from the instant of emission to the normal emission
time, x;, = 2;, = «;,, and the electrons all oscillate so as to come back
to the cathode at each swing.

After the emission of the normal electrons, the position z; of the
equilibrium orbits is given by equation (70). The constants AB, can
be eliminated by comparing the instantaneous equilibrium positions ;,
to those, z;,, the electrons had at the time ¢, of the emission of the
normal electron: ’

2V,

xi  B.— 2B, x|,

x"n - B('ON - 2Bq0Na;t/[ —fn' (74)
ox? |,

The function f, is determined for every point of the operating line on
the B,—B, diagram. For the lines shown in Figure 3, for an external
cathode f, varies from 1, passes through a maximum of 2 and eventually
tends asymptotically to zero, while for an internal cathode f, varies
from one, passes through zero to a minimum value of — 2.5 and eventu-
ally also tends to zero. '

The position z; of the orbit at any time subsequent to the emission
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period can be compared now to its initial position by combining equa-
tions (72), (73) and (74).

i _Ja

X P
showing that «,/x;, is independent of the emission time ¢. In order
to satisfy condition (67):

(75)

| £ | max- o (76)

This shows that the rate of increase of the electric field during emission
time must be greater than subsequently by a factor p which depends
on the particular subsequent mode of operation. In our example p > 2
for external cathode and p > 2.5 for internal cathode. Higher rates
than necessary insure more positively that the electrons will miss strik-
ing the bounding electrodes but the emission period is shortened so
that high cathode emission is necessary to inject a given charge. How-
ever, for most practical parameters, as in the examples illustrated, the
emissivity of the cathode is no limiting factor.

The schematic history of the instantaneous equilibrium position and
amplitude of oscillation of Figure 5 summarizes graphically the above
considerations. When the electric field becomes zero, the conditions
are those of a purely magnetic betatron and the instantaneous orbits
tend towards the center while the amplitude of oscillation diminishes,
as explained before.

The analysis of the emission period made above on the basis of the
motion of the electrons in the radial direction only, were based on the
two first terms of the expansion of the potential of forces. Actually,
the two dimensional motion in the r-z plane should be considered by
taking into account the effects of the actual boundaries, such as the
cathode, for which the second order terms approximation breaks down.
Such a detailed analysis was made for a specific example by using the
cubic terms for V,, and an actual electrolytic plot for V5 and con-
firmed essentially the conclusions of the simpler analysis.

The magnetic field B,, the flux linking the circle r =17, 2 =0, as
characterized by B,, and the electrostatic field 2V /22 must be related
through equation (59) at all times. It is significant to cqnsider the
tolerances on the variations of these variables by computing the dif-
ferential changes in the time variables which cause a shift Az in the

equilibrium orbit:
( oVe ) Vv, (77)

9xz '
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Fig. 5—Schematic history of oscillations.

v,
2 .
AB, = — Ax - o , (18)
Zr(B. — 2B,)
my
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AB, = — Bx———- (79)

The maximum permissible value of Az is the space between the point
of maximum oscillating displacement and the cathode or anode, which
for times subsequent to the emission period is:

=(1"Q)(d:1—-%)xo. (80)

It is apparent that there is no tolerance for the normal electron (¢ =1),
and the maximum tolerance for the earliest emitted electron (¢ =0).
If half of the initial emission is sacrificed a reasonable value for Az is
=+ z,/4 for practical values of f, and p.

The tolerances for the operating lines shown on the focusing dia-
gram are as follows: Since 92V,/022 remains approximately constant
when 0V y/0x + 0, the absolute tolerance of 9V ;/dx remains constant
and tends to a minimum relative error of .6 per cent at maximum
voltage. The tolerance AB, is expressible as

_Ax s(1 =)
h Xo fn

so that the least relative tolerance in the control flux B, AB,/B,
= AB,/B,y is about .5 per cent for the maximum value of f,. Similarly,
the relative tolerance in B, is of the order of .7 per cent, well within
the approximate linearity of a sine function at the phase angles of the
injection period. These tolerances of a few tenths of a per cent on
the variation of the electric field and magnetic flux constitute very
close requirements for electronic circuits controlling appreciable power
at reasonably high frequencies.

The ejection of the accelerated charge in a betatron with a system
of injection using a radial electric field can of course be obtained by a
non-synchronous change of flux or field as is done in the purely mag-
netic betatron. It could be achieved also, in principle, by applying
an ejecting electric field on the existing injecting electrode structure.
However, the required gradients would be impractically high.

It was shown that space charge determines the ultimate limit to the
charge which can be captured and accelerated. In the purely magnetic
betatron this limit increases with the energy of the electrons so that

ABQ BeO.\',
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far more charge is potentially supportable near ejection time than can
possibly be introduced at injection time. As mentioned before, the
addition of an electrostatic field might be expected to provide a means
for taking some advantage of this potentiality since the electrons could
be injected into a much stronger initial magnetic field, as is the case
in static magnetrons which are known to have high current densities.
Actually the gain of supportable charge can be only very small, for the
following reasons:

The Laplacian of the magnetic potential was shown to represent
the limiting space charge density of stationary electrons at any point.
This limit p at the minimum of Vy can be found by introducing the

_ Ve  Vy
equilibrium condition = into equation (27).
or or
()
ar 2 Vu
= ¢ : 81
P ® 2 VM + r? ( )
r| oV
For a given electric field 9V /0r, p is a minimum when V,, = —
2| or

a value which ¥ must assume necessarily at some time since it passes
continuously from nearly zero at emission time to values much larger

r| oVyg

than — | —— | . Therefore, the upper limit of capturable space charge
2| or

density at the minimum of the potential for a given largest value of

the electric field is:
20Vg
r ar

, (82)

p = €

whatever the particular variation of the magnetic flux and fields and
electric field chosen to satisfy the equilibrium conditions. The similar
limit for a purely magnetic instrument was found to be equation (27),
2 Vy injection
p = ¢ ————, and therefore the relative gain in space charge
1'2
oVy r
—— . If the

or VM
maximum voltage Vy applied across the tube is equal to the injection

voltage, this ratio becomes approximately r/Ar, assuming the gradient
at r to be equal to the average gradient. The ratio of capturable
charges themselves will be also r/Ar if the volumes occupied by the

density obtained from the electric field can be at most
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charges are the same in both cases. In practice, however, the region
of acceleration is smaller for radial injection, while the limit imposed
by breakdown on the applicable voltage is likely to be higher. There-
fore, the gain in space charge limit, if any, is not very important.

In the example used in the preceding analysis, the actual limit of
capturable charge can be estimated by applying Gauss’ theorem over
the bounding electrodes.

= € ff grad, Vids = eo41rr,[ Zo V.

2%
ax +-‘Co——‘

x=xp az x=o]'(83)

2=0 =3

oV
The value of m—ti can be approximated by assuming a parabolic
axtmzm
g=0
oV, |
variation of V, in the radial direction, while the value of —
oz

’

z=0
2=20

which is very sensitive to the sharp boundary conditions due to the
xo th

hats, can be conveniently assumed equal to — - —— . Hence Q is
z, O ,Zig

approximately :

anl [Zo xo]
= ednr xtl—+—1 84

Q [ e a 2 0 xo+-30 ( )
Since @ is proportional to 92V,/0x2, it will be most for a given oV ,/ox

oVy /o2V,

ox ox?
when an elliptical equivalue of 22V,/2x2 is tangent to a hyperbolic
equivalue of 2¥/2x. For this point the discriminant of the quadratic
equation for B2, which can be obtained by substituting B, from equa-
tion (63) in equation (62), is zero, a condition occurring when:

at a time when is extremum or, on the focusing diagram

Ve ant (k —mn) £2V1
ar (k—n)—4(1—n)

(85)

in which the plus sign refers to an external and the minus to an internal
cathode. Therefore Q:

_ 2(k—n)—4(1—n)[ﬁ ]av,
Q= dmess (k—n)x2¥1—n \'o+ gx
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= 47l'60x02h —a_\'l'- o> 27r€0x0h VE muxy (86)

is seen to be proportional to the maximum applied voltage, the linear
dimensions, and a factor & which depends on the geometry of the
boundaries of the fields. Actually, this optimum ration of 2Vy/%x to
02V 5/0x2 is not realized if the three equilibrium variables, magnetic
flux and field and electric field vary linearly with respect to each other.
Taking this factor into account, for the parameters indicated on the
diagram and a maximum applied voltage of 4,000 volts, this maximum
charge turns out to be 5 X 10—t coulomb.

EXPERIMENTAL

In order to investigate the injection mechanisms and current limi-
tations the present authors built a small but special betatron with
which some relevant experimental results were obtained.

The primary feature of the magnetic circuit was the independent
control of the field at—and the flux linking—the main equilibrium orbit.
The pole pieces were composed of two coaxial sets, an outer set with a
return link in the form of a C carrying the field exciting coils, and an
inner set relying on leakage for a return path and having its flux coils
inside of the hollow outer pieces. This shape of the outer poles mini-
mized the leakage between the inner and outer circuits so that only
one-fifth of the variation on one was perceptible in the other. A coil
on the outer circuit in series with a coil on the inner, tuned by a bank
of condensers to the driving frequency of 420 cycles, was coupled
through a transformer to a 5§ KW generator. This main circuit was
adjusted to produce the conventional magnetic betatron field with its
1:2 condition for the equilibrium orbit. Another system of coils com-
prising one on the outer field link in antiseries with another on the
inner, flux pole piece was adjusted to have no coupling with the main
circuit. The excitation of this auxiliary, isolated circuit produced a
differential in the flux and field and could be used for both ejection and
injection in experiments either with conventional injection or with an
additional electric field. Figure 6 shows a cross section of the pole
pieces.

The ends of the outer pieces were made of laminations stacked
radially in a bakelite holder and forming a 78° cone of about 43" di-
ameter which produced the radial variation of field shown in Figure 1.
The remainder of the pole pieces consisted of a sheet of steel wound
with proper insulation in a spiral to form an approximate eylinder 33”
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Fig. 6—Cross-section of pole pieces and tube for radial injection test.
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high, 31" 1.D., 43” O.D. This wound section equalized the flux angu-
larly to better than 1 per cent in spite of dissymmetries in the air gaps
between the pole pieces and the yoke. The inner pole pieces were
laminated cylinders, 1” in diameter.

Measurements of the field distribution showed that when the angu-
lar dissymmetry exceeded 4 per cent no tubes were operative, but im-
provement down to 1 per cent had no further beneficial effect in con-
ventional, purely magnetic betatrons. Instead of computing the main
potential function from the radial distribution of the magnetic field
obtained with a search coil, it was found less tedious to use a special
system of 23 concentric coils whose numbers of turns were made in-
versely proportional to their respective radii. The position of the
equilibrium orbit could be determined easily by switching to the coil
with minimum signal on a peak voltmeter. The position of the equi-
librium orbit at injection was obtained from a direct measurement
while that at ejection was obtained by first passing the signal through
an integrating circuit.

The glass envelope of the purely magnetic betatron had the shape
of a doughnut 4}” 0.D., 13” I.D., and was blown by conventional
techniques with the help of special carbon molds. The internal glass
surface was platinized to insure that all the region of electron accelera-
tion is an electrostatic equipotential. To prevent excessive heating by
eddy currents, this metallization was very thin and was interrupted
along a radius. The electron injector sealed in a side tube was of con-
ventional type including an oxide coated cathode (or tungsten filament),
a focusing negative element and an accelerating anode, and was made
to inject electrons in both directions so that some charge was captured
at each half cycle. The target was a tungsten rod mounted on the side
diametrically opposed to the gun and on the inside of the equilibrium
orbit.

An attempt was made at first to make the gun as small as possible
(distance d from electron emission point to edge of gun .016”) in order
to minimize its obstruction effects. It was soon observed, however,
that the output increased with the voltage far beyond the limit given
by the elementary notion by which missing of the gun occurs and the
practical limit was the voltage breakdown of the gun. Larger guns
(d =.055”) supported more voltage and provided more output. An
auxiliary experiment was made in this connection. As an obstructing
vane protruded into the orbital region for a distance varying up to
about d beyond one of these large guns, the output at constant voltage
diminished gradually to zero. The exact measurement of the depend-
ence of the output on the voltage of injection was complicated by the
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fact that the output is a critical function of the heater current and the
grid bias. In spite of these, it was observed: that there is a threshold
injection voltage of a few hundred volts below which no output could
be detected, there is a general trend of increase of the output with the
voltage, and finally that there are large fluctuations superimposed on
that trend. Although no definite explanation of these observations is
offered, it is probable that the threshold voltage is related to the secat-
tering of slow electrons in their long, low velocity paths and that the
general increase of output is due to the deeper potential troughs at
higher voltages. An increase of the beam current at a given voltage of
injection, resulting from the control of the grid bias or heater current,
resulted in an initial increase of the output up to a flattening point,
and for low injection voltages, to a maximum beyond which the output
seemed actually to decrease. These effects are due probably to the
role the space charge is playing in the mechanisms of missing the gun.
The output of the betatron was measured by the radiated X-rays
rather than by the difficult direct measure of the small, high speed elec-
tron target current. The most sensitive detector was a Geiger-Mueller
counter used either with an electronic counter or an oscilloscope. A
slightly less sensitive but far more convenient instrument was obtained
in irradiating a fluorescent screen with the X-rays and measuring the
visible light thus produced with a multiplier phototube. The electro-
static focusing of the multiplier (RCA 931A or 1P22) being spoiled
by the strong stray magnetic field near the betatron tube itself, it was
necessary to remove the phototube to a distance of about 40 em. and
use an optical system to gather as much light as possible from the
screen. A zine sulfide screen (RCA Code 33-z-20A) with a time constant
of about 100 microseconds was found particularly sensitive., Phase
measurements of the X-ray bursts were made possible by displaying
the multiplier output on an oscilloscope, while an accurate quantitative
measurement of the intensity was obtained by a direct measure of the
D.C. output current of the multiplier. The multiplier X-ray meter was
calibrated with respect to a standard Victoreen Roentgen meter. The
Victoreen meter itself was also used for the measurement of the
stronger radiations of the betatron at the higher output level.
Absorption measurements of the hardness of the betatron radiation
were consistent with the electron energies computed from flux measure-
ments, Energies of 800 KV with an equilibrium orbit at 1.3” to 1.6”
in a field of about 1,000 gauss were typical of our small instrument.
The highest observed average output current was estimated at .02
microampere on the basis of extrapolation from the results of Van Atta
and Northrup giving the yields of X-rays for high speed electrons.
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This was obtained with an injection at every half cycle (840 times a
second) with a pulsed injection voltage of 3,000 volts from a gun
located at r =1.9” and an equilibrium orbit »,=1.3”. The limit of
capturable space charge in the “normal” potential trough corresponding
to those parameters is of the order of 4 X 10—9 coulomb and therefore
about 160 times more than the observed amount. This large discrep-
ancy may be due to the fact that most electrons which succeed in miss-
ing the gun are actually captured in a much shallower potential trough,
as was explained in the theory.

An interesting phenomenon (40) observed with the multiplier photo-
tube detector is the occurrence of multiple—most frequently double—
peaks of X-rays in each quarter cycle when ejection was by means of
the slow shift of the equilibrium orbit resulting from the saturation of
a central core. The relative strength and phase of those peaks depended
on the intensity of excitation of the magnet and all parameters of the
gun injection. This effect is consistent with the view that the electrons
are grouped in definite families according to their emission time and
that they oscillate all at different amplitudes which do not diminish
by a large proportion in a device with a relatively small final energy so
that they can be “skimmed off” by the target at definite phases in the
slow shift of their orbits.

An experimental test of a betatron with an additional electric field
yielded a negative result. It required, unfortunately, rather elaborate
techniques. The glass envelope had to have a re-entrant shape to
permit the introduction of the ring shaped cathode-anode structure,
shown in Figure 7 which also illustrates the detail of the pole piece
construction. The necessary variations of the magnetic flux and field
and of the electric field required special electronic circuits, The
linearity of the variations of the electric field was obtained by charging
and discharging a condenser with a constant current from current
regulating tubes while the linear variations of the flux were obtained
by applying suddenly, constant voltages derived from a thyratron tube
to the almost entirely inductive coils of the control circuit. The varia-
tions of the parameters were within tolerances of the best checking
instruments which themselves were just about at the limit of the
theoretically computed tolerances. It is probable that by varying the
parameters near their nominal values, the tube was actually tested
under operative conditions. The lack of output resulted most likely
from the defects in angular symmetry, which in spite of every effort—
machining of the electrodes, careful tube centering and improvements
in pole piece construction—remained sufficient for the electrons to ex-
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perience some obstruction in their multiple initial swings to and from
the cathode.
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Summary—The paths of electrons in a uniform magnetic field, under
the influence of forces transverse to the magnetic field, are of interest in a
variety of vacuunt tubes. In general, the force experienced by the electron
varies with time. The time variation may arise from motion of the electron
through an electrostatic field, from motion of the electron along the lines
of a curved magnetic field (inertial forces), or from the deliberate applica-
tion of a time-varying electric field. A graphical method for obtaining the
electron paths is described as follows; the given transverse-field versus time
curve i3 approximated by tangent sections; the complete analytic solution
18 obtained for any tangent section; the analytic solution is interpreted
graphically; and a method for joiming graphical solutions of meighboring
sections is developed. Emphasis is placed on the resultant velocity compo-
nents and displacement after the field has ceased to act. The graphical
method is used to analyze the motion of electrons in the orthicon and image
orthicon, television pickup tubes in which the velocity components of the
scanning beam critically affect performance. Problems considered are:
magnetic and electrostatic deflection in a magnetic field, an electrostatic lens
immersed in a magnetic field, the effect of “tapering’’ the applied forces,
and the possibility of canceling unwanted velocity components introduced in
one part of the tube by equal and opposite components introduced in another
part.

I. INTRODUCTION

paths of electrons in several types of television pickup tubes.!-?
In these tubes the motion of the electron is sufficiently con-
strained by the field that the resulting path lies approximately along
a magnetic line. The uniform field is particularly useful in the orthicon®
and image orthicon® where the electron beam approaches the target
with an energy of several hundred volts and must be decelerated to

g- UNIFORM magnetic field has been used for controlling the

* Decimal Classification: R138 X R583.6.

T Reprinted from Proc. I.R.E., November, 1947,

1P. T. Farnsworth, “Television by electron image scanning,” Jour.
Frank. Inst., Vol. 218, pp. 411-444; October, 1934.

2A. Rose and H. Iams, “Television pickup tubes using low-velocity
electron beam seanning,” Proc. I.R.E., Vol. 27, p. 547; September, 1939.

% A. Rose, P. K. Weimer, and H. B. Law, “The image orthicon, a sensi-
tive television pickup tube,” Proc. I.R.E., Vol. 34, pp. 424-432; July, 1946.
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strike the target with less than a volt energy. Care must be taken,
however, in the design of the tube that the beam does not acquire
velocity components transverse to the magnetic field at the expense of
its velocity paraliel to the field. If such a transfer of energy does take
place the beam will not possess sufficient longitudinal energy to reach
the target. The loss of as little as a few tenths of a volt longitudinal
energy in the scanning beam of the image orthicon is objectionable.

The necessity for reducing the transverse motion of electrons in the
image orthicon has prompted a more general study of helical motion
in a uniform magnetic field. The following problems were considered:

1. Motion of an electron along a uniform magnetic field and subject
to perturbing transverse electrostatic fields.

2. Motion of an electron along a curved magnetic field.

3. Two-dimensional motion of an electron in a uniform magnetic
field and subject to a time-varying transverse electric field.

The solution of the two-dimensional problem specified in 3 may
be shown to be an approximate solution of the apparently diverse
problems listed in 1 and 2. The approximation involved in this pro-
cedure is that the transverse velocity in problems 1 and 2 be sufficiently
small compared to the longitudinal velocity that the variations induced
in the transverse velocity may be considered to have negligible effect
on the longitudinal velocity. Accordingly, a time may be assigned at
the outset to each point along the prescribed path of the electron.
Thus, in problem 1, the spatial variation of the perturbing electrostatic
field along the path may be converted into a time variation of the
field, and the solution of 3 applied.

In problem 2 the electron moves along the lines of a curved mag-
netic field and experiences an inertial force given by mv2/r where v
is the velocity of the electron and r is the radius of curvature of the
field lines at each point. The inertial force, to the approximation con-
sidered here, is the equivalent of an electric field transverse to a uni-
form magnetic field. Owing to the motion of the electron and the
spatial variation in curvature of the lines, the transverse field ex-
perienced by the electron varies with time. By first calculating the
transverse field as a function of time the solution of 3 may be applied
directly. This method of solving the motion of an electron in a curved
magnetic field has been found to give results equal in accuracy to the
mathematically more direct but physically less revealing method of
obtaining an approximate solution to the three-dimensional equation
of motion.*

4 Albert Rose, “Electron optics of eylindrical electric and magnetic
fields,” Proc. LR.E., Vol. 28, pp. 30-40; January, 1940.
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In general, the transverse electric field may vary with time in any
arbitrary manner, as shown by the solid curve of Figure 1. A con-
venient graphical procedure for solving these problems was developed
and will be described below, Application of the graphical method will
be made to problems of the types 1 and 2 as they occur in the orthicon
and the image orthicon.

II. Two-DIMENSIONAL MOTION OF AN ELECTRON IN A MAGNETIC FIELD
SUBJECT TO A TIME-VARYING TRANSVERSE ELECTRIC FIELD

Starting with the well-known cycloidal motion of an electron in
crossed electric and magnetic fields, the curve representing the trans-
verse field as a function of time might well be represented by a series
of steps, as shown by the dashed lines of Figure 1. The solution for
the first step would provide the initial conditions for the second step,
and so on. The objection to this procedure is the number of steps
required to attain a prescribed degree of approximation. Greater
accuracy can be obtained in fewer steps if the curve of Figure 1 is
approximated by straight-line tangents, as shown in Figure 2 (solid
lines). Furthermore, the procedure can be greatly simplified if the
analytical solutions for the successive linear sections are replaced by
a single graphical construction. It has been found that by using

Fig. 2—A tangential ap-
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verse-field versus time
curve.
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compasses and a protractor one may quickly find the final phase and
magnitude of the circular motion acquired by an electron subjected to
a time-varying electric field consisting of many linear sections. (See
Figures 5 and 7.) The same construction gives information about
the path of the electron while the field is acting. By supplementing
the construction with a simple formula the complete paths may be
plotted if required.

In the following description, the analytic solution of the motion
for a single linear section will be derived first to form a basis for
the graphical construction.

A. Analytical Solution for a Linear Section .

The solution of the equations of motion for a single tangent sec-
tion (Figure 2) is the solution for an electron in a uniform magnetic
field subject to a transverse electric field that varies linearly with time.
The equations of motion of an electron for any one section in electro-
magnetic units are

mx =-— eHy

my =—e(Ey,+ Et) + eHz 1)
where E and H are directed positively along the Y and Z axes, re-
spectively, in a right-handed co-ordinate system, and all derivatives
are with respect to f. Taking the initial conditions for the section
considered as t =0, E=FE,, x =%y, ¥y =Yy & =%y ¥ =19, the solu-
tion of (1) is

T mE t
r—xy=— o +— | cos2r —
27 eH? T

E,

t mE E, Et?
+{dg———) sin2r —— g, — +—=tt— (2)
H T eH? H 2H
T mE T
y—Y%o=—| | #o+—) sin2r—
27 ; eH? t
E, t m .
— | #g—— cos2r—+ & | ——— (Eo+ Et) (3)
H T eH?

where

m
T =2n <———-> . “
eH
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For convenience in applying and demonstrating the graphical con-
struction, these equations will be modified as follows:

1. The independent variable is changed® from ¢ to r where 7 is
the nondimensional measure of time in units of the electron period T.

2. The origin is chosen so that xy=49,/27 and y,=—(&,/27),
where the velocities &, and 7, are in centimeters per electron period.
This places the origin at the initial center of rotation of the electron
in the magnetic field alone.

The complete solution with all derivatives taken with respect to 7,
E expressed in volts per centimeter, H in gausses, and with the con-
stants evaluated is

1 5.69E 35.7F,
r=— Yo + cos 277 + { X9 — sin 271
27 H? H?

5.69E 35.7 Er?
— + Eor + —;‘ (5)

2zH® H?
1 5.698 35.7E,
Yy=— Yo + sin 271 — { & — cos 2nr
27 H? H2
5.69 .
——— (B, + E7) (6)
H2
5.69E
E(em/T) =—{ 9o+ " sin 277 4

5 The principal advantage of this change of variable is the generaliza-
tion of the graphical solution. One construction may then apply for more
than one value of magnetic field and of beam voltage. Also it provides a
convenient measure of electron velocity and period, two quantities which
are of inconvenient magnitude when expressed in centimeters per second
and seconds, respectively. For example, the velocity of an electron in centi-
meters per second is

v=5.93 X 10'VV

where V is the energy of the beam in volts. When T is taken as the unit of
time, the velocity in centimeters per electron period is

21.2VV
H

where H is the magnetic field in gausses. Thus, in the new units the velocity
of the beam is numerically equal to the distance between successive nodes
in the beam. This distance in the image orthicon is about 4 centimeters for
the scanning beam. Another advantage of the change of variable is the
simple relation between transverse velocity and the radius of the motion
in the magnetic field alone. This is

v =27R.

vV =
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35.TF, 35.7 _
+ | &o— co8 27 + — (Ey + ET) N
7E H:
5.69E" 35.7E, 5.69E
y(em/T) = 9, + ) cos 27t + | Ty — sin 2nrr — —. (8)
2 2

Inspection of these equations shows that the actual motion of the
electron is the resultant of two simpler motions. The harmonic terms
indicate that one motion consists of a uniform velocity in a circle of
constant radius R where

' 1 35.TE,\ 2 5.69E\ 27| %
R=—|1| & — + (Yo +—— . (9
27 H? H?

The other motion is that of the center of this circle. It follows
a parabolic path in space resulting from a constant velocity in the ¥
direction given by ¢ = —(5.69E/H2?), and a uniformly accelerated
velocity in the z direction given by %= (35.7/H?) (E,+ Er). The
breakdown of the actual motion into circular and translational com-
ponents greatly simplifies the problem.

B. Graphical Method for Calculating the Circular Motion

The aim of this section is to derive from the above equations a
graphical construction which will yield the magnitude and direction
of circular motion that an electron has after being acted upon by an
electric field whose variation with time has been approximated by
linear sections. In the constructions which follow, the instantaneous
circular motion is represented by a radius vector drawn outward
from the center of the circle to the electron. The circumferential
velocity is perpendicular to this vector and has a magnitude pro-
portional to the length of the vector. In (5) to (9) the velocity is
expressed in centimeters per electron period and is very simply
related to the length of the corresponding radius vector by the pro-
portionality factor 2wx. The magnetic field is always assumed to be
directed out of the paper and the radius vectors rotate counter-
clockwise through 360 degrees in the time interval r = 1.

The final construction arrived at will become clear if a complete
picture of the electron path is first considered. By way of illustration,
the simple transverse-field versus time curve shown in Figure 3 will be
treated. The initial conditions are taken to be %y =19, =F;=0. The
origin of the co-ordinate system for (5) and (6) is at the center of
the cirele in which the electron moves at r =0 by virtue of its initial
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velocity. In this instance, the initial veloeity is zero and the origin
and the initial electron position coincide. From (5) and (6) the com-
plete path is made up of two parts, motion of the electron on a circle
and motion of the center of the circle. It is convenient for purposes
of the final method of construction to consider the constant term
5.69E/27H2? of (5) independently of the other terms representing
the motion of the center of the circle. The remaining non-periodic
terms are called the “translational terms” and are plotted in Figure 4
as the dotted curve C €’ C”. The constant term of (5), defines a point
X, displaced by the constant amount —(5.69E;/2=H?) from the
dotted curve. (E; is the slope of the first section of the force field
when E is plotted against r.) The center of the circle while the field
is changing at the rate E, is at X; and moves along a parabolic path
displaced at the constant distance X;C from the dotted curve. The
electron itself is on the periphery of the circle and rotates around the
center of the circle as the center slides along its parabolic path. The
circular motion of the electron is represented by the rotation of the
radius vector X;C about its center X;. The complete path of the elec-
tron is shown as the solid curve. Three positions, initial, intermediate,
and final, of the rotating vector in the first section are shown. At R,”
the rotating vector, by Figure 3, has completed 0.6 of a revolution.
At R,”, also, the electron has a total velocity, given by (7) and (8),
which constitutes the initial velocity for the second section. It may be
shown from (7) and (8) that the radius vector giving the total
velocity of the electron at R,” is R,”Oy. With Oy as the new origin,

Y, Yo

Fig. 4—Complete electron

path resulting from the R

transverse-field versus X; C

time curve of Fig. 3. The

magnetic field is directed
toward the reader.
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the translational terms of (5) and (6) furnish the parabolic curve
CUICUICIV, The center X;; of the new circle is displaced from the
curve by the constant term —(5.69E,/27xH2). In this section E, is
negative and the displacement is to the right. The radius vector of
the new circle must have a magnitude and direction such as to make
the electron position (as well as total velocity) continuous across the
boundary of the two sections. This means that it must extend from
its center at X to the final position of the electron at the end of the
first section, namely, R,”. Again, the radius vector X;R,” rotates
about its center Xy, as its center slides along a parabolic curve dis-
placed from the dotted curve. The total rotation, according tq Figure 3,

|

%

Xy Fig. 5—The graphical construction giving the
circular motion produced by the transverse
R, field of Fig. 3. The radius vector CR, indicates
the phase and magnitude of the motion at the
instant the electric field ceases to act.

is 0.3 of a revolution, and the final position is X”E,”. At R,” the
force field has ceased to act and the electron continues to rotate about
the center C'V, its motion being described by the radius vector CIVR,".

Figure 5 shows the simple graphical construction required to ob-
tain the same information about the final circular motion as found in
Figure 4. The translational terms have been dropped since they may
be conveniently treated independently. The point C represents the
center of rotation of the electron before and after the application of
the transverse force. During the application of the force this point
follows the parabolic paths indicated by the dotted curve of Figure 4,
and its total translation may be readily calculated as described in the
following section.

Figure 7 is the graphical construction applied to the more complex
force field of Figure 6. For generality it is assumed that the electron
has an initial velocity represented by the radius vector CR,. The
fulerum of the rotating vector in the first section is displaced from
C a distance —(5.69E,/27H?) and CX; is drawn proportional to this
distance. The initial position of the rotating vector is then XR,.
During the time interval of section I, given by » = 0.2, X|R, rotates
through 0.2 of a revolution or 72 degrees. At the end of the interval
the vector has the position XR;.
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Fig. 6—A transverse-field versus time curve consisting of
four linear sections.

CX;; is then drawn proportional to 5.69E,/27H2, giving X, R, as
the initial value of the rotating vector in the second section. X R,
rotates into X{R,.

In the third section E; =0 and the center of the rotating vector
is C. The rotating vector is CR, and rotates into CR..

Ra

Fig. 7—The graphical construction for the transverse field of Fig. 6. The
radius vector representing the initial circular motion is CR,, its magnitude
being drawn proportional to the actual radius in centimeters, determined by

3.3VV
H

R =

where V is the transverse energy of the circular motion in volts. The vectors
CXy, CXu, and CXw are drawn in the same proportion to the distance —
(5.69k/27H?) calculated for each section. The final vector CR. gives the
phase and magnitude of the final circular motion and may be converted to
volts by the relation

H?R?
3.32

V=
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CX,v is drawn proportional to —(5.69E,/27H?), locating the ful-
crum of the vector in the fourth section. X vR; rotates into XvR,. CR,
represents the radius vector corresponding to the total motion of the
electron at the instant the field ceases to act.

C. Complete Electron Paths in Transverse Fields

Reference to (5) and (6) shows that a transverse force field pro-
duces a net translation of the center of rotation along the X axis by an

e JORE©,
Lj 2 4
5 10 5 20 2% 1
TIME
%X
2 A
/
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! 2

Fig. 8—Electron paths for different rates of application of a transverse
electric field. The magnetic field is directed toward the reader.

amount proportional to the area under the curve of E plotted against r.

Thus
. 85.7 T
r=— Edr. (10)
H* o

The translation in the y direction parallel to the electric field occurs
only while the field is acting, and is proportional to the instantaneous
value of E. Thus, after the field has dropped to zero we have

y=0. (11)

The complete electron paths while the field is acting may be con-
veniently plotted by using only the translational terms of (5) and (6)
combined with a graphical construction of the type illustrated in
Figures 5 and 7.

In Figure 8 the paths between two plates are plotted for several
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cases in which the field is applied at different rates. The maximum
circular motion occurs in case 1 where sudden application of the field
gives the familiar cycloidal paths. As the field is applied more and
more gradually the resulting circular motion is reduced. For those
particular cases where the time for the field to reach its final value
is an integral number of periods, the resultant circular motion between
the plates is zero. The fact that an electric field introduces less circular
motion when applied gradually is utilized in the orthicon, as will be
described in the next section.

It is interesting to note from (5) to (8) that if an electron is
introduced to an electric field F, in a time of r electron periods, the
amplitude of circular motion during the rise time of £, is reduced by
the factor 1/2=r and the corresponding energy of circular motion by
the factor 1/4=%:2 relative to the amplitude and energy it would have
if introduced suddenly to the same field. This would suggest that the
starting electrons in a diode magnetron describe smooth paths con-
centric with the cathode. The anode field of the magnetron is applied
in a time of many electron periods. Pulse rise times of one-half micro-
second, for example, in combination with magnetic fields of a thousand
gausses attenuate the energy of circular motion by a factor of the
order of 108,

III. ELECTROSTATIC DEFLECTION PLATES IMMERSED IN A
MAGNETIC FIELD

In the 1840-type orthicon, electrostatic plates within the magnetic
focusing field are used for the horizontal scanning of the target. The
net displacement is parallel to the plane of the plates and can be
calculated from (10). The plates are curved so that they are closely
spaced at the center and flared out at the ends where the electron
enters and leaves the deflecting field. The purpose of this shape is to
reduce the helical motion produced in the beam by the transverse field.
It is of interest to apply the graphical method to determine the con-
ditions for which the flaring of the plates is advantageous.

The curvature of the plates is such that an electron passing be-
tween them at constant velocity experiences a transverse field whose
time variation® is similar to that shown in Figure 3, except that now
the maximum occurs at the midpoint in time. If the plates had been
flat and so closely spaced that the fringe field were of negligible extent,
the transverse field would, of course, have been constant with an abrupt

8 The periodic variation of the electric field owing to the scanning
process is so slow compared to the transit time of the electron that the field
may be considered stationary for any one electron.
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rise and fall. The helical motion acquired by the electron in both of
these cases has been calculated by the graphical method and plotted in
Figure 9 for various lengths of plates. It is noted that the curved
plates actually introduce more helical motion for the same deflection
than the flat plates if the plates are shorter than 1.4Xx. (XA is the
distance apart of successive nodal planes in the beam.) With longer
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Fig. 9—Helical energy introduced by electrostatic deflection plates plotted

as a function of the length of the plates. The abscissa represents the number

of orders of focus within the plates and is also equal to the transit time in
units of 7. The translation z is perpendicular to E and H.

lengths, both types of plates introduce less helical motion and the ad-
vantage in flaring the plates is apparent.

IV. ELECTROSTATIC LENS IMMERSED IN A MAGNETIC FIELD

The deceleration field in front of the target in the image orthicon
forms an electrostatic lens immersed in a uniform magnetic field (see
the dotted lines of Figure 10). An electron path of special interest is
the one approaching the edge of the target along the magnetic line
indicated. Along this path the transverse electric field is larger than
for paths near the axis of the tube. From the equipotential plot the -
transverse-field versus time curve has been calculated for the portion
of the path from F to G. This curve is shown in Figure 11.
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By use of (10) and Figure 11, the translation of the electron in the
deceleration lens may be computed. This translation, at right angles
to the electric and magnetic fields, appears as a slight rotation of the
scanning pattern as a whole on the target.”

The helical motion acquired by the electron has been computed by
a graphical construction similar to Figure 7. For the relatively small
transverse motions involved here the electric field may be assumed to
be uniform across the path. It was found that several volts of helical
energy are acquired by an electron deflected toward the edge of the
target.

DECELERATING RING
(ZEIRO)

FOCUSING €
g | > ‘

| DEFLECTION YOKE l

SIGNAL -
OUTRUT [ / ] / }
L-WALL COATING TARGET
+130V. THIN SCREEN
H= 65 GAUSSES T?\LRAGSEST (ZERO)
PHOTOCATHODE

Fig. 10—Cross-sectional diagram of the image orthicon. The dotted lines

in front of the target represent the equipotential surfaces of the electrostatic

field. The curved lines within the deflection coil indicate the direction of the

magnetic field resulting from the combined effects of the deflection and

focusing coils. An electron path of particular interest is shown by the
heavy line.

V. CURVED MAGNETIC FIELD

A deflection coil immersed in a uniform magnetic field causes the
resultant field lines to bend as shown in Figure 10. An electron whose
principal motion is along the magnetic lines experiences at each bend
an mv?/r force which may be expressed as an equivalent transverse
electrostatic field. The value of this field in volts per centimeter is

E=— (12)

7 This translation is also the chief reason why the electron on its return
from the target does not retrace its initial path. The lack of retrace gives
rise to a scanning pattern on the first stage of the electron multiplier. This
pattern is oriented approximately 90 degrees to the scanning pattern on the
target.
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where V), is the longitudinal energy of the beam in volts, and r is the
radius of curvature of the magnetic lines at each point. By use of this
equation, transverse-field versus time curves may be plotted for the
bends AB and CD.

The effect of each bend is to produce a translation perpendicular to
the plane of the curve as well as to introduce helical motion. The
translation, whose magnitude is given by (10), is usually not signifi-
cant in the image orthicon since that occurring at the first bend is equal
and opposite to that produced by the second. The helical motions, how-
ever, introduced by the two bends usually do not cancel. Their mag-
nitudes are not in general equal and their vectorial summation may
vary depending on their relative phase as determined by the transit
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Fig. 11—Plot of transverse field versus time for an electron approaching
the target along the path indieated from F' to G in Fig. 10.

time between bends. The net helical energy impressed on the electron
in passing through the deflection coil varies from zero for zero deflec-
tion to as much as several volts for maximum deflection.

Higher wall voltages and decreased magnetic field strengths tend
to increase the helical energy acquired by the electron in passing
through either the deflection coil or the deceleration lens. In the image
orthicon, where zero helical motion at the target is desired, it has been
found advantageous to balance the helical motion introduced by the
deceleration lens against that produced by the deflection coil. The
proper phase for cancellation can readily be obtained by sliding the
deflection coil along the axis of the tube.
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QUANTUM EFFECTS IN THE INTERACTION OF
ELECTRONS WITH HIGH FREQUENCY FIELDS
AND THE TRANSITION TO CLASSICAL
THEORY*t

By

LLoyp P. SMITH

Research Department, RCA Laboratories Division,
Princeton, N. J

Summary

The interaction of electrons with an electromagnetic field within a
conducting enclosure is treated from the point of view of quantum mechanics.
The various quantum effects to be expected with regard to energy exchanges
are pointed out and it is shown how the wvarious probabilities of energy
change combine to give results in accord with classical theory for conditions
where classical theory becomes appropriate. The details in the tramsition
from quantum behavior to classical behavior are traced in a very illumi-
nating way for two particular examples. The conditions under which
quantum effects manifest themselves are given.

(15 pages, 12 figures)

* Decimal Classification: R140.
+ Phys. Rev., March 1-15, 1946.

CARBIDE STRUCTURES
IN CARBURIZED THORIATED-TUNGSTEN
FILAMENTS*}

By

C. W. HORSTING

Tube Department, RCA Victor Division,
Harrison, N. J

Summary

A wide variety of carbide structures is described, as found in the surface
layer of carburized thoriated-tungsten filaments. Their origin is traced back
to carburizing conditions and subsequent processing during tube making.
A frequently-occurring laminated carbide structure is found to contain less
carbon than W.C. The thyratron relay method of carburizing control is
critically reviewed. Abnormal filament current in manufactured tubes is
explained as due to surface conditions which cause changes in thermal
emissivity.

(7 pages, 11 figures, 2 tables)

* Decimal Classification: R331.
1 Jour. Appl. Phys., January, 1947.
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DETERMINATION OF CURRENT AND DISSIPATION
VALUES FOR HIGH-VACUUM RECTIFIER TUBES*}

By

A, P. KAUZMANN

‘Tube Department, RCA Victor Division,
Harrison, N. J

Summary

Rectifier data are shown graphically with generalized parameters from
which it is possible to determine the peak steady-state current, the mawxi-
mum possible hot-switching current, and the dissipations in the diode and
in any added series resistors. The paper covers capacitive-input filters with
large capacitors and includes half-wave, full-wave, and voltage-doubler
circuits. A table of operating conditions and efficiency for a group of typical
rectifiers is included.

(16 pages; 5 figures)

* Decimal Classification: R366.32 X R258.1.
+ RCA Review, March, 1947,



GROUNDED-GRID RADIO-FREQUENCY
VOLTAGE AMPLIFIERS*f

By
M. C. JONES

RCA Victor Division,
Camden, N. J.

Summary—Triode radio-frequency amplifiers have come into extensive
use for medium-high-frequency applications. The use of triodes results from
the reduced noise-equivalent resistance of a triode amplifier as compared to
a multigrid-type amplifier tube. It is not possible with a triode to use
conventional circuits with the input into the grid circuit and the output
from the plate circuit because this comnection results in ewcessive output
to input feedback which produces regeneration and even oscillation. The
grounded-grid amplifier! circuit alleviates these difficulties by utilizing the
grid as a shield between the input or cathode circuit and the output or plate
circuit. Such a circuit exhibits certain peculiarities, particularly when
several such stages are operated in tandem. Following is an analysis of the
performance of several types of grounded-grid radio-frequency amplifiers.

I. SINGLE STAGE AMPLIFIER
tuned circuit connected to the cathode of the amplifier tube

and the load resistance connected in the plate. Such a circuit
is shown in Fig. 1.

g- SINGLE-STAGE amplifier consists of a high-impedance

If we make the assumption that the impedance of the tuned circuit
is high compared to the input resistance of the tube, it becomes evident
that the signal current I, flow-
ing to the cathode of the ampli-
fier is the same as the plate cur-
rent I; flowing into the plate of
the amplifier. The tube then acts
simply as a medium for trans-
£ posing the input current, which
_L : may be from a low-impedance
= = +Es source, to the output circuit
Fig. 1—Single stage grounded-grid which may be a lfllgh-lmpedance

amplifier. source. From this we see that

* Decimal Classification: R363.1.
T Reprinted from Proc. I.LR.E., July, 1944,
1 C. E. Strong, “The inverted amplifier,” Electronics, p. 87; July, 1940.
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the gain of such a stage is the ratio of the output resistance (R;) to
the input resistance. The value of this input resistance will be deter-
mined later.

A marked similarity exists between this type of circuit and the
so-called “cathode-follower” type of circuit. In the cathode follower
the input and output voltages are identical to a first approximation,
and in this circuit the input and output currents are identical. We
might then coin the term “voltage-follower circuit” to apply to the
cathode-follower and “current-follower circuit” to apply to the
grounded-grid amplifier.

By inspection of Fig. 1 it is evident that
E’Z':IIRL' (1)

In any triode vacuum tube the fundamental frequency component
of the signal current may be expressed by

L=G, (E,+E,/p). (2)

Substituting the appropriate values for E, and E, in terms of E,, I,
and R; we have,

L =Gy [—E + (—LE,—Ey)/p]. (3)

Solving for E,, (3) becomes
E,=L[(R,+Ry)/(pn+ DI (4)
We may now évaluate the input resistance to the amplifier tube as
Ri=Ey/Ii= (R, +Ry)/(p+1). (5)
A curve showing R, as a function R;, for a typical amplifier tube

is shown in Fig. 2. This equation may be simplified, for the condition
where Ry, « R, and p 5 1, to

R,=1/G. (6)

We may now evaluate the gain of the single amplifier by dividing
(1) by (4).

Gain = E,/E, = [Ry, (u+ 1)1/ (R, + Ry). %)
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This may be compared with the formula for the gain of an ordinary
triode amplifier,

gain=R,pn/ (R, + Ry). (8)

The slight increase in gain results from the fact that the output
voltage is measured to ground which in the case of the grounded-grid
amplifier is the grid circuit and in the case of the conventional ampli-
fier is the cathode circuit.

If now we can make the assumption that R, « E, and p » 1, equation
(7) may be simplified to gain = R, G,,.

II. TANDEM CIRCUITS

It is customary to operate two or more grounded-grid amplifiers in
tandem. In this case the load resistance (R.) is some function of the

L o, oL
Fig. 3—Three
grounded-grid
amplifier

circuits in
tandem.
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input resistance of the following stage. A circuit showing three such
stages terminated finally in the load resistance R, is shown in Fig. 3.

Before analyiing this circuit we must consider the coupling trans-
former which reflects the input resistance of each stage back to the
load resistance of the preceding stage. For simplicity it is convenient
to assume that this is a perfect transformer and that its output-to-
input eurrent ratio is the same as its input-to-output voltage ratio. If
we define this ratio as a it is then only necessary to multiply the input
current by the appropriate values of a through the various stages to
determine the output current. In analyzing this circuit the most con-
venient method of approach is that of determining the input resistance
of ‘each stage as a function of the input resistance of the following
stage. By reference to (5) we may write equations for the input
resistances of the three stages as follows:

Ry= (B, +a®Ry)/(p + 1) (9
R, = (R, + a,®Rg) /(p + 1) ' (10)
By = (R, + a,2Ry) /(p + 1). (11)

We may now solve for the input resistance R, as a function of the
output resistance, the tube characteristics, and the transformer char-
acteristics:

R =R,/ (n+1) +a2R,/(p+1)2
+ a4 (R, + ax?Ry) /(u + 1)3. (12)

This equation may now be generalized for any number (n) of
stages:
R, o,2R, a,*R,
Ry = + + +
p+1l  (p+1)2 (p+1)3
a2 =D R,  a;2~D (R, + a,2Ry)

+ + (13)
(u+1)n-2 (u+ 1"

If the amplifier consists of a large number of stages such that the
input resistance R; of the first stage is relatively independent of the
output resistance R;, or if the value of R, is selected such that the input
resistance of each stage is identical, we then may evaluate what might
be termed the “characteristic impedance” for this amplifier by setting
R, =R, in (11).
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Ri=R,/(n+1—a). (14)

From this it may be seen that the characteristic input impedance of
a grounded-grid amplifier is determined by the tube characteristics and
by the coupling transformer. A curve showing the variation of input
resistance with current ratio of the coupling transformer for a typieal
amplifier tube is shown in Figure 4. From this curve it may be seen
that the input resistance rises rapidly with values of a, approaching
vV + 1. We may now determine the over-all gain of n grounded-grid
amplifier stages as follows:

3000
2500 l
" Ri= Kp
T url —pt I
<
0 2000
\ o 4 15000 Fig. 4 — Curve
o wrz| 80 showing input
v Gom o 2000 4 Mbos. l resistance of an
jSeo 7 t amplifier termi-
N nated in its “char-
,"-5 /,/‘ acteristic imped-
F Vﬂf - ance” as a func-
& 000 tion of a.
< [
g" » / b—:‘
N 500 =
° [ I} 4 3. 4 5 @
Current KFatio .
Output current (1) =a* lapl; (15)
Output voltage (F,) = I,R;, =I1,R;a,"1a,. (16)
The input voltage E, is given by -
E1 = IlRlo (17)

The over-all gain may be determined by dividing (16) by (17).
Over-all gain = (Rie,"~1a,) /R, (13)

or substituting the value of R, for n stages given in (13) we have,



126 ELECTRON TUBES, Volume 11
R,a,"1a,

Ry/(p+1) +0?R)/(p+1)24 -

over-all gain =

(19)

+ 020D B/ (u+ 1)1 4 0,20-0 (R, + 0,2Ry) / (u + 1)*

If the stages are designed' so that they exhibit the ‘“characteristic
input impedance” or if a large number of stages is used such that the
input resistance is relatively independent of the output resistance E;,
equation (19) may be simplified to

over-all gain = [R;a,*~Pa,(p + 1 —a,?) 1/R,. (20)
If wy (1—a42), equation (20) may be simplified to
over-all gain = G, R, 0,"1a,. (21)

From this equation it is evident that the gain of several grounded-grid
amplifier stages in tandem is a function only of the current ratio of
the coupling transformers, the G,, of any one tube (assuming all tubes
have the same value of G,,), and the load resistance R;. It will be
shown later an optimum value of @ exists if we consider the input
loading due to transit-time effect.

Fig. 5—m-section I =
coupling trans- 4
formers in two-

stage grounded- - G
grid amplifier.

[

III. 7-SECTION TANDEM CIRCUITS

It is sometimes more convenient practically to design the coupling
transformers as a w-section filter in the manner shown in Figure 5.
It can be shown that the current ratio of these coupling trans-
formers to a fair degree of approximation is given by
a; =Cy/Cy (22)
ay=C,/Cs. (23)

From this it may be seen that for large gains C, should be greater
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than C,, and C, should be greater than C;. To obtain the maximum
range from a given capacitance change in the tuning capacitor it is
desirable then to make C, and C, the variable elements and to use a
fixed capacitor for C, and Cj,.

With the above definitions of a, the previous equations for over-all
gain (18), (19), (20), (21), apply with equal accuracy to this circuit.

IV. ANTENNA INPUT CIRCUITS

Most amplifiers of this type operate from a low-impedance antenna
circuit and feed into a constant impedance, usually the input impedance
of a converter. A typical antenna circuit feeding directly into the input
resistance of a grounded-grid amplifier is shown in Fig. 6.

If we assume that the loss in
the input transformer is negligible
and that the input circuit matches
the antenna resistance it can be

A ® shown that the gain of the antenna

Eo —'L circuit is given by
Fig. 6—Antenna input circuit for  £3ln = G, =E,/E,=1/2/Ry/R,.
grounded-grid amplifier. (24)

The over-all gain for » stages plus the above antenna circuit is then
given by

over-all gain = E,/E,= ((Rpa,"'ay)/Ry) /2 VR{/R,. (25)
Simplifying the above equation
over-all gain = 1/2 (R a,"1ay) /2 V R, R,. (26)

In this equation we may use values of R, as determined previously in
(18) or (14). If the following approximation is valid,

Rl = 1/Gm' (27)
The formula for over-all gain simplifies to
over-all gain = 1/2R;a,"a, V G,/R,. (28)

From this it may be seen that the over-all voltage gain depends
entirely on the transformer design, the input and output impedances,



128 ELECTRON TUBES, Volume II

and the G,, of the amplifier tubes. An increase of the G, of all the
tubes produces an increase in over-all gain of only the square root of
the 'G,, change of any one stage regardless of the number of stages.
Consider a typical two-stage grounded-grid amplifier feeding from an
antenna to the input of a converter with the following characteristics:

G,, = 2000 micromhos a;=3
Ry =50 ohms a, =2
R;, =1000 ohms

The over-all gain as calculated by (28) then becomes over-all
gain =1/2 X 1000 X 8 X 2 v/ (2000 X 10-9) /50 = 19.

V. Noise CONSIDERATIONS

The performance of any receiver is limited by noise voltages.?3
This noise is of two distinct types: Thermal-agitation noise, or noise
developed within the circuits, and shot-effect noise; or noise developed
in the plate of the amplier tubes. The thermal-agitation noise over any
band of frequency can be predicated accurately if the value of circuit
resistance is known. The shot-effect noise is more difficult to determine.
In general this noise is referred to the grid circuit and expressed as a
“noise-equivalent resistance” for the vacuum tube used, and calcula-
tions may then be made in the same manner as with thermal-agitation
noise.

The noise voltage generated in series with any resistor R as
measured by an amplifier having a bandwidth B.W. is given by the
expression:

E,2=4KTR B.W. - (29)
where

K = Boltzmann’s constant = 1.37 X 10—23 watt second per degree
T = temperature in degrees Kelvin
R =resistance in ohms

B.W.=Dbandwidth of the amplifier in cycles per second

Since most of our calculations are based on normal or room tem-

2F, B. Llewellyn, “A rapid method of estimating the signal-to-noise
ratio of a high gain receiver,” Proc. I.R.E., Vol. 19, pp. 416-420; March, 1931.

3 E. W. Herold, “An analysis of the signal-to-noise ratio of ultra-high-
frequency receivers,” RCA Review, Vol. 6; January, 1942,
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perature, it is possible to simplify (29) as follows:
E,2=166X10-20 X BW.XR 30

where E, = the root-mean-square noise voltage in series with the
resistance R at room temperature, 30 degrees centigrade, or 808 de-
grees Kelvin.

Measurement of Noise Factor (NF') by the JKT Method

The noise factor of a receiver expresses its ability to receive and
detect weak signals in the presence of noise generated both in the an-
tenna resistance and the receiver itself. The noise factor may be defined
as the ratio of the signal-to-noise ratio of a perfect receiver, to the
signal-to-noise ratio of the receiver under test (both measured under
the same conditions). A perfect receiver is defined as one with infinite
input impedance, and no internal noise. ‘Expressing this in an equation
we have

(E,/E,) E;
F —_ .

= = (81)
(E,/EY) E,

where,

E, = signal voltage used to measure both receivers

E, = equivalent noise voltage of the perfect receiver referred
to the input circuit :

E,! = equivalent-noise voltage of the receiver under test re-
ferred to the input circuit.

From this it is apparent that the noise factor is the ratio of two
noise voltages, one of which may be measured and the other calculated.

In order to measure the equivalent-noise voltage of a receiver, one
would proceed as follows:

1. Connect a gignal generator, of negligible internal impedance, to the
receiver input terminals in series with a resistance equal to the
input resistance of the receiver. It should be noted here that the
4K T method applies only when the internal impedance of the signal
generator is small,

2. Connect a root-mean-square voltmeter to the output of the inter-
mediate-frequency amplifier of the receiver. A direct-current volt-
meter connected across the load resistor of second detector may be
used with only slight error.
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3. With the signal generator output reduced to zero, adjust the gain
control until the noise voltage as read on the root-mean-square
meter is some convenient value, say 1 volt.

4. Adjust the input voltage from the signal generator until the noise
voltage has increased to V2 times its original value.

The voltage output from the signal generator is now equal to the
equivalent-noise voltage of the receiver referred to the input circuit;
or the voltage E,! in (31).

The equivalent-noise voltage (E,) of a perfect receiver, with char-
acteristics similar to the receiver under test, is the noise voltage gen-
erated by the antenna resistance. This value of resistance is usually
equal to the input resistance of the receiver under test. From (30)
this voltage is

E,=129 X 10-19\/B.W. X E, (32)
where
B.W. = bandwidth of receiver under test in cycles per second
R, — antenna series resistance in ohms

E, = equivalent-noise voltage of the perfect receiver.

The noise factor may now be determined as the ratio E,1/E,.

Since it is not possible to obtain a perfect receiver with infinite
input impedance, it is useful to consider what might be called a “prac-
tically perfect” receiver with a finite input resistance, but which con-
tains no internal noise sources other than this input resistance. The
input circuit of such a receiver connected to a source of signal voltage
E, is shown in Fig. 7(a). The noise sources and their equivalent noise
voltage are shown in Fig. 7(b), and the previous perfect receiver is
shown in Fig. 7(c).

Solving for the receiver input voltage E.” from Fig. 7(a) we have,

E”=E,[R,/(Ry +RE,)]. (33)

The noise voltage E,” from Fig. 7(b) is given by the expression

E, =129 X 10-10 \VB.W. (RoE:n/ (Bo + Ei) ). (34)

Performing these same operations on the perfect receiver shown
in Fig. 7(c) we have,
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E,=E, (35)
E, =129 X10-1 /B W. X R,. (86)

If we now consider the practically perfect receiver as one under
test we have, from (31),
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Fig. 7 — Receiver input circuit
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The curve in Fig. 8 shows the noise factor as a function of the ratio
R, /Ry. From this it may be seen that the noise factor of a matched
receiver cannot exceed \/2, or 3 decibels from thermal noise, even
though there are no noise sources within the receiver except the input
resistance. A slight advantage may be gained by mismatching the
receiver in the direction of making R;, greater than R, This advantage
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is more theoretical than practical, however, since mismatch always
introduces additional losses due to reflections on the transmission line
connecting the receiver with the antenna. It also tends to make the
performance of the receiver a function of the transmission-line length
since the transmission line is then a resonant circuit. At lower fre-
quencies where the transmission line is short compared with a quarter
wavelength, some advantage may be gained by mismatching the an-
tenna circuit.

Measurement of Noise Factor by the 1KT Method

In the preceding analysis the signal-generator voltage (FE,) was
connected in series with the antenna resistance (R,), and as a result,

5
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NF~ }[ -y
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Fig. 8—Curve showing 3
the noise factor as a NF Matehed Input
funetion of receiver in- L/‘/ ,:; F-lI7 e
put resistance, for a re-
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—— |
)
o
o i 2 3 4 £
Plh

°

the thermal-agitation noise was calculated on the so-called 4KT basis.
In some signal generators, however, the internal resistance of the gen-
erator itself is equal to the antenna resistance, and the voltage as read
by the signal generator is then equal to the voltage impressed on the
receiver input terminals. A schematic diagram of such an arrange-
ment, together with its equivalent circuits, is shown in Fig. 9.

With this arrangement the noise voltage must be re-evaluated so
that it compares with the readings of voltage from the signal generator.
The signal-generator voltage reading is now half its value in the
preceding connection shown in Fig. 7(a) and the noise voltage must
be reduced by a factor of 2 for a direct comparison with it. This gives
rise to an expression for noise voltage which is not strictly accurate,
but which gives proper results when compared with the equivalent-
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noise voltage of the receiver shown in Fig. 9 measured by the method
previously outlined. This expression for noise voltage is

(E,”)?=1KT R, B.W. (38)
At T =303 degrees Kelvin (30 degrees centigrade) this becomes

(E,”)?=0.415 X 10~20 X B.W. X R, (39)

or
E,” =0.645 X 10-19/B.W. X R, (40)
This method of measuring noise factor is based on the so-called
1KT noise level. For any given receiver the noise factor as determined
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Fig. 9 — Receiver input
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pedance signal generator.

1KT method of noise-fac-

tor measurements.

(a) Input circuit showing
signal voltage

. (b) Input circuit showing

£n noise voltage
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by either of these methods should be identical. The method used de-
pends on the internal resistance of the signal generator. In actual
practice, the method used may quite often be a compromise between
the 1KT and the 4KT methods. This condition occurs when the internal
resistance of the signal generator is less than the input resistance of
the receiver, but is still not negligible. By any method of measure-
‘ ment, however, a matched receiver with no internal noise has a theo-
retical maximum performance of 3 decibels from thermal noise.

Calculation of Receiver Noise and Noise Factor

The noise generated in the plate of a vacuum tube may be con-
veniently expressed as the noise-equivalent resistance of the tube
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referred to the grid circuit. This is considered to be the resistance
connected in series with the grid of a perfect amplifier tube having
the same gain as the tube under consideration and generating the noise
normally generated in the plate of the tube.

If one makes the assumption that the circuit noise in a radio-
frequency amplifier is negligible compared with the noise generated
in the antenna resistance, the input resistance of the receiver, and
the shot-effect noise of the radio-frequency amplifier tubes, one may
calculate the noise factor of the radio-frequency amplifier from a
knowledge of its characteristics.

The noise-equivalent resistance of the first stage may be referred
to the input circuit by dividing its value by the square of the gain of
the antenna circuit. If additional stages, other than the first stage,
contribute to the noise-equivalent voltage of the receiver, they may be
taken into account by dividing the noise-equivalent resistance of each
stage by the square of the total gain from the input circuit to the
grid of the stage. Fig. 10 represents the input circuit to a receiver

First E.F Amp.

, Tube
£ & . Lnput Cireuct
——

Fig. 10—Noise source
g 1 Nois ources e X [ G,"

within a receiver.

I

and the noise-equivalent resistances of the first and second radio-fre-
quency amplifier tubes.

Since the noise-equivalent resistances and the parallel equivalent
of the input and antenna resistance may be added numerically, the
total noise voltage referred to the input of the amplifier is given by

E,/ =
1.29 X 1010/ BW. [RyR,./ (B, + R,,) + R{/Gy®> + R, /G*G,2]  (41)

where

R, = noise-equivalent resistance of first radio-frequency amplifier
tube '

R, = noise-equivalent resistance of second radio-frequency ampli-
fier tube

G, = antenna circuit gain measured from receiver input terminals
to input of the first radio-frequency amplifier tube



GROUNDED-GRID R-F AMPLIFIERS 185

G, = gain of first radio-frequency amplifier stage.

The signal voltage with which this noise voltage should be com-
pared is given by (33)

Es’ = EO [Rin/ (RO + Rm) ] (33)

The signal-to-noise ratio of this receiver is then,

Ey [R/ (By+ RByy) ]

1.29 X 10~10\/B.W. [ (BoRim/ (By ¥ Bi)) + Ry Gof + By /G2G 2]

. (42)

The signal-to-noise ratio of a perfect receiver, as shown in Figure
T(e) Iis,

Eo EO

E, 129X10-BW. B,

(43)

The noise factor of the receiver is obtained by dividing (43) by
(42).

o (BB 1/VEy
(Es,/En’) (R'Ln/ (RO + Rln) )
\/RORin/ (RO + an) + R]_//G02 + R2’/G02G22
RO + Rin Rm Rl’ RL’,
= + + . (44)
R, Ry+ Ry,  RoGo®  RyGo?G?

This equation simplifies to (37) when R, R, etc., = 0.

It should again be noted that the value for G,, the antenna circuit
gain, is now different from the value G, previously calculated in (24).
Since our reference point for signal-to-noise calculations is the input
circuit of the receiver, the gain must be measured from the input
terminals to the grid or cathode of the first tube as shown in Figure
11.

This gain (G,) is greater than the gain (G,) calculated by (24)
and is given by

G, = Gain = E,/Ey = VE,/B,. (45)
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Since the antenna-gain equations (24) and (45) assume matched-
input conditions,

Go - 2G1 . ' (46)

Simplifying (44) for matched-input conditions and substituting
the generally accepted value for antenna gain G,, as given by (24),

NF =VZ T Ry/ZGE + By /ZG2GE - A7)

Consider now a grounded-grid amplifier circuit with several stages
having the following characteristics:

R, = 50 ohms
R;, = 50 ohms.

Input resistance of first tube = 500 ohms

G,=1/2+/500/50 =1.58

G2) G3y G4, s =3 (a:3.3)
R/, Ry, Ry, - - - = 300 ohms.
E. £.'
Calculating the noise factor by = __i__

(45) we have, Fig. 11—Antenna input circuit.

NF=+v2+2440274+0.03 4 --- (48)
=T decibels from thermal noise.

From this it may be seen that the principal source of noise in this
amplifier is the shot-effect noise of the first radio~-frequency amplifier
tube. The following stages contribute a progressively smaller amount
of noise and the noise contributed by the third stage is insignificant.
The converter might take the place of the third stage. If we assume
the noise-equivalent resistance of the converter to be 1000 ohms and
recalculate the noise factor for a two-stage radio-frequency amplifier
followed by the converter, we obtain the following results:

NF=v2+24+027+0.1

= T decibels from thermal noise. (49)
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VI. CouPLING TRANSFORMER DESIGNS AND OPTIMUM VALUES FOR E;

From the previous analysis it appears that the gain increases with-
out limit as the value of a for the coupling transformer increases. In
practice, certain physical limitations produce an optimum value of @
which should be used in any grounded-grid amplifier to obtain maxi-
mum gain. The most serious limitation is that imposed by a component
of input resistance resulting from the transit-time effect.! Figure 12
shows a single-stage amplifier with this component of input resistance
(R,) in parallel with the normal input resistance R;.

It is convenient to analyze this amplifier on the basis of power
rather than voltage gain since the cathode and plate current are
common. This power gain then becomes the ratio of output to total

1, input resistance. Solving for
— power gain for the circuit shown
in Fig 12 we have

k.
L o | Wi =1,2R, (R, + R,) /R, (50)

Wout:112RL‘ (51)

20

\ +Ee

power gain = R,R,/ (R, + R,R,).
= (52)
Fig. 12 — Single-stage grounded- For any single-stage amplifier,

grid amplifier considering transit-
time effect.

Ri=(E,+Ry)/(p+1) (53)

Substituting this value of RB; in (52) and simplifying we have

power gain =
R\R, (p+1)2

R2+R,[2R2+ R, (n+ D1+ R2+R,R, (u+1)

(54)

By taking the derivative of this expression and setting it equal to
zero we may determine the value of R; which produces the maximum
power gain. Since we may design a transformer with fairly high effi-
ciency to match the output of this stage into input of another stage
this maximum power gain then corresponds to a maximum voltage
gain into any constant impedance. This optimum value for R; is,

*W. R. Ferris, “Input resistance of vacuum tubes as ultra-high-fre-
quency amplifiers,” Proc. I.R.E., Vol. 24, pp. 82-105; January, 1936.
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E,=R,V1+[R, (p+1)/RE,]. (55)

For conditions where u is considerably greater than 1, (55)
simplifies to

R,=R,VITE.G,, ' (56)

If we now consider the coupling transformer between this stage
and the next stage whose input resistance is R, we have the expression

R, = a?R,. (57)
From this we may determine an optimum value for a as follows:
a*=R,/R; V1+ R,G,,. (58)

If the input resistance of the next stage is the ‘“characteristic im-
pedance” as given by (14) the value for a may be written in the form

=@+ V1+G,G/ 1+ VI+G,R,). (59)

At extremely high frequencies the value of R, decreases rapidly.
If the value of G,,R, is considerably less than unity, (59) simplifies to

a=\u/2.

For the amplifier considered in Fig. 2, the value for a under this
condition is approximately 8.9. In practice other limitations are pres-
ent such that a value slightly less than this is often used. For normal
operating conditions the value for ¢ of approximately 3 represents the
practical optimum.



EXCESS NOISE IN CAVITY MAGNETRONS*tt
By

ROBERT L. SPROULL

Research Department, RCA Laboratories Division,
Princeton, N. J

Summary—The magnetron oscillator of some frequency-modulation
radars also furnishes the “local oscillator” excitation for the crystal mixer
of the receiver. Excess noise generation by the magnetron was observed
to reduce greatly the receiver sensitivity. This noise exhibited a strong
dependence upon anode voltage and current, and changed with time in a
perplexing manner. After many experiments, a hypothesis of the cause
of excess moise was developed, and further experiments confirmed this
hypothesis. The noise is thought to be caused by ionization of atoms of the
cathode oxide coating, which atoms are removed from the cathode by electron
bombardment. In order to reduce the generation of excess noise, and still
preserve the advantages of an oxide-coated cathode, a special shape of
cathode has been developed. The coated regions of this cathode are sheltered
from electron bombardment, and the noise is much reduced. Use of cathodes
of this general type should also produce magnetrons with longer operating
lives than present tubes.

tinuous-wave radars also furnishes the “local oscillator” excita-

tion of the erystal mixer of the receiver. It was observed that
the magnetron oscillations were frequently modulated with large
amounts of noise, thereby impairing the sensitivity of the receiver.
The cause of this excessive noise modulation (many times ordinary
shot noise) was made the subject of a special investigation, the results
of which are reported here. Excess noise is not noticed in the usual
use of a magnetron as a transmitter tube, since the signal-to-noise
ratio is at least 60 db. However, the noise phenomena may increase
our understanding of magnetron operation, are important in special
applications of magnetrons, and are of interest in any development of
receiving tubes utilizing magnetic fields.

THE magnetron oscillator in some! frequency-modulation, con-

I. DESCRIPTION OF THE NOISE PHENOMENA

Figure 1 shows the experimental arrangement used to detect

* Decimal Classification: R355.912.1.

+ Reprinted from Jour. Appl. Phys., March, 1947.

1 This paper is based on work done for the U.S. Navy under Contract
NXsa 35042.

1 Such as the AN/APQ-19, developed in this laboratory.
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noise modulation and to estimate its magnitude. Since the magnitude
of the oscillating field in the erystal cavity was kept constant by vary-
ing the attenuation between the magnetron and this cavity, the receiver
detector current “I,”” was roughly inversely proportional to the signal-
to-noise ratio of the magnetron oscillations.

Figure 2 shows the “noise current” I, as a function of magnetron
d.c. anode voltage (V,) for several anode currents (I;) in a 4000 mega-
cycle, continuous-wave magnetron? developed in this laboratory. To
obtain such a plot, the magnetic field was varied to produce different
values of V, at constant I,. It is apparent that at low voltages the
total noise current is substantially constant, and in this region the con-

VARIABLE

CRYSTAL CURRENT (ATTENUATION
ALWAYS ADJUSTED $0 THIS IS 0.8
MILLIAMPERE .)
ATTENUATION ey
{~ 33 T0 50 db)
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Fig. 1—Noise comparison apparatus.
Lﬂ
"NOISE CURRENT”
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tribution of the magnetron noise to the total receiver noise is small.
At some voltage, which we shall call V,,, a relatively sharp break in
the curve appears, and above this voltage the magnetron noise dom-
inates noise from other sources and becomes hundreds or thousands of
times as large as at low voltages. This region (V,> V,,) of excess
noise contained the ordinary operating point of the oscillator. Phe-
nomena very similar to those portrayed in Fig. 2 were also observed
in a magnetron?® of quite different design.

Curves such as those of Fig. 2 are not reproducible in detail. The
“peaks” and “valleys” of the curves cannot be repeated even a few

2 G. R. Kilgore, C. Shulman, and J. Kurshan, “A Frequency-Modulated
Magnetron for Super-High-Frequencies,” Proc. I.R.E., Vol. 35, No. 7, July,
1947,

3J. S. Donal, Jr., R. R. Bush, C. L. Cuccia, and H. R. Hegbar, “A One-
Kilowatt Frequency-Modulated Magnetron for 900 Megacycles,” Proc. I.R.E.,
Vol. 385, No. 7, July, 1947.
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minutes after they are observed. The most useful feature for com-
paring noise phenomena in different tubes is the voltage V,,. Even this
parameter changes with time, however, and may have quite different
values in two tubes constructed (as nearly as possible) identically.
Several tubes must, therefore, be constructed in order to be certain .
of the dependence or lack of dependence of noise upon some one feature
of the design. Figure 2 is representative of the early 4000 megacycle
tubes and exhibits the increase in noise with decrease in anode current
which was observed with all tubes. -

After vigorous oscillation in these magnetrons has begun at a suffi-
ciently high anode voltage, the cathode heater power may be removed.

Jo00

b
(L, =soma
10 A

s
[

\IA SEOMA

w

[
Q
-

Fig. 2—Noise in early
. 4000-megacycle magne-
N-"assoMA trons. At constant
anode current, anode
voltage and magnetic
field are approximately
proportional. Therefore
the abscissa may be
considered (except for
units) as either voltage
or magnetic field

|
—;} strength.

AN

NOISE —»

1. IN MICROAMPERES

et

Vao

200 400 400 800 1000 1200 1400
Vo IN VOLTS

ANODE VOLTAGE (OR MAGNETIC FIELD)——>
Back-bombardment of the cathode by electrons which have received
energy from the oscillating field produces secondary electrons and
warms the cathode sufficiently to produce some thermionic electrons.
The excess noise was invariably less when the ordinary heater power
was removed. All of the measurements and correlations reported here-
refer to operation with no applied heater power.

The receiver (Fig. 1) was ordinarily tuned to pass modulation com-
ponents in the frequency range 1496 to 1504 kilocycles, but other fre-
quency regions were also explored. In general the noise was less the
higher the receiver frequency, and the excess noise was quite small at
a receiver frequency of 30 megacycles.
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II. CORRELATIONS OF NOISE WITH MAGNETRON PROPERTIES

Many tubes were constructed with slightly different features from
the ordinary magnetron in order to test the dependence of noise upon
different aspects of the design. In each case correlation of noise prop-
erties with the changes made was attempted. Correlations were also
attempted between noise properties and operating conditions of the
tube.

The high-frequency load presented to the magnetron by the antenna
and transmission system changed the details of the excess noise, but
any standing wave ratios and phases which produced reasonably stable
operation with moderate efficiency produced about the same values
of V,,. The presence or absence of discontinuities in the straps of the
magnetron resonator, the presence or absence of “hats’” on the ends of
the cathode produced no consistent changes in noise. The geometry
and potentials of electrodes near the ends of the cathode affected the
noise only very slightly. Small changes in anode diameter produced
no effect. A variation of almost a factor of two in cathode size produced
marked changes in efficiency and stability; but the noise was little
changed except with very small or very large diameters, and in these
cases the noise was greater than with intermediate diameters.

These and other experiments were used to show that several more
or less obvious hypotheses of the causes of excess noise were not
tenable. For example, any axial oscillations (such as observed in
maghetron structures many years ago by Megaw?) should be strongly
affected by end plate potentials, and if the noise were related to such
oscillations it should be a function of these potentials. Other hy-
potheses were concerned with the resonant modes of the resonator
and with the space-charge and electric field distributions in the cathode-
anode space. The results of the studies with various cathode and anode
diameters, the fact that the excess noise was observed in a magnetron
of quite different construction, and the occurrence of noise over a wide
range of anode voltages and currents, made such hypotheses of the
cause of noise very unlikely.

Three successful correlations emerged from this work, but none
gave immediately a clear indication of the cause of the noise. These
correlations will be briefly described here. The first was a correlation
of noise with low efficiency accompanied by high back-bombardment
of the magnetron cathode. Tubes which exhibited considerably lower
efficiency than others of similar construction were usually very noisy.

¢E. C. 8. Megaw, “Fundamental Characteristics of Electronic Oscilla-
tions,” Nature 137, 189 (1936).
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Experimental tubes were constructed with windows which allowed
observation of the cathode during operation, and this correlation was
verified in such tubes. This correlation is probably related to the reduc-
tion in noise as the normal cathode heater power is removed; in both
cases high noise accompanies high cathode temperature.

The second correlation was between excess noise and the length of
the cathode sleeve which was coated with oxides. It was found that if
the emitting length were confined to less than two-thirds of the length
of the anode, the voltage (V,,) at which noise began could be materially
increased. It was not certain that the ends of the cathode did not emit
electrons, but the carbonate spray was carefully cleaned from all except
the central region of the cathode sleeve in the hope that no emission
would occur in the end regions. The suggestion was that the r-f and
d.c. fields were distorted there, and it might be desirable to prevent the
interaction of electrons with such fields.

The third correlation was between noise and the thermionic emis-
sion properties of the cathodes. The critical voltage (V,,) was used
as a measure of the former, and the heater current required to permit
a thermionic current of 50 milliamperes at 100 volts (no magnetic
field) was used as a measure of the latter. The correlation coefficient?
of V,, with this current was 0.79 for thirteen experiments with ten
tubes. This shows a definite relation, with low noise accompanying low
thermionic activity. This correlation was strengthened by observations
on a single tube during the early part of its life, when both the cathode
activity and the noise were changing. Magnetrons were constructed
with strontium oxide coatings on the cathodes, since the emission
from SrO is known® to be considerably less than that from the SrO-
Ba0O mixtures ordinarily used. These tubes showed high values of
heater current for 50 milliamperes thermionic current, but the noise
properties did not differ appreciably from other tubes. This experiment
indicated that noise was not directly related to the cathode’s thermionie
activity, but that for cathodes of the same composition, high noise
accompanied high activity.

I1I. TONIZATION NOISE

One of the first hypotheses of the cause of the excess noise was that
it originated in the ionization of gas atoms in the interaction space of
the magnetron. To test this, several tubes were continuously pumped

5H. L. Rietz, Mathematical Statistics, Open Court (Chicago, 1927),
p. 82. -

6 M. Benjamin and H. P. Rooksby, “Emission from Oxide-coated Cath-
odes,” Phil. Mag. 15, 810 (1933).
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while noise data were taken, and neon gas was admitted to vary the
pressure. No variation of noise with pressure was observed for pres-
sures less than about 5 X 10—3 mm of mercury. At pressures greater
than this, the noise increased and the efficiency decreased rapidly; this
behavior was not surprising since at 10—2 mm a glow discharge was
beginning. The pressures could not be measured inside the magnetron
itself, but they were measured in an ionization gauge connected to the
magnetron.

Several magnetrons were constructed with tungsten helices in
place of the usual oxide-coated cathodes. Two of these were continu-
ously pumped, and noise was observed as a function of pressure. Figure

3000

T
H-3548-1-A I, = 60 Ma

1000 "\
Laxiod,,
\ /\ e sl B

300

oxide-coated cathode.

;‘ig. 3—Noise as a’ §
unction of pressure. 4 1o —Y = 3
This tube had a helical 3 —]
tungsten filament ¢ 1 "
in place of the usual ¢ N\ /10 wu
z
£

PV

200 400 000 800 1000 1200 1400
Va [N VOLTS
3 represents the behavior of these tubes. Unlike the results with oxide-
cathodes, the data here show a continuous increase in V., (that is,
decrease in noise) as the pressure decreases. For pressures less than
10-6 mm, V,, was greater than 1200 volts for tungsten filament tubes.
But lowering the pressure below 10—3 mm did not change the noise in
oxide-coated cathode tubes, and even at 10—% mm V,, was no larger
than 800 or 900 volts. If the cause of the noise is the same in the tubes
with these two types of cathodes, it must be that there is a condensable
gas in the oxide-coated cathode magnetrons which is present in the
anode-cathode space but which is not measured by external pressure
gauges.
Evidence to support this interpretation came from quite different
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experiments. Observations upon tubes with windows revealed a
luminescence in the anode-cathode space or upon the cathode surface.
Spectrographic investigation showed that the line spectra of barium
and strontium (the metallic constituents of the cathode coating) were
represented by their most persistent lines. Since the lines were quite
sharp, it was apparent that the luminescence was not fluorescence of
the solid (such fluorescence is also observed on activated cathodes, but
its spectrum is broad and diffuse). It appeared therefore that there
were substantial quantities of Ba and Sr atoms in the interaction space.
At least some of these were ionized, since some of the spectral lines
observed were those of the positive, singly-charged ion.

In order to obtain further information about the atoms and ions
in the anode-cathode space, “double-triode” tubes were built. In these
tubes electrons from the central cathode bombarded both a nickel anode
and an oxide-coated anode, which had been activated as if it were a
cathode and which could be heated by a tungsten heater. A negative
grid was placed in each half of the tube, and the positive ion currents
to these grids were measured. Both anodes were maintained at ap-
proximately the same potential, and the electron currents in the two
parts of the tube were the same. The grid current in the nickel anode
space was about 0.01 microampere when 10 milliamperes electron cur-
rent was flowing; this corresponds to roughly 10—¢ mm pressure of
residual gas in the tube. The grid current in the other side of the tube
was always many times this value, and when the oxide-coated anode
was heated to 700-800°C, grid currents of 10-40 microamperes were
observed. It was apparent, therefore, that atoms or ions were released
from the bombarded surface, and that these formed a condensable
gas phase which could not be observed outside the immediate neigh-
borhood of the bombarded surface. Noise measurements were also
made on these tubes; excess noise was observed, and it was substanti-
ally proportional to the ion current collected by the grid.

From these experiments it was possible to derive the following
interpretation of the phenomena of magnetron noise: (1) Some of the
electrons (of the order of 20 percent) emitted from the cathode return
to it after gaining considerable energy from the r-f field. If the
cathode is oxide-coated, these back-bombarding electrons remove atoms
or ions of the cathode material. Any ions emitted quickly return to
the cathode, but they alter the space charge in the region of the
potential minimum and permit a momentary excess of electrons to be
emitted. Atoms emitted have between a 1 percent and a 10 percent
chance of being ionized before they strike the anode or other parts
of the tube. Ions thus produced alter the space charge and may release
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other atoms or ions when they bombard the cathode. (2) Noise in
excess of ordinary shot noise is produced by these processes. The noise
occurring in space-charge limited electron currents when appreciable
numbers of positive ions are present has been investigated by Thomp-
son and North?. Most of the noise effects observed in the present tests
of special triodes are consistent with their work. In general, however,
the excess noise in magnetrons is greater than that obtained in any
other vacuum tubes, and it would be necessary to assume pressures of
the order of 0.1 to 0.01 mm of mercury in a magnetron in order to
explain the observed excess noise by simple extrapolation of the work
of Thompson and North. (38) The very great noise in magnetrons and
the irregular dependence of noise upon time, current, and voltage, may
be the result of cumulative or chain eflects. The equivalent pressure
of barium and strontium atoms near a hot magnetron cathode is of the
order of 10—2 mm; this figure is derived from measurements on the
“double-triode” tubes and is checked by the fact that at neon pressures
less than 5 X 10—3 mm the noise in an oxide-coated cathode magnetron
was independent of pressure. At such a large pressure the contribu-
tion of positive ions to the space-charge distribution is considerable,
and increasing the pressure by a factor of ten would cause oscillation
to cease and a gas discharge at low voltage to occur. Under operating
conditions the magnetron may therefore be on the verge of a Townsend
breakdown. The ionization of a single atom may result in a burst of
charge reaching the anode that is many times the electronic charge,
and a correspondingly large increase in noise may occur. Among the
processes which could participate in such a breakdown are ionization
by electron impact, removal of atoms from the cathode by electrons,
removal of atoms from the anode surface (which is soon contaminated
with cathode material) by electrons, secondary electron emission at
the cathode, and removal of atoms and electrons from the cathode
surface by positive ion bombardment. It is not clear why such a
breakdown does not occur, however, instead of merely threatening to
ocecur.

Our interpretation is therefore that the dominating cause of the
excess noise is associated with the presence of gas atoms in the inter-
action space. In a tungsten filament tube, these atoms are of residual
gases and by sufficiently extensive pumping and gettering the excess
noise may be substantially removed. In an oxide-coated cathode tube
which is well out-gassed and gettered, the atoms are at least pre-

"B. J. Thompson and D. O. North, “Fluctuations in Space-Charge-
Limited Currents at Moderately High Frequencies; Part IV—Fluctuations
Caused by Collision Ionization,” RCA Review, Vol. V, No. 3, January, 1941.
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dominantly atoms removed from the cathode by electron back-bom-
bardment.

The correlations reported in the preceding section give some sup-
port to these conclusions. The first correlation (noise vs. degree of back-
bombardment) is evidently related to the dependence of the rate of
removal of cathode material upon the number of bombarding elec-
trons and the cathode temperature, both of which are higher in mag-
netrons with excessive back-bombardment. Experiments showed that
the equivalent pressure of cathode material was an exponentially in-
creasing function of the cathode temperature. Therefore, under con-
ditions of severe back-bombardment, it would be expected that noise
would be greater than with moderate bombardment. This is just what
was observed.

The reduction in excess noise by reducing the sprayed length of
the cathode is presumed to be related to the first correlation. In several
tubes with short-spray-length cathodes, the cathodes operated at tem-
peratures less than 700°C. Most full-length-sprayed cathodes operated
at considerably higher temperatures. This is evidence of smaller back-
bombardment when the electrons do not interact with electric fields
near the ends of the anode.

The third correlation is still obscure. It may be that a very active
thermionic cathode, which may have a surface layer of barium or
strontium atoms, yields more atoms or ions when bombarded with
electrons than a less active cathode.

A number of apparently unconnected relations are consistent with
the gas-ionization hypothesis of the cause of excess noise: The decrease
of noise with increasing I.F. frequency, the decrease of noise when the
cathode heater power is removed, the negative results of various ex-
periments with end-plate potentials and geometries, observations of
the appearance of anode and cathode surfaces after many hours of
operation, the occurrence of excess noise in magnetrons of quite dif-
ferent construction, the lack of dependence of noise phenomena upon
cathode and anode diameters, and the irregular changes of noise with
time, are all susceptible to explanation by this hypothesis.

There are three outstanding difficulties: (1) The physical process
whereby atoms or ions are released from the cathode coating by bom-
barding electrons is not known, though several processes seem to be
capable of producing this result (2) The exact way in which ions and
ionization of emitted atoms combine with the electron flow and the
electric and magnetic fields to produce such large amounts of noise is
not known. (8) The decrease of noise with increasing anode current
does not seem to be explained.
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Despite these difficulties, the hypothesis of the cause of the noise
is felt to be reasonably well established. More detailed information
is required about the mechanism of release of cathode material in
order to advance our understanding of noise. Experiments with a
mass spectrometer are planned to determine what molecules, atoms,
or ions are released. The results of these experiments may make possi-
ble a quantitative theory of noise generation. Preliminary results
with ‘“double-triode” tubes indicate that at least some of the cathode
material is removed as atoms and that the exponential increase of
removed atoms (per unit electron curent) has an exponent which
corresponds to an “activation energy” of 40-50 kilocalories per mole.
The heats of sublimation of barium and strontium are 44 and 38 kilo-
calories. This may be a coincidence, or it may be that electron bombard-
ment produces small patches of barium and strontium, from which
atoms readily volatilize at the cathode operating temperature.

IV. PROGRESS IN THE REDUCTION OF EXCEsS NOISE

The increase in V.. by reducing the sprayed length of the cathode
has already been reported. This change and the improvement of the
efficiency and reduction of back-bombardment resulting from further
development of the frequency-modulated magnetrons? resulted in a
large percentage of magnetrons which were not “noisy” in the ordinary
operating region, near V, = 850 volts.

The hypothesis of the cause of noise which was advanced in the
preceding section suggested that the cathode be modified in order to
reduce the excess noise and to raise V,, still further. No hope was
entertained of eliminating the back-bombarding electrons, so a means
was sought for preventing the removal of cathode material by such
electrons. There is considerable evidence that electrons returning to
the cathode do not strike at normal incidence, but an angles varying
between 45° and tangential incidence. Furthermore, for a fixed mag-
netic field, the sense of rotation of all electrons about the cathode is
the same. These facts permit the construction of a cathode such that
returning electrons strike a nickel surface instead of striking the
cathode coating. One such cathode is shown in Fig. 4. The active
length of the cathode is in the form of a 18-pointed star; only one side
of each star point is coated with oxides. To accomplish this, the entire
cathode was coated, and the spray was carefully scraped from areas
where it was not wanted. This process was tedious, since the diameter
of the cathode was only 0.070 inches, but was quite practical for experi-
mental tubes.
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Figure 5 shows the noise behavior of one of the four tubes con-
structed with the cathode of Fig. 4. By “correct” direction of the
magnetic field we mean that direction which allows back-bombarding-
electrons to strike only the nickel surface (this is the clockwise sense
of rotation in Fig. 4). It is evident that the noise is much less if the
oxide-coating is sheltered from bombardment. This provides increased
confidence in the hypothesis of the cause of noise which was advanced
in the preceding section.
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Three other tubes with cathodes as shown in Fig. 4 were built. One
of these showed somewhat less noise for the “incorrect” direction of
magnetic field than for the “correct” direction. This tube exhibited
very high back-bombardment, more noise than other tubes of this
type, and low efficiency. When it was dissected this tube was found
to have a cathode which was not parallel to the axis of the anode.
These facts make the information from this test of questionable value,
but it is still not understood why this tube exhibited more noise when
the electrons were rotating in the proper sense.

The remaining two tubes showed substantially the same behavior
as the first (Fig. 5) and therefore confirmed the conclusions from that
tube. The net result of all such experiments was that V,, is 200-300
volts larger when the magnetic field is applied in the “correct” sense.

An interesting possibility of cathodes of the general type of Fig. 4
is that they may permit substantially longer life than has previously
been experienced with magnetrons. There is much evidence (some of
it contained in the present work) that cathode life in a magnetron is
limited more by the destruction of the cathode by back-bombardment
than by the processes of cathode decay observed in ordinary diodes
and negative grid tubes. If long life, not low excess noise, were the
chief requirement, the oxide-coating could initially cover the entire
cathode. Removal of part of the surface by back-bombardment would
not cause failure, because at least part of the surface would be sheltered
from back-bombarding electrons.

It is a privilege to acknowledge the cooperation of Messrs. G. R.
Kilgore, C. I. Shulman, and Dr. J. Kurshan in this study, and the sug-
festions and encouragement of Dr. L. P. Smith and Dr. I. Wolff.



THE MAXIMUM EFFICIENCY
OF REFLEX-KLYSTRON OSCILLATORS*t

By
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Research Department, RCA Laboratories Division,
Princeton, N. J

Summary—The theory of reflex-klystron oscillators is given in detail.
It includes a discussion of relations in a loaded oscillator. It is shown
that maximum efficiency for small amplitudes is given by
7, = 0.169 MQiJ/GcVO,

where M is the coefficient of modulation of the gap, i, is the effective current,
G. is the shunt conductance of the unloaded resonator, and V, is the beam
voltage. Possibilities of increasing efficiency are considered, including
effects of grid transmission on effective current and on space charge, and
effects of multiple electron transits.

previous investigation of D. L. Webster,! but it embodies con-

siderable modification and extension of his original treatment.
The work was done several years ago but could not previously be made
public because of wartime secrecy restrictions. The theory is a small-
amplitude one, that is, the oscillatory voltage is assumed small in
comparison with the steady voltages. This assumption is most appli-
cable in the case of short wavelengths, such as below 10 centimeters,
since there the efficiencies are seldom greater than a few per cent.

THE THEORY presented in this paper is based mainly on the

I. ENERGY RELATIONS

The essential phenomenon in bunching in klystrons is that an elec-
tron beam, initially uniform with respect to velocity and charge dis-
tribution, is velocity modulated; so that, after an interval during which
the beam travels in a drift space, the charge distribution in the beam
is no longer uniform, and hence the beam contains components of
alternating current.

The expression for this current is

* Decimal Classification: R355.912.3.

+ Reprinted from Proc. I.R.E., March, 1947.

1D. L. Webster, “Cathode-ray bunching,” Jour. Appl. Phys., vol. 10,
pp. 501-508; July, 1939. -
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fg=—1 l:l+2§‘,J,,('m‘) cos n <wt2—0——1>:l . 1)
2

The term containing the fundamental frequency o is

™

1= —2i,J,(r) cos<mt2—0—;)‘. (2)
Here 1, is the value of the current during the first passage of the beam
through the gap at time ¢,, and i, is its value during the second passage
at time t,. J,(nr) is the Bessell function of order n. The quantity r
is called the bunching parameter and is given by r=60M V,,/2V,,
where 6 is the transit angle of the bunch centers between the first and
second transits, M is the coefficient of modulation of the gap, V,, is
the amplitude of the oscillatory voltage, and V, is the beam voltage.

These expressions were originally derived by D. L. Webster! for
the case of the two-cavity, single-transit klystron. It can be shown?
that they are unaltered for the reflex case, except for a change of sign
due to the reversal of the current.

In the present treatment the phase angle n/2 also is introduced to
represent a phase shift inherent in the bunching process. This oceurs
since bunches form about those electrons traversing the gap when the
voltage is zero and changing from accelerating to decelerating.? Thus
the current maxima (bunch centers) are formed out of phase by angle
of =/2 with respect to the voltage maxima. The gap voltage correspond-
ing to the current given by (2) is

V=1V, cos oty

and the total phase angle between current and voltage is therefore
g+ (w/2).

From (1) it is seen that the current resulting from the bunching
process contains components of direct current, and alternating cur-
rents of the fundamental frequency and all harmonics. To obtain an
expression for the power derivable from such a beam, consider its
passage across a gap or between grids across which there is the voltage

2 B. L. Gintzon, and A. E. Harrison, “Reflex-klystron oscillators,” Proc.
LR.E., vol. 34, pp. 97-113; March, 1946.

3 For discussions of the bunching process see also D. M, Tombs, “Velocity-
modulated beams,” Wireless Eng., vol. 17, pp. 55-60; February, 1940; and
L. J. Black and P. L. Morton, “Current and power in velocity-modulated
tubes,” Proc. I.R.E., vol. 32, pp. 477-482; August, 1944.
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V,, cos ot,. The energy absorbed from the beam during one cycle will
then be given by the integral of the product of the instantaneous cur-
rent and the effective voltage which acts upon the beam during its
passage. Thus the energy is

2r/w
W =— / 1MV, cos wiydt. 3)
0

In this integration, all terms will vanish except the one containing the
frequency o.
Hence,

27 /@ ' T\
W =2,,MV,J, (1) f cos (mt2 — 0 — —>cos wlydt
2
0

27 T
= MV, Jy(r)cos | §4+— ] -
© 2

Thus the energy absorbed per second, or the power, will be

(0] m
We=—W=i{MV,J,(r)cos| 8§ +—] . (4)
27 2

This is a maximum for

T
0+ —=2mnw
2
or
=27 (m—1})

where m is any positive integer. Each integer corresponds to a mode
of oscillation.

These values of § giving maximum power correspond to the passage
of the bunch center through the grids when the field has its maximum
retarding effect. It is convenient to use the angle.

which indicates the departure from the power maximum or from a
mode center. In terms of this
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i =—2i,J,(r) cos (oty —7y), (6)
and

W =14,MV,J,(r) cosy. ]

The voltage between the grids may now be determined by consider-
ing that, if the shunt resistance between them is R, then

V.2 =2RP,
or from (7), putting cos y =1 to get the amplitude,

V2= 2Ri,MV,J,(r), or

V= 2Ri,MJ, (7). (8)

The factor M which occurs above, and which will be frequently
used also in what follows, may be defined by the expression

V.. (effective) -

Vi
An equivalent definition is
pP
M= ,
eV,

where P is the actual maximum energy lost by an electron in traversing
the gap. It would be equal to unity only in the case of an ideal gridded
gap and zero transit time. It is a function of the variation of the field
across the gap, but here it will be computed only for the case of
parallel plane grids of sufficiently fine mesh so that the field may be
considered uniform in intensity and normal to the grids at all points.
The voltage across the gap is then given by V,, cos (wty + v).

The energy transferred to an electron traversing the gap is

P = [ Fds,

o
where 7 is the transit time, F' the force, and s the position co-ordinate.

Therefore,
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T ds
P:e/ E—dt,
0 dt,
T Vi ds
:e/ ——co8 (ofy, + y) — dt,,
o d : dt,

where F is the field and d the gap spacing.
Because of the assumption of small field, i.e., V,, « V,, the velocity
ds/dt, may be taken as constant and equal to v, the entrance velocity.

Thus,
eVOVm T
P= = cos (wty + y) dip
d 0
P 1 T
=— cos (wty + v) dit,
eV, T
0
1
=——[sin (o7 4+ y) —sin y]
T
2 ot 4 2y ot
= cos | ——— ) sin .
ot 2 2
Therefore,

P 2 ot + 2y oT
= cos | — } sin .
ev,, oT 2 2

The maximum value of this gives M, and evidently occurs when

ot + 2y oT
— = 2nm, or y =27 ———.
2 2
Hence
2 o7
M= sin . (9)
oT 2

II. EFFICIENCY OF A LOADED OSCILLATOR

The power given by (7) represents the total amount available from
the beam. However, this cannot all be exploited in a useful load, ex-
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cept for the hypothetical case in which the oscillator circuit, e.g., cavity
resonator, is totally loss-free, so that it has infinite shunt resistance.
In general, the power in the load may be determined as follows. The
loaded resonator circuit is represented by a lumped-constant circuit in
which the capacitance and inductance of the cavity, denoted by C and
L, are in parallel. These are shunted by the unloaded shunt resistancet
R, and also by the resistance of the load as reflected across the reson-
ator gap, denoted by R;.

Hence the total shunt resistance R of the circuit or the gap due
to both the load and the cavity losses is given by

1 1 1
B I —
R R, R,

or in terms of the respective conductances
G=Gy+ Gy, (10)
In the following, resistances and conductances will be used inter-
changeably to facilitate simplification of equation writing.
The power dissipated in the load is
Wi =1G V.5 11)
and that dissipated in the cavity is

WC’ = 'IQGCsz' (12)

By use of (10), (11) may be written

G V,.2 Vo2
WL: = (G—GC)! (13)
2 2
and by use of (8)
w, 1 GoVo?
= = | MV,J, (6 MV, /2V,) — . (14)
VOil VQ 2i1

In this expression the first term represents the contribution due to

¢ For methods of measuring E: see R. L. Sproull and E. G. Linder,
“Resonant-cavity measurements,” Proc. I.R.E., vol. 34, pp. 305-312; May,

1946.
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the total energy delivered by the beam to the oscillating circuit. The
second term represents the effect of the losses in the cavity.

From (14) the condition for the start of oscillation may be simply
derived, since it corresponds to » = 0. Thus

GC .Vm2

MV,J, (OMV,/2V,) =
21,
But since the amplitude of oscillation is infinitesimal at the inception
of oscillation, the Bessell function may be replaced by an approximation
valid for small arguments. Thus

MV,
J1 (0 MV,,/2V) =
Vo
and
6 M2V,2  GoV.2
w, 2
or
g M2,
= =1 (15)
2GV,

This defines 8 and gives the lowest value for which oscillations
may occur. The value 8 =1 corresponds to no loading of the cavity,
i.e.,, G, = 0. This is evident from (14), since the two right-hand terms
represent the. total power generated and the power dissipated in the
cavity, respectively. If these are equal, then no power can be supplied
to a useful load. The starting condition for a loaded cavity will require
B> 1, its actual value depending upon the value of Gy.

To derive the conditions for maximum efficiency, consider that
with a given oscillator for which V,, o, M, G¢ and i; are fixed, the
efficiency may be varied by changing ¢ and V,. The drift angle 4
may be varied by altering the reflector voltage V. The quantity V,,
is affected by varying the load resistance. Hence, to find the maximum
efficiency obtainable from a given tube, it is necessary to maximize
with respect to both of these two independent variables # and V,,.
Take first, '

o0 MVe (0MVn\ MV
0V, ov, | 2vy
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ie.,
oMV, )
Jy =J(r) =0, (16)
2V,
or.
ro=1.84, and J,(r,) =0.582, amn

This condition makes J, () a maximum, and hence means that the
bunching is such that the alternating component of frequency o
of the beam has its greatest value.

Now maximize with respect to V,, i.e.,

o oMV, oMV, GoV,,
oV, 2V, 2V0 2V, N
or
GoV,
rJ(r) + I (r) = —,
51
or, since
GCVm
Jy (ry) =0, Ji(ry) = - (18)
G}
Since, from the theory of Bessell functions,
rJ (1) + I (r) =1d4(7), (19)
this condition may be written,
2GyV, 1
Jo(r) = =—. (20)
M2, B8

Since, with a given tube, V,, is a function of the loading, (20) is the
condition for optimum loading. That this condition represents a maxi-
mum, and not a minimum or a point of inflection, may be shown by
investigating the usual conditions involving second-order derivatives.
It should be noted that (18) holds only when # is maximized with
respect to both # and V,, whereas (20) requires only maximization
with respect to V,, and hence is valid for all values of 7.

The meaning in terms of load conductance of the maximization
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with respect to V,, may be seen from the following. The general ex-
pression for the voltage across the cavity is given by (8). Apply to
this the condition for maximum efficiency (18). This gives

2t MGV,
m = -
GMi,
from which
G = 2G0, or GL = Gc. (21)

This indicates that equal amounts of power are dissipated in the
oscillator resonator and in the load.

It is now possible to derive an expression for the maximum effi-
ciency with respect to both # and V,,. Let the two conditions for
maxima, (16) and (20), be solved simultaneously, giving

1
Jo(1.84) = —, (22)
[}]

or

Bo = 3.17.

Then the maximum efficiency for a given tube is obtained by rewrit-
ing (14),

M2y
n= l: J(r) —— (23)
GoVo LB

and introducing the above optimum values of r and 8. This yields

M27:1 To 7‘02
No = —J1(re) — ’

GG'VO 130 21302
or
M2,
7o = 0.169 (24)
GoVo

This is valid only if MV,, « 4 V,, since this was assumed in the deriva-
tion of (1); also, if MV, > } V,, some electrons will be reversed be-
tween the grids. Such reversal introduces conditions not covered by
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the present theory and which moreover clearly would result in a de-
crease in efficiency.

It is instructive to apply the above small-signal theory to the region
where MV,, approaches the limiting value, } V,, since, although it is
inaccurate there, it nevertheless gives some idea of the ultimate values
to be expected for the efficiency.

If it is assumed that the conditions are always such as to give
maximum bunching, i.e.,, (16) is always satisfied then (14) may be

written
1 GV,2
p=-—| 0.58 MV, — , (25)
Vo 2i1

which expresses efficiency in terms of the amplitude V,,.
A set of curves of efficiency versus MV, for the following conditions

Vo = 300 volts
M=1//2
2y = 0.01 ampere

MV, 1ax = 150 volts

is given in Fig. 1 for values of R, from 5000 to oo ohms. These curves
are all terminated at the line MV, = 150, since beyond that point
electrons will be reversed by the alternating field.

The efficiencies given by (24) correspond to the maxima of curves
such as a, b, ¢, and d, and also to e, the maximum of which occurs just
at MV, = 150. However, for curves such as f, (24) does not apply
since its maximum occurs in the forbidden region MV, > 150. The
correct maximum efficiency in this case is given by the intersection of
the curve with the line MV,, = 150, and may be computed from (25).
Hence, on this basis, the maximum attainable efficiency for reflex
tubes is 29 per cent, corresponding to curve g for MV,, = 150. It is
of interest to compare this with the case of single-transit tubes. Here
the restriction on MV,, is MV, =V, 1In this case it is seen from
(25) that an ultimate efficiency of 58 per cent might be attained.

However, in most actual cases where the efficiency is of the order
of a few per cent, MV, is always much less than its limiting value of
Vo/2, and the typical curve resembles that of case a, Fig. 1. In all
such cases (24) gives the correct maximum efficiency.

To get an expression for V,, under conditions for maximum g,
rewrite (14) and substitute from (18). This yields
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MV, GV MV, J,(r) MV,
S =0.29 . (26)
2Mi,

0 Vo 2 Vo

Since this expression and (23) must be equivalent they may be
equated and solved for V,,. Thus,

Vo = 0.58 MR,i,. (27)

This formula, like those from which it is derived, is valid only for

MVm « % Vo.
30
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Fig. 1-—Efficiency in per cent 7 versus effective oscillatory voltage MV.
for various values of unloaded cavity shunt resistance Re.

ITI. POSSIBILITY OF INCREASING THE EFFICIENCY

In the expression for maximum efficiency,

there does not seem to be much of a poszsibility of greatly increasing
ne by attaining more favorable values of M, G, or V, In general,
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these factors are not independent, and changes which improve one
frequently result in a compensating change in the others. Consider
the case where the resonator is a simple cylindrical cavity, of height d
and radius @, in which d ¢ . Then

ad
18942

GC:

where 8§ is the skin thickness. M may be expressed in terms of V,
and d by making use of (9) in conjunction with the formula for
transit angle.

id
V¥,

or =1.07-10-7

and that for wavelength,
A =2.61a.
These relations give
M2 5.77- 108 o1

= sin2
GV fé 2

Therefore, for a fixed frequency, it is evident that the above quantity
depends upon the sine term only, and is greatest when its argument is
7/2, i.e.,, when the transit angle is = radians. Hence, so longs as
ot = =, variations of M, G¢, and V, do not affect the efficiency, and no
further increase of efficiency in thlS particular case is obtained by
varying these quantities.

Since the efficiency is directly proportional to ¢;, and the power
to i,2, possibilities of increasing the current are of importance, It is
of significance that i; is the effective current and not the cathode emis-
sion current which will be denoted by %,. The former is obtained from
the latter by subtracting lcsses principally to the grids and aperture
edges.

The losses to the grids may be expressed in terms of the grid trans-
mission coefficient «, which is taken as the ratio of open area to total
area over the grid surface. This is a somewhat idealized definition
since it assumes no component of lateral velocity to be introduced by
the grid wires, and assumes that the shadows cast by previous grids
do not affect the transmission coefficient. The area ratio may be
shown to be
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()

where [ is the distance between wire centers, and b is the wire diameter.
If the beam passes through one grid, the transmitted current will be

i, = aig
For two grids it is
i, = a-ai,
and for u grids

iy = o, (28)

For passage through u grids of transmission «, and %’ grids of trans-
mission a,, the resulting current is

’L.l = a1“a2"'1,'e.

It is obvious that i; can be increased by increasing « and decreas-
ing u. The transmission a can be increased by using finer wire and
larger spacings. But the fineness of the wire is limited by its temper-
ature rise, and the largeness of the spacing is limited by its effect on
M. Large spacings permit fringing electric fields and decrease M.
The number « of grids depends upon the design of the beam electron-
optical system. It is usually either two or three in reflex tubes, but
the beam passes through some of the grids more than once.

Another important consideration that determines 4, is that of
multiple transits of electrons through the resonator. In the above
theory only two transits are considered, first the modulating transit,
and second the driving transit which occurs after the electrons have
been bunched in the reflection space. Obviously there must be addi-
tional transits, since the cathode will act as a reflector. However,
because of debunching and improper phasing these additional transits
contribute little one way or the other to the oscillations of the resonator
except in special cases. Nevertheless, they may contribute substantially
to the space charge and thus decrease the cathode current i, so that
in some cases the beam current may be limited by space charge rather
than by grid temperature.

The magnitude of this effect may be evaluated by considering a
simple structure consisting of a plane cathode, grid, and reflector,
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with the cathode and reflector at zero potential and the grid positive.
Let the grid have a coefficient of transmission a«. Then for every N
electrons emitted from the cathode, a fraction Na? will return after
one round trip. At the start of the second trip, the fraction N2 will
be joined by a new group of N electrons, making a total of (1 + «2) N.
After ¢ round trips the number will be

1+a?24at+---+ a%?) N.

After equilibrium has been reached, i.e., ¢ == «, this becomes N/ (1 —
a?), which is the sum of this infinite series. Hence, if electrons are
emitted from the cathode at a rate of N per second, the number moving
through the space will be N/(1 —a2). Or, if the emission current is
1,, the space current i, will be

i
Ty = . (29)
1—a2

Thus space-charge limitation would occur with a cathode emission
current 1 — o2 times that given by the Child-Langmuir law. If there
are u grids, the factor becomes 1 — a2%,

Thus it is evident that there are two distinet grid transmission
effects: (1) losses to the grids which decrease the effective current,
and (2) transmission by the grids which allows multiple transits,
resulting in greater space charge and consequent decrease in cathode
emission. These effects are opposed to each other; large « increases
(2) while small « increases (1). Hence there is an optimum a.

This is clarified by reference to Fig. 2. A structure having three
grids is shown: a is an accelerating grid, whereas b and ¢ are radio-
frequency grids. The effective current driving the oscillator is i,
which is the current remaining after four grid transits. The remain-
ing transits are assumed to contribute only to space charge. The sum
of currents due to all {ransits, regardless of direction of flow, gives
the space current ;.

For the usual reflex-tube case with » grids, ¢, is given by

1y = a¥tli,
Then, from (29),

iy =a#t1 (1 —a2*) i,
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Fig. 2—Schematic electron paths in a triple-grid reflex oscillator, showing
the effective current 4, and the built-up space current i, due to multiple
transits, between cathode K and reflector R.

Here i, is a constant determined by the Child-Langmuir law. By
differentiating with respect to «, and equating to zero, the maximum

for « is found to be
» w+1 1
ay = —_ (80)
3u+1/ 2u

u=2, «y=0.810, i, =0.307,

Hence, if

and if

u=3, ap=0.858, i;=0.29i,

These results represent a case in which the beam electrons continue’
to oscillate until all are captured by the grids, If there is any diver-
gence of the beam so that electrons are captured elsewhere, corrections
to the above are required. In some tubes all electrons are collected
after two transits by an electrode which does not permit them again
to approach the cathode after having once left it. Then space-charge
effects are reduced to a minimum, and the grids may be designed for
higher transmission limited only by considerations of heat dissipation
and effect on M. Also it should be noted that 7, can be increased by
increasing ¢, as for example by diminishing the spacing from the
cathode to the first grid. Here again heat dissipation is a limiting
factor. The above maximization of « would usually be most useful in
making best use of an 7, already at its highest value,
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Another method of increasing efficiency lies in the possibility of
utilizing electron transits after the second one. As has just been
pointed out, multiple transits usually oceur, but they are usually in-
effective because of debunching and improper phasing. However, it is
possible to design a tube so that the third transit will cause a con-
siderable increase in efficiency. This is especially true in the case of
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Fig. 3—Schematic diagrams of reflex klystron utilizing three electron
transits.

low-amplitude (i.e., V,, ¢« V,) oscillators, since the velocity spread in
the beam is small, and when once bunched the electrons stay sufficiently
bunched long enough to permit a third transit with considerable
effectiveness.

Referring to Fig. 8, we see that the power developed by the beam
during the second transit, i.e., transit b, will be, according to (7),

W1 = ’L‘IMVmJ]_ (7’1) CO8 v1.
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During the third transit, i.e., transit ¢, it will be
W, =MV, J,(r3) cos v..

This assumes that the bunch shape is affected by the second transit
only to the extent that » changes between the second and third transits.
The fact that various electrons in the bunch are subjected to different
action of the radio-frequency field and the bunch thus distorted is
ignored. The deceleration of the bunch as a whole during transit b
also is neglected, and the bunch therefore is assumed to be reflected
at the cathode surface between transits two and three. Both of the
above assumptions are justified on the basis of a small-signal theory.

Thus the total will be
W=W,+ Wy=MV,, (1;J,(r)) cos y; + ©J; (73) cos ys) =1 GV, 2%

Introducing this in (13) yields

2
m

W, = (G—Gg)

GC’ sz

=MV,, [{1J,(ry) cos vy + 1J 1 (75) cos yu] —

Therefore,

1 MV,0, GoV 2 MV,.0,
n=—o/\ MV,J — + MV ], , (31)
Vo 2V, 21, 2V,

where the cosine factors have been given their maximum value of
unity. This maximum value may be attained by varying the two volt-
ages V, and V by small amounts. It is of interest that this exhausts
the available parameters which can be adjusted for maximizing the
phase angles y; and y,. In attempting to utilize still more transits
this maximization would not be possible.

These expressions are now similar to those for the double-transit
case except for the addition of an extra term which represents the
contribution of the third transit. The factor 6, which occurs in this
added term is similar to #; which has been discussed above and repre-
sents the transit angle of the bunch center from the first to the third
transit, that is, it is equal to 6, plus the added angle caused by l,.
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As before, to maximize (31) with respect to the loading, the de-
rivative of 5 with respect to V,, is equated to zero. This yields

MV,0, 0, MV, 0, 1
Jo + a2 —J =—. (32)
From the tube geometry and operating voltages, the quantities 4,
85, a; and B are known. Thus V,, may be determined from (32) and
then 5 from (31).

As a specific example a case has been computed® for the following
numerical values:

o = 5.89 - 1010 cycles per second (A = 3.2 centimeters)

M =10.64
a=0.81
Vo = 800 volts

1; = 0.010 ampere

R, =15000 ohms.

The results are plotted in Fig. 4 where contour lines for 5 are
plotted against I, and l,. For a complete picture the factors cos y,
and cos y,, which were dropped to obtain (31), must now be considered.
These are seen to be rapidly varying functions, compared to 7, when
I, and I, are varied, since it may be shown that y changes by 2=
radians for a change in I of only 0.274 millimeter. Thus the surface
of Fig. 4, may be considered as an envelope of an array of individual
maxima spaced 0.274 millimeter along each axial direction. Any value
there plotted hence can be approached closely, if not actually realized.

For the above numerical case, but with only the usual two transits
through the resonator, the maximum efficiency as computed from (24)
is 1.16 per cent, whereas for three transits it is 3.16 per cent, an
increase of 2.7 times. Somewhat greater values than this might
theoretically be realized, since the figures for R, and ¢; used above
are conservatively low.

However, in practice, it is doubtful that increases as great as this
could be obtained for several reasons. In the first place, the problem
of the electron optics has been disregarded. It has been assumed that

5 The writers are indebted to Mrs. L. A. Hartig for valuable assistance
in making these computations.
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the beam was ideally collimated. Actually, this condition would be
difficult to realize. With the increased path length, control of the
beam becomes more difficult. There would likely be more divergence
and consequent loss of current to the aperture edges.

Ay

/’-—-\

/
N
&l
/,,oo

1, (mm)

Fig. 4—Constant-efficiency contours (in per cent) versus drift distance in
the reflector space , and in the cathode space l;, for a triple-transit reflex-
klystron oscillator.

Closely associated with the beam control is the shape of the grids,
since this is a primary factor in determining the shape of the electron
wave fronts which form in the beam due to bunching. For a homo-
geneous, perfectly collimated beam, and with flat grids, flat wave
fronts will form. The reflecting field should then be such as to return
flat wave fronts to the grids. However, with curved grids, curved
wave fronts are formed and the reflecting field must then be such as
to return wave fronts having the same curvature as that of the grids.
Otherwise all parts of the wave front or bunch will not pass through
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the grids at the optimum phase. With two driving transits this prob-
lem becomes considerably more difficult, since the wave front shape
must conform to the grid shape on both transits. On the first driving
transit the shape of the reflector can be varied to produce the correct
wave front shape, but on the second driving transit the cathode acts
as the reflector, and it probably would be difficult to shape it so as to
fulfill simultaneously its function both as cathode and reflector. A
possible solution is to use parallel plane grids with a closely spaced
parallel plane cathode. The construction of grids which‘ will remain
flat when raised to the usual high operating temperatures is a con-
siderable problem that has not yet been solved, but this does not seem
to be a difficulty which could not be overcome in a practical fashion.

The question of space charge must also be considered. It is highly
desirable to operate with space-charge-limited current for the sake of
stability. However, with a cathode closely spaced to the first grid, as
it must be to act efficiently as a reflector, space-charge limitation may
not always be obtained. In designing a multiple-transit tube this
factor should be considered, and the cathode-grid spacing should be
chosen to give space-charge limitation, if possible.



A DEVELOPMENTAL PULSE TRIODE FOR
200 KILOWATTS OUTPUT AT 600 MEGACYCLES*}

By

L. S. NERGAARD, D. G. BURNSIDE AND R. P. STONE

Research Department, RCA Laboratories Division,
Princeton, N, J

Summary—The pulse triode A-2212 is a cylindrical triode which gives
a peak power output of 200 kw. at 600 Mc. with a tunable external circuit.
The tube and its pulse and c.w. performance are described. Ome of the
single-tube circuits developed to test the tube is also described.

INTRODUCTION

as the A-2212 was undertaken under a Navy contract.! The
tube was intended for use in search radar and was to meet the
following electrical requirements: (1) it must have a peak pulse-
power output in excess of 100 kilowatts at 600 Mec. with a duty of 0.1
per cent and a 5-microsecond pulse length; (2) it must be operable
with external circuits capable of a wide tuning range; (3) it must be
air-cooled; and (4) it must operate with no applied voltage in excess
of 15 kilovolts. In addition, it was considered essential that the tube
be compact, have few and simple parts, and be easy to manufacture
on a mass-production basis.

I"T\ ARLY IN 1942, the development of the pulse triode now known

All these requirements were met in the developmental tube H-2614
and the subsequent modification known as the A-2212. After improved
circuits for the tube had been developed, it was found that the peak
power output per tube at 600 Mec. with 0.1 per cent duty and a 5-
microsecond pulse was about 200 kilowatts. This provides a comfort-
able safety factor over the original requirement.

THE TUBE

The first problem in the design of the tube was the choice of basic
geometry. After both cylindrical and planar geometries had been con-
sidered, the cylindrieal structure was chosen for the following reasons:
(1) In the planar electrode structure with cylindrical symmetry, the

* Decimal Classification: R339.2.
+ Reprinted from Proc. I.R.E., March, 1948.
1 Naval Research Laboratory Contract N-173S-4815.
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voltage distribution across the cathode is a Bessel distribution. Be-
cause the area of the cathode can be increased only by increasing the
radius of the cathode, the cathode area which can be usefully employed
at a given frequency is definitely limited. With a eylindrical structure,
the voltage distribution is sinusoidal axially and uniform angularly
so that the cathode area can be increased indefinitely, in principle, by
increasing the radius as long as the axial length is held constant. This
argument was given considerable weight because it seemed likely that
the H-2614, if successful, might be used as the basis for future tubes
of higher power outputs. (2) The cylindrical structure is more likely
to be mechanically stable under varying temperature conditions. (3)
The cylindrical structure leads to a tube of smaller radius, which is of
some consequence in the design of compact circuits for the tube. (4)
The cylindrical structure is more economical of cathode-heating power
than the planar structure.

When the basic geometry had been decided upon, the cathode was
designed. Previous experience had led to two rough empirical relations
for the design of oxide-coated cathodes for pulsed triodes: (1) The
power output of pulsed triodes at about 600 Mec. is 1 kw. per ampere
of emission. At first glance this relation seems a little absurd in that
the operating voltage does not appear. However, the starting time and
the peak power output of a pulsed triode both increase as the shunt
load resistance is increased. When a reasonable compromise is made
between the peak power output and the additional power dissipated at
the anode because of the starting time, the load resistance turns out
to be such that a peak power output of 1 kw. per ampere is obtained
when the tube is operated up to its emission limit. (2) The peak-
pulsed emission of an oxide-coated cathode is about 12 amperes per
square centimeter with a 5-microsecond pulse.

On the basis of these two relations, a cathode area of 18.5 square
centimeters was decided upon. This gives about 160 amperes of
emission and allows a reasonable safety factor. From this point on,
the electrical design proceeded along the usual lines for the design of
high-frequency triodes.

Fig. 1 shows the tube H-2614 in section. The cathode is a thimble,
oxide-coated on the cylindrical surface. The cathode is supported by
tabs on a copper-plated Kovar cylinder about 4 inch in diameter. This
large-diameter cathode lead makes possible the use of a reasonably
smooth transmission-line circuit between the cathode and grid. The
lower end of the cathode lead is pierced by three eyelets. The axial
eyelet carries the exhaust tubulation. The other eyelets carry the
heater lead and the getter lead. The heater and getter currents are
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returned through the cathode lead. After the tube is exhausted, the
cathode lead is extended by a copper thimble which serves to protect
the tubulation and leads. The heater lead is brought out axially through
this thimble. :

The cathode is heated by a small tungsten helix on the axis of the
cathode. An upper and a lower heat shield serve to reduce the end
losses so that the cathode may be brought to operating temperature
with about 40 watts of heater power.

The grid is a squirrel cage consisting
of 90 platinum-clad molybdenum wires,
0.007 inch in diameter, supported by a
cone welded to the grid flange. The upper
end of the grid is held in alignment by
a quartz bead on an axial pin on the
cathode. The cathode-grid spacing is
0.019 inch..

The anode is a copper thimble with a
U-shaped Kovar annulus silver-soldered
to the lip. The internal diameter is such
as to give a grid-to-anode spacing of
0.070 inch. The anode is cooled by a
“horiozntal-type” radiator having an ex-
ternal diameter of 2 inches.

) . The subsequent tube A-2212 differs
i o ection or 'P®  from the H-2614 in that the getter is

dispensed with, the exhaust tubulation is
of copper and is brought out through the end of the anode, the heater
lead is brought through the cathode lead axially, and a ‘vertical”
radiator is used.

Fig. 2 is a photograph of the individual tube parts of the H-2614,
some of the subassemblies, and of the assembled tube. An A-2212 is
also shown. The low-voltage plate characteristics of a typical tube are
shown in Fig. 3. Other data of interest are given in Table I.

IIIIIIIIIII?

Table 1
Heater voltage 5 volts
Heater current 8 amperes
Grid-to-plate capacitance 15 pufd.
Grid-to-cathode capacitance 39 pufd.
Plate-to-cathode capacitance 0.82 pufd.
Amplification factor 30
Mutual conductance 0.024 mhos at Is — 0.25 amperes
Plate resistance 1250 ohms at Iz = 0.25 amperes
Maximum anode dissipation 300 watts with 10 cubic feet of air per

minute
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Fig. 2—Individual parts, subassemblies, and a completely assembled H-2614.
An A-2212 is also shown.

CIRCUITS

While the principal object of the work described in this paper was
to design a tube to meet certain specifications, a considerable amount
of work was devoted to circuits for the tube. This attention to circuits
is natural in the case of high-frequency tubes because a considerable
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Fig. 3—Low-voltage plate characteristics of the H-2614.
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portion of the circuit reactances lie within the envelope of the tube.
Hence, it is impossible to design the mechanical features of a tube
without a circuit in mind. The H-2614 was designed with two circuits
in mind, one with a cavity between grid and anode, the second with a
half-wave transmission line between grid and anode. Both of these
circuits were built and used to test tubes.

A triode with flange “leads” fits most naturally into a grounded-
grid circuit with a tuned circuit between the grid and anode and a
second circuit between the cathode and grid. When such a circuit
arrangement is used as an oscillator, the cathode-grid circuit is ad-
justed to have a capacitive reactance and the oscillator operates as a
Colpitts oscillator. If the cathode-to-anode capacitance were adequate
to support oscillation under loaded conditions, the shunt inductance in
the cathode-grid circuit would serve only as a choke for the filament
leads. However, in a tube with flange leads the internal shielding is
usually good enough so that the cathode-anode capacitance is too small
to support oscillation under loaded conditions. The cathode-anode
capacitance can be increased by providing additional direct capacitance
between the cathode and anode within the tube. This method of in-
creasing feedback has several objections. First, the feedback can be
adjusted only by tuning the cathode circuit. This method of adjust-
ment gives only one degree of freedom so that the magnitude and phase
of the feedback cannot both be adjusted to obtain optimum operation,
a severe limitation when electron-transit times are large enough to
produce appreciable phase shifts in the tube currents. Hence, while
the use of a properly chosen feedback capacitance within the tube is
quite satisfactory for a narrow frequency range, it is not too satis-
factory when a very wide frequency range must be covered. Second, a
tube with enhanced feedback is not well suited to both oscillator and
amplifier use. The alternative is to use external feedback. Then it is
relatively easy to obtain two degrees of freedom for the adjustment
of feedback, and in addition the oscillator tube is not totally unsuited
to amplifier use. These considerations led to the adoption of external
feedback systems for the oscillators built to test tubes.

The “half-wave oscillator” circuit is shown in Fig. 4. The grid-
anode circuit is a coaxial transmission line, effectively a half-wave-
length in length. One quarter-wave of this circuit may be considered
as the plate tank and the other quarter-wave as a blocking capacitance
which presents a very low reactance to r.f. currents and a very high
reactance to low-frequency currents. This feature is particularly
important in pulse applications where the pulse shape may be badly
distorted by reactance across the output of the pulser. Because this
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circuit operates in its fundamental mode, the oscillator is free from
mode switching. The part of the line external to the tube consists of
an inner conductor comprising the radiator of the tube and a cylin-
drical extension of the radiator, and an outer conductor in the form
of a cylinder 4 inches in diameter. The outer conductor extends beyond
the inner conductor so that the line is terminated in a cutoff waveguide.
This. makes possible the admission of cooling air to a vertical-anode
radiator through the end of the line without radiation losses. In order
that the circuit may with-
stand as high voltages as
possible with the given ex-
ternal diameter of 4 inches,
the external line is propor-
tioned to effect a compro-
mise between the voltage
gradient across the line,
which varies approximately
inversely as the spacing
between conductors, and
the step-up in voltage be- 4 [ﬂ :
tween the low-surge-imped-
ance interelectrode line
within the tube and the Sic
relatively high-surge-im-
pedance’ line outside the
tube, which varies approxi-
mately in proportion to the
spacing between condue-
tors. The plate voltage is
fed through a lead lying in
the nodal surface of the
circuit.

The cathode-grid circuit consists of a relatively high-surge-imped-
ance coaxial transmission line operating in the three-quarter-wave
mode, with a coaxial blocking capacitor adjacent to the tube. The line
is tuned by a torus-shaped capacitor which slides on the inner con-
ductor of the line. The oscillator output is obtained from the cathode
circuit by a tap directly on the line. The output is taken from the
cathode circuit in order to keep the anode circuit clear of objects which
increase the voltage gradients and hence induce spark-over, and to
take advantage of the low transformation ratio necessary to match a
50-ohm load into the cathode circuit.

Fig. 4—Cross section of the “half-wave”
* oscillator circuit.
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The external feedback system consists of two loops in series, one
in the grid-anode circuit and the second in the cathode-grid circuit.
These loops are tuned by a stub tapped on the loop in the cathode-grid
circuit. The stub and tuning capacitor provide the two degrees of
freedom necessary for the proper adjustment of the feedback.

The “half-wave” circuit described above and the “cavity’ circuit,
which is not described for lack of space, were used to test tubes while
they were being made in the laboratory. Other circuits were subse-
quently built. One of these circuits was a modification of the half-
wave oscillator which could be operated over the frequency range 400
to 1200 Mec. Push-puﬂ circuits which will be described elsewhere
were also built.

PERFORMANCE

The performance data presented in this section were obtained in
the half-wave circuit. In each case, the tube was biased by a cathode
resistor. There were two reason for the use of cathode bias. With a
grounded-grid circuit, the oscillator shell and output system can be
operated at ground potential when cathode bias is used. Secondly,
with cathode bias, operation is stable even when grid emission is large
enough to make the plate current exceed the cathode current slightly.

As is customary with pulse tubes having oxide-coated cathodes,
the tube was anode-pulsed. What is called the anode voltage in the data
is actually the grid-to-anode voltage, i.e., the sum of the anode voltage
and the grid-bias voltage. Similarly, the quoted efficiency is the over-
all efficiency, not the anode efficiency. In the pulse tests, the duty was
0.1 per cent and the pulse was substantially square, so the average
power output and average anode current may be computed by dividing
the pulse power and current, respectively, by 1000.

Fig. 5 shows typical pulse operating data on a laboratory-made
tube at 600 Mec. The peak power output, the over-all efficiency, and
the anode current are plotted against the pulse anode voltage for two
values of cathode-bias resistor. It will be noted that in each case the
peak power output varies as the 5/2 power of the anode voltage, and
the anode current varies as the 3/2 power of the anode voltage until
grid emission becomes appreciable, at which point the current begins
to rise more rapidly. The efficiency increases slowly with voltage for
the lower voltages, and then drops as grid emission sets in. With the
60-ohm bias resistor, an output of 160 kw. was obtained at 15 kv. In
this case, the output was limited by the pulser, but the indications of
grid emission suggest that the useful operating point has been passed.
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With the 10-ohm bias resistor, LSRN ;
an output of 265 kw. was ob- z3I [ 1 yAl
tained at 12 kv. In this case, £z% e // /P.
the output was limited by cir- 53: w'% / =
cuit flashover. In fact, carbon- égi",g — T
tetrachloride vapor was used to EEy 7 oL T
coax the circuit up to this power § E . ;o P W
level. However, again the evi- x§% .77 |
dence of grid emission suggests &%u e :w L
that the useful operating point ANODE VOLTAGE IN KV
has been passed. Fig. 5 — Typical pulse operating
Inspection of the efficiency data at 600 Me.

curves shows that a given output may be obtained with a fixed input
for a wide range of anode current. From the standpoint of voltage
breakdown, it is advantageous to operate with a low voltage and a
high current. At first, it was felt that high-current operation might
seriously impair the cathode life. Life tests on tubes operating under
conditions comparable to those with the 10-ohm cathode resistor and
a power output of 150 kw. have shown that a life in excess of 1000
hours may be expected under these conditions.

While the H-2614 was designed for pulse operation and has a
cathode much larger than is required for a continuous-wave tube of
comparable average power rating, it was quite natural to make some
tests of its performance under c.w. conditions. The results of such a
test at 600 Mc. are shown in Fig. 6, in which the power output, plate
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current required for best performance at low voltages. The effects of
the grid-to-anode transit time are evident in the very rapid rise of
power output with plate voltage. The maximum power output was
limited by the tube stability. At the maximum power point, the
heater power had been reduced to the point where any perturbation
caused the emission to fail and the tube to drop out of oscillation, or
caused the cathode temperature, and consequently the grid tempera-
ture, to rise so rapidly that the tube “ran away.”

To get an idea of the “high-frequency limit” of the tube, it was
operated as an oscillator with 250 volts on the anode. It oscillated at
all frequencies up to 1100 Me., at which frequency the efficiency
dropped to zero. At 1000 Mec., a power output of 2 watts was obtained.

While the tube was designed specifically for pulse operation and is
in some respects poorly designed for c.w. operation, its c.w. perform-
ance is such that it has had some application as a c.w. amplifier and
oscillator.

CONCLUSION

In conclusion, it may be said that the pulse triode described above
meets all the initial specifications with regard to power output, tuna-
bility, cooling, and maximum applied voltages. It meets the minimum
pulse-power requirement of 100 kw. at 600 Mc., with a 5-microsecond
pulse and 0.1 per cent duty, with a comfortable margin of about 100
per cent. It also gives a c.w. power output of 100 watts at 600 Me,,
and has been operated as a c¢.w. oscillator at frequencies up to 1100 Me.
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A NEW 100-WATT TRIODE FOR 1000 MEGACYCLES*}
By
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Lancaster, Pa.

Summary—The design and development of a 100-watt, grounded-grid
triode for operation at full ratings up to 1200 Mc is described. Unusual
mechanical design features have been utilized to achieve a tube which not
only is capable of excellent performance at ultra-high frequencies, but which
can also be manufactured by production-line methods.

The outstanding design features making this performance possible
include close spacing of a coaxial structure to give high perveance; precision
cold working of metals at high unit pressures to fabricate all electrodes;
and assembly of the tube using localized rf heating methods and precision
jigs to maintain accurate spacing of electrodes.

Circuit and performance data of this new tube are given as a power
oscillator, as well as a uniquely neutralized ultra-high-frequency power
amplifier.

INTRODUCTION

power triode capable of delivering 100 watts at an efficiency of

40 per cent in a c¢w amplifier operating at 1000 Mc presented
stringent electronic and physical requirements which were met by
novel methods of fabrication and assembly. The resultant type, the
5588, has a maximum of operational stability together with good
circuit adaptability, achieved through the use of a coaxial electronic
structure’? with supporting elements likewise coaxially aligned.

THE design and development of a compact, forced-air-cooled uhf

DESIGN AND CONSTRUCTION

General Construction Features

The electrode structure of the 5588 consists of three closely spaced
coaxial cylindrical elements: the unipotential oxide-coated cathode,
the grid, and the anode. A cross-sectional view of the tube is given

* Decimal classification: R339.2.

+ Reprinted from Proc. I.R.E., October, 1948.

IR. R. Law, D. G. Burnside, R. P. Stone, and W. B. Walley, “Develop-
ment of pulse triodes and circuit to give one megawatt at 600 megacycles,”
RCA Review, Vol. 7, pp. 253-265; June, 1946.

2L. S. Nergaard, D. G. Burnside, and R. P. Stone, “A developmental
pulse triode for 200-kilowatt output at 600 megacycles,” Proc. I.R.E., Vol. 36,
pp. 412-416; March, 1947,
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in Fig. 1. Because the axial length of the electrode structure is about
1 inch, which is short in comparison with a quarter wavelength at
1000 Mc, essentially equal rf voltages exist at all points over this area.
The grid, which consists of a cylindrical array of short wires aligned
parallel to the tube axis, has low inductance. The short grid wires
provide a maximum of end or conduction cooling, allowing greater grid
dissipation before instability occurs due to grid emission. The short
coaxial structure provides considerable freedom from instability due
to shifts in electrode spacing, buckling, or warping of the electrodes.
The members which support the electrodes and provide for the transi-
tion between the external circuit and the electrodes are continuous,

EXHAUST TUBE AND ANOCDE

ANODE FLANGE { GRID ASSEMBLY
i p——————————— CATHODE
. . HEATER
Fig. 1-—Cross-sectional
view of the 5588,
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low-inductance cylinders. These members serve the further function
of either providing or preventing thermal isolation of the various
electrodes.

General Assembly Methods

The achievement of these construction features requires a well-
integrated mechanical design based upon precision assembly methods
and parts-manufacturing techniques. The mechanical design of the
tube is such that the main supporting unit contains a base reference
surface, the inside cylindrical surface of the cathode support sleeve.
Each critically spaced element likewise has an appropriate mechanical
reference surface. During assembly, as each element is fastened to
the main unit its reference surface is aligned by the use of jigs with
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the base reference surface. In this way, the proper cathode-grid-anode
alignment is obtained.

The jigging tools consist of accurately ground V-blocks and cylin-
drical alignment mandrels as shown in Fig. 2. If mandrels of exactly
equal diameters are placed in V-ways whose surfaces are true inter-
secting planes, the center lines of the mandrels will coincide. Hence
the alignment of parts held by these mandrels will be limited only by
the accuracy of the jigging surfaces. The critical intersecting plane
surfaces of the V-ways can be ground to a high degree of accuracy in
a surface grinder, and the pairs of cylinders or mandrels can be
ground to virtually equal diameters in a cylindrical grinder between
dead centers. The use of V-blocks eliminates the need for the bearing
tolerances of a coaxial jig consisting of mandrel and coaxial bearings,
or dowel pins and fitted holes.

PARTIAL MOUNT ASSEMBLY
(WITH COATED CATHODE
IN PLACE) |

ONE TURN

3" DIA,

L - - Fig. 2—Jigging equip-
" 2 ment consisting of V-

blocks and eylindrical
mandrels.

. ALIGNMENT
MANDRELS

Radio-Frequency Induction Welding

The reference-surface-assembly principle with V-blocks and man-
drels is particularly useful when rf induction-welding methods are
used for making the metal-to-metal joints. Figs. 2 and 3 show the
arrangement of the parts of rf-welding the copper grid directly to
its Kovar support. The grid is jigged by its reference surface, and the
mount assembly is jigged by the inside bore of the cathode support
cylinder. The welding is accomplished by sending a heavy surge of rf
current through an appropriately shaped induction coil, the contours
of which mate the members to be welded. The induced current is
intensely concentrated in the weld area. The heat produced by the
induced current brings the weld area up to the welding temperature
in a fraction of a second. Because the heating is concentrated and
requires only a fraction of a second, the welding is accomplished with
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a minimum of total heat, and the delicate tube electrodes and glass-to-
metal seals remain at low temperature and are unharmed.

In addition, because part reference surfaces and jigs remain cool,
they retain their accuracy. It should be noted that the welding coil
makes no direct contact with the work or jigs which might cause mis-
alignment due to temporary deformations. The welds produced are
symmetrical, continuous, and uniform, providing great mechanical
strength and high thermal and electrical conductivity. The use of rf
welding for assembly does not adversely deform the parts nor set up
uneven stresses which pull the parts out of alignment when the jigs
are removed. In addition, the process can be performed in any non-
conducting medium. Neutral or reducing atmospheres can be used if
it is desirable to prevent traces of oxidation.

PARTIAL MOUNT ASSEMBLY
WITH COATED CATHODE
CATHODE ALIGNMENT
MA

NDREL
GRID

GRID ALIGNMENT WELD
MANDREL.

RF WELDING
coiL

Fig. 3—Arrangement of parts for rf-welding the grid to Kovar support;
cross-sectional view,

Assembly of Components

The tube is made up of three separate assemblies utilizing glass-to-
metal seals and identified in Fig. 4 as mount assembly, envelope as-
sembly, and heater assembly. As shown in Fig. 5, the mount assembly
comprises the mount support assembly, the cathode assembly, and the
grid. The separate parts (Fig. 6) of the mount support assembly
include the cathode support, which is coaxially fastened by seals to the
grid support and insulated from it with an intermediate length of glass
tubing. The envelope assembly consists of the grid flange (subsequently
welded to the grid support), which is separated by a length of glass
tubing from the copper anode brazed to a sealing alloy flange. These
three assemblies must be made so that the surfaces involved in the
final welds to the critical electrode members are closely aligned. Glass
seals are made through use of rf induction heating of the metal sealing
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Fig. 4—Three main components and final assembly.

surfaces to bring the metal-glass boundaries to the temperature re-
quired for glass sealing. Because this technique obviates the use of
fires in the sealing operation, the jigging problem is immensely simpli-
fied. In addition, it is simpler to control the physical chemistry of the
glass-to-metal sealing phenomena by appropriate atmospheres and the
accurate localized heating. The use of suitable jigs and limit stops
permits placing cold parts on the jigs and making glass-to-metal seals
of high merit at a rapid rate.

Fig. 5 — Mount assembly
and components.

¥

- CATHODE ASSEMBLY

MOUNT ASSEMBLY
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Parts Features

The supporting members of the tube which make up the assemblies
are produced by conventional drawing and forming methods. However,
these members are specially shaped from a structural standpoint to
yield sufficient “strain isolation,” so that a deformation or “strain”
in one section of the tube will not adversely affect some other critical
area. For example, if the glass sealing surface of the sealing-alloy
anode flange in Fig. 1 is to match the thermal expansion of the envelope
assembly glass, it must be properly shaped so that the high thermal
expansion of the copper anode does not affect this glass seal. - Strain
isolation is achieved by appropriate positioning of sharp changes in
contour which hinder spreading of a strain or deformation over a
great area.

CATHODE
SUPPORT

ASSEMBLY

=

GLASS TUBING MOUNT SUPPORT
‘ - ASSEMBLY

GRID SUPPORT

Fig. 6—Mount support assembly and components.

Chief among the parts that require special attention are the elec-
trodes. For example, to reduce interelectrode capacitance to a mini-
mum the cathode (Fig. 7) is formed into a re-entrant shape at high
unit pressures in a precision die by an expanding punch. The inter-
mediate cathode-supporting member thermally isolates the hot cathode,
yet provides a mechanically strong support and a continuous low-
inductance rf path. It achieves these qualities by virtue of its
extremely thin wall section, which is fabricated by a special forming
process from the parent thick-wall tubing. The cathode and the thin-
wall support are rf-welded together to form the cathode assembly.
Another special construction is the one-piece conduction-cooled grid
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(Fig. 8). This construction was chosen because of the thermal grid
dissipation necessary for the relatively high current and power densi-
ties required for uhf operation. A radiation-cooled grid would have
to operate at a high temperature in order to dissipate the necessary
energy. In a tube using an oxide-coated cathode there is usually a
certain amount of barium deposited on the grid wires during tube
processing, or possibly during operation. This barium lowers the tem-
perature at which grid emission occurs and thus limits the working
temperature of the grid to a value much lower than is permissible in
a tube utilizing, for example, pure tungsten as a source of emission.
Hence, because a radiation-cooled grid is inherently a high-temperature
device, it has relatively low dissipation capabilities in a tube havng an
oxide-coated cathode. It appears, therefore, that the most desirable

RE-ENTRANT
CATHODE
WELD ;
THIN SUPPORTING
MEMBER A .
WALL THICKNESS AT B
B1s 80 TiMts Tl . y PARTIALLY _ commLeTED
PROCESSED = ONE-PIECE
CATHODE ASSEMBLY , ﬁmﬁ?‘_ cap: . epm
Fig. 7—Cathode assembly, AR e :
cutaway view. Fig. 8—Fabrication of one-piece grid.

way to handle the grid-dissipation problem is to make the entire grid
out of one piece of a material having high thermal conductivity, and
to provide for removal of the heat to the outside of the tube by thermal
conduction. A short vertical grid affords an effective thermal path for
conducting the heat to a thermal “sink” outside the tube and makes
it possible to hold the temperature of the grid wires to the desired
value. Limiting the length of the grid verticals does not affect rf per-
formance because the intended use of the tubes also dictates short
electrode structures. The complete grid in the 5588 is fabricated from
a single piece of copper by application of a special cold-forming process.
By means of this construction, thermal barriers from indeterminate
welded joints, or uneven thermal-mechanical strains that must be
“stretched out,” are not introduced. The outside cylinder of the sup-
porting ring is automatically made into a jigging surface concentric
to close tolerances with the grid-wire cylinder. In this way, induction
welding to the grid support assembly is expedited. This joint com-
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pietes the heat path to the outside of the tube. The thermal ‘“sink”
necessary for grid cooling is supplied by the anode-cooling air passing
over the grid flange and by the contacting circuit fingers.

The ancde, Fig. 9, is also a unique part in that it, together with a
metal exhaust tube, is cold-extruded from a single cylindrical piece
of copper cut from stock. This technique eliminates the possibilities of
leaks due to overworked walls of drawn cups or oxygen-bearing cop-
per incurred during intermediate annealings. In addition, an extremely
fine finish is achieved and inherently accurate jigging surfaces are
available for speedy assembly operations. One stroke of the press pro-
duces a finished anode complete with metal exhaust tube.

Assembly of Complete Tube

The mount support assembly (Fig. 5) contains the base reference
surface and is the main supporting unit. To this, the cathode and the
grid are radio-frequency welded in succession, while each is held very
accurately concentric with the inside surface of the cathode support
by means of the mandrels and V- [ =
blocks. In the final assembly of the
tube, the three separate assemblies
(Fig. 4) are brought together and
the final metal-to-metal closures
are then made utilizing rf welding.
The envelope assembly containing
the anode, and the external grid
terminal separated by a section of
glass, is placed over the mount
assembly and welded to it to make the main seal closure. The anode
is held concentric with the grid-cathode structure in the V-blocks and
mandrels. The final closure is made by placing the self-aligning heater
assembly into the cathode-support tubing and rf-welding it in place.
The tube is then evacuated followed by a cold-metal pinch-off at the
exhaust tubulation above the anode. After the pinch-off, the radiator
is soldered to the anode.

Fig. 9—Fabrication of anode.

Because a uhf circuit is a precise mechanical device of which the
tube must become a part during operation, the contact surfaces of the
tube must also be precisely defined and maintained. The same coaxial
alignment methods which produce the precise cathode-grid-anode align-
ment also serve to provide accurate alignment of the contact terminals.
The external contact terminals consist of two coaxial cylindrical sur-
faces (the cathode and grid terminals) having progressively larger
diameters, and a plane surface in the form of an annular ring (the
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top surface of the anode ring) which is perpendicular to the center
lines of the above cylinders (see Fig. 10). Since the outside diameter
of the anode ring is not a contact surface, clearance may be allowed
in the circuit adaptor around this ring so that motion in directions
perpendicular to the centerline is not limited by the anode ring. This
clearance allows the tube to seek its position freely in the grid and
cathode contacts, because it is plugged into the circuit before the
clamp which anchors the tube in place is placed over the anode ring.

OPERATION AND APPLICATION

Operation Considerations
: Electron-transit-time effects were evidenced by overheating of the
cathode and resultant short cathode life at the higher frequencies.
This cathode overheating is caused
by back bombardment of the cathcde
by a portion of the space-current
electrons at the end of each current
pulse which do not have enough
energy to pass through the grid plane
as the grid swings negative at the
end of the voltage pulse. Compensa-
tion for back bombardment is accom-
plished by a reduction in cathode
heater input to maintain the cathode
temperature at the normal value.
Thus, when long life in continuous
operation is desired, the tube should
Fig. 10—Uhf power triode, 5588 first be put into operation with full
rated heater voltage and then, as
back bombardment progresses, it should have its heater voltage re-
duced so as to bring the cathode temperature back to normal. The
magnitude of the heating due to back bombardment is a function of
the operating conditions and the frequency. The recommended heater
operating voltage for oscillator service, as shown in the curves of
Fig. 11, was determined on an empirical basis by operating tubes under
varying conditions of plate current, grid current, plate voltage, and
frequency, but with the grid bias adjusted at all times for essentially
class-B operation. At each operating condition, the heater voltage was
determined at which the tube became unstable, due to lack of emission
as judged by the dropping of power output. The interpretation of these
data was simplified by utilizing specially prepared graph paper which
had equally spaced divisions on the horizontal axis, but scale divisions
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on the vertical axis which were exponentially larger according to the
exponent » in the relation P = KE" In this equation? which relates
power input to a tungsten heater as a function of heater voltage,

P = input to heater in watts
K = constant ‘
E = heater volts
n = 1.61 for a tungsten heater.
If power input to the heater is plotted on the horizontal axis and the

heater voltage on the vertical axis of this special paper, the resulting
curve is a straight line passing through the origin.
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Fig. 11—Heater voltage versus frequency of the 5588 in oscillator service.

Instability curves were obtained by plotting on this paper the
points at which the tube became unstable. The data indicated that, in
class-B oscillator service, the back-bombardment heating power is
essentially. proportional to frequency and plate current, while in class-B
amplifier service the back heating power is proportional to frequency
and grid current. The recommended heater operating voltages as
shown in Fig. 11 were arrived at by drawing a line passing through
the vertical axis at 6.3 volts parallel to the instability curve. These
values, then, include the normal safety factor for operation of oxide
cathcdes and, as a result, bring the cathode to normal operating tem-
perature and thus insure long life. In oscillator service at an input
of 250 watts at a plate current of 300 milliamperes and the heater

#Cecil E. Haller, “Filament and heater characteristics,” Electronics,
Vol. 17, pp. 126-131,; July, 1944.
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voltage at the recommended 3 volts, the 5588 has operated at an effi-
ciency of 30 per cent with a power output of 75 watts for well over
1000 hours. Tube data of a general nature is shown in Table I. The
characteristics of a typical tube are shown in Fig. 12.

Table I—GENERAL DaTA

Amplification Factor 16 (I, = 250 ma)
Transconductance 15,000 micromhos (I, — 250 ma)
Direct Interelectrode Capacitances

Grid to plate 6 puf

Grid to cathode 13 puf

Plate to cathode 0.32 max. ppf
Plate Dissipation 200 watts
Over-all Length 37% inches
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Fig. 12—Character-
istic curves.
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Application as Oscillator and Amplifier

The 5588 was initially designed for use in ew oscillator service up
to 1000 Mc and for a power output of 50 watts with an efficiency of
at least 20 per cent. The present tube, however, operated in circuits
described in this paper has an average output of 75 watts with an
efficiency of 30 per cent. The 5588 has also been operated as a stable
grounded-grid amplifier at 1000 Mc with a power output of 100 watts.
At 220 Mgc, two tubes operated in a push-pull oscillator circuit gave
an efficiency of 55 to 60 per cent.

At 1000 Mc the 5588 has been operated only in coaxial grounded-
grid circuits because of the self-shielding and low-loss properties of
such circuits. Both extended and folded-back types of coaxial circuits
have been used. The advantage of the folded-back type of circuit is
that the tube may be plugged directly into the circuit.
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A diagrammatic sketch of a 1000-Mc oscillator of the extended co-
axial type is shown in Fig. 18. The anode and cathode circuits are
shorted concentric transmission lines operating in the 2-wavelength
mode. Feedback is provided by means of a tuned feedback loop ex-
tending into both the anode and cathode cavities. The power output
is measured by means of a calibrated water-cooled load. This load is
coupled into the anode circuit through a double stub tuner by means
of a small probe. Cylindrical mica capacitors are used in the inner
| Aad

conductors of both
the anode and cath-
ode lines to isolate
the dec plate and
cathode ~-bias volt-
ages. The tube is
cooled by means of
air blown down the
inner conductor of
the anode line. A
typical operating
condition for this
circuit is shown in
Table II.

Fig. 13 — Diagram-

matic sketch of

1000-Mc oscillator of

extended-coaxial
type.
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Table II—TYPICAL OPERATION* OF 5588 AS GROUNDED-GRID
OSCILLATOR AT 1000 Mc

Heater Voltage

DC Plate Voltage
DC Grid Voltage

From cathode-bias resistor of

DC Plate Current

DC Grid Current (Approx.)

Power Output (Approx.)

3 volts

835 volts
—70 volts
205 ohms
300 ma
40 ma
75 watts

* Continuous Commercial Service,
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When the 5588 is used as a 1000-Mc amplifier in a folded-back type
circuit such as that given in Fig. 14, neutralization is necessary to
prevent oscillation. For the purpose, a feedback probe approximately
}-wavelength long is used to couple the anode and cathode circuits. A
probe such as is shown in Fig. 14 will prevent the amplifier from self-
oscillation over a range of 100 Mc without requiring adjustment in the
length of the probe. Although this type of neutralization does not
completely isolate the anode and cathode circuits, it does permit stable
amplifier operation. The amplifier circuit shown in Fig. 14 has the
anode circuit folded back over the cathode circuit. This type of con-

e
T0 LOAofézma ﬁ_\\
g

b BYPASS
CAPACITORS

NEUTRALIZING [. : Fig.14—Diagrammatic
PROBE ] sketch of 1000-Mc am-

plifier of the folded-
back type.
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B-
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struction permits the insertion of the tube into the open end of the
circuit. Connections are made to the cathode and grid of the tube by
means of contact fingers, while the anode ring of the tube is clamped
firmly in the circuit. The anode circunit is a coaxial line operating in
the 3% -wavelength mode and the cathode line operated in the %-wave-
length mode. Radio-frequency power is fed into the amplifier by means
of a capacitive probe inserted into the portion of the cathode line
which extends below the anode line. Power is taken from the amplifier
by means of a probe inserted into the anode line near the tube. For
measurement purposes, the power output was fed into a water-cooled
load through a double-stub tuner.
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Fig. 15—Performance curve of 1000-Me amplifier of
the folded-back type.

A performance curve of the amplifier is shown in Fig. 15. This
curve shows de power input, rf power output, apparent plate efficiency,
and power gain of the amplifier as a function of rf driving power. The
driving power was measured by means of a standing-wave-detector
type of wattmeter inserted between the amplifier and driver.
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DUPLEX TETRODE UHF POWER TUBES*t
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PHILIP T. SMITH AND HOWARD R. HEGBAR

Research Department, RCA Laborateries Division,
Princeton, N. J.

Summary—Major factors affecting the design and development of wide-
band uhf power tubes are considered and emphasis is given to the television
application. A qualitative discussion of methods for obtaining the required
performance is presented, and a 5-kw 300-Mc liquid-cooled, internally neu-
tralized duplex tetrode is described.

INTRODUCTION

suitable for use as grid-modulated television power amplifiers,

there are certain performance characteristics that must be at-
tained, and others that are highly desirable. The fixed tube-perform-
ance characteristics, such as bandwidth, power output, and carrier
frequency, are determined by the standards adopted for television
broadecasting, and must be accepted as minimum values in the design.
When the other tube characteristics, grid currents, power gain, im-
pedance presented to the modulator, efficiency, and feedback are con-
sidered, the desired values are not all attainable in a given design, and
the best compromise is sought. Attempts to satisfy requirements of
bandwidth, power gain, linearity, ease of modulation, and power output
at the higher carrier frequencies can be resolved into a search for
means of obtaining large cathode emission-current densities, large
average anode-current densities, electrodes capable of handling large
power dissipation per unit area of bombarded surface, small inter-
electrode spacings, small electron currents to the grids, and a tube
geometry and circuit-wise arrangement of tube elements that will pro-
vide adequate utilization of the aforementioned.

Realizing that these requirements could not be adequately met if
the limitations imposed by conventional tube design were assumed,
Zworykin organized a laboratory group for research in high-power
electron tubes in 1937. It was his continued interest and good counsel
which made possible the development of a 50-kw tube which served
as the background for the development of the smaller, higher-frequency
power tube herein described.

]:[N CONSIDERING the design and development of electron tubes

* Decimal classification: R339.2,
1 Reprinted from Proc. I.R.E., November, 1948.

194



UHF POWER TUBES 195

Early in 1938 the senior author introduced a duplex tetrode with an
electron-beam-forming electrode configuration and high-dissipation
anodes. The initial tests were made in continuously pumped demount-
able metal envelopes. Sealed-off demountable tubes were made possible
when fitted with a copper-gasket demountable seal introduced by
Garner, a member of the group. Many laboratory tubes were built and
tested before a tube capable of a 5-kw output at 300 Mc with a total
output bandwidth of 10 Mc could be properly designed. This paper
describes such a tube.

DESIGN CONSIDERATIONS

In arriving at a tube design, it is difficult to formulate a mathe-
matical expression containing all of the factors affecting the design
and to obtain the unique or the best solution. Tube design represents
a compromise between conflicting factors which are individually studied
to advantage, and which must be combined with care and ingenuity
and with a view toward the circuit and application problems. A detailed
analysis of the individual factors will not be attempted here, but only
qualitative indications of the trends required for providing an im-
provement in the factors pertinent to the design of grid-controlied
power tubes will be discussed.

The frequencies for the present commercial and experimental tele-
vision channels are sufficiently high to make the electron-transit time
between tube elements of importance. Many of the effects of long
transit times are known, and have been observed in cathode back-
bombardment, control-grid loading, and loss in efficiency and power
output. Therefore, one of the present considerations is that of extend-
ing the usable frequency range of grid-controlled tubes by reducing
the electron-transit time. Such a reduction in transit time is obtained
by decreasing the interelectrode spacings and increasing the electron
acceleration. Under conditions of space-charge-limited emission from
the cathode, the increased electron acceleration is obtained only when
increased cathode-current densities may be drawn. For example, the
electron-transit time in a region between parallel-plane electrodes of
large extent is proportional to the one-third power of the ratio of the
electrode spacing to the current density when .operated with space-
charge-limited emission and assuming zero emission velocity. In grid-
controlled high-frequency tubes, effective electrode spacings are obvi-
ously to be made as small as is practical without sacrificing mechanical
rigidity of the electrode structure, and the longitudinal thermal con-
duction required for cooling. Large cathode-current densities are avail-
able from such surfaces as the thoriaon-tantalum cathode under steady-
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state conditions with a reasonable life. Since we are concerned with
continuous operation, the large pulse emission-current densities from
barium-strontium-oxide cathodes cannot be utilized.

An attempt to utilize large current densities increases the difficulty
of providing an adequate control-electrode configuration, particularly
for the high-frequency applications where close interelectrode spacings
are of importance. K Since grid control of the large-density electron
emission is sought, it is evident that a beam-forming electrode arrange-
ment can be used to advantage. A focusing electric field is provided in
the region adjacent to the cathode surface by means of focusing -ele-
ments electrically connected to the cathode, and projecting slightly
beyond the cathode into the cathode-grid space. Many such focusing
arrangements are possible and the details must be chosen to fit the
method of construction and other tube parameters.. A typical cathode
and focusing-element arrangement is shown in Fig. 1.

ANODE

] Fig. 1—A beam-forming electrode
configuration. S = screen-grid ele-
S ment, G —= control-grid element,

C = electron-emitting filament.

C
; § FOCUSING  ELECTRODE

Since the instantaneous voltages of the control grids and the anodes
vary with respect to time, the electron beam focusing is not constant
over the operating cycle. In a practical design, the electrode configura-
tion and electric fields are so arranged that at the instant of maximum
beam spreading the portions of the beam intercepted by the No. 1 and
No. 2 grid elements are small enough to prevent excessive power dis-
sipation at these elements. Also, the portion intercepted by the No. 1
grid should be sufficiently small to cause a negligible variation in the
impedance presented to the rf driving stage and to the modulator over
the modulation cycle: It is just this beam spreading and the possible
formation of potential minima in the interelectrode regions that deter-
mines the values of applied voltages and the amplitude of the control-
grid and anode rf voltages for a given structure. The electric fields
must be sufficiently great at the maximum of the grid-voltage swing
to support the large space-current densities and to maintain sufficiently
narrow beams. Considerations of transit time and beam spreading




UHF POWER TUBES 197

determine the minimum gradients to be provided in the regions be-
tween the cathode and No. 1 grid, between the No. 1 grid and No. 2
grid, and between the No. 2 grid and the anode. Because of the
gradients required in the latter region of a high-frequency power
tetrode, the minimum of the instantaneous anode volage of a high-
frequency tetrode should be substantially above the screen-grid voltage
to utilize in the best manner the current available in the plane of the
No. 2 grid.

It is well recognized that the wide-band high-frequency power tube
requires large power dissipation per unit area at the anode. In order
that the greatest power and bandwidth be obtained from a tube with
a given anode current, the ratio of the tube output capacitance to the
anode current should be small and the anode power dissipation per
unit area should be large. When sufficient anode dissipation is avail-
able, the maximum tube output load impedance is determined by the
required bandwidth and the tube output capacitance plus whatever
effective capacitance is added by the output circuit. It is assumed that
the anode voltage can be increased to the required value without failure
of the tube or circuit. This assumption is reasonable for total band-
widths of 10 Mc or more, but leads to excessively high voltages for
bandwidths less than 1 Mc. When the allowable anode dissipation is
too low, in a given tube, the tube must be operated with a reduced
anode voltage, a reduced output load impedance, and consequently a
reduced efficiency and power output. At this expense, an output circuit
is obtained whose bandwidth is increased beyond that required.

The requirement of large anode dissipation per unit area of bom-
barded surface can be met by the use of high-velocity water in cooling
channels formed in a copper or silver anode body. This construction
increases the area of metal in contact with the water and reduces the
tendency for diversion of the cooling water by steam bubbles. Such
an anode structure is shown in Fig. 6. This structure permits anode
dissipations of from 500 to 1000 watts per square cm averaged over
the anode face. This is to be compared with an allowable dissipation
of 50 to 100 watts per square cm in conventional structures.

With an electron-beam system such that but a small portion of the
beam current is collected by the No. 1 grid and such that the electron-
transit-time effects are small, a large power gain can be achieved if
the circuit losses are low and if there is no feedback. Small amounts
of feedback from the output circuit to the input circuit give rise to
assymmetric distortion of the sidebands, while larger values of feed-
back will produce instability and oscillation. It is common practice to
add a load to the input grid circuit to minimize the effects of the feed-
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back, even though such loading decreases the power gain. The feed-
back can be made small by designing the tube such that the anode and
output circuit are shielded from the input by special grids, as is done
in the tetrode, and somewhat similarly in the grounded-grid triode;
or a neutralizing circuit may be applied. In the design of grids, the
requirements for obtaining good shielding conflict with those for ob-
taining the desired electronic performance, and a compromise is usually
made. As a result, most tetrodes and grounded-grid triodes require
some neutralization for wide-band amplification at a high frequency.
The selectivity of the neutralizing circuits for such application intro-
duces an added difficulty in obtaining wide-band amplification. The
selectivity of the neutralizing circuits can be decreased by making
their elements very short compared to a quarter wavelength at the
operating frequency. In a duplex tetrode arranged for push-pull opera-
tion, such short neutralizing elements can be located internally. This
is done in the described developmental tube.

In order that the circuit losses be kept to low values to increase
the power gain and to prevent mechanical failure as a result of heating,
it is desirable that metal-to-glass seals be used that have low I2R
losses in the metal member. Among the seals suitable for power-tube
construction, two such types are well known. These are the feather-
edge copper-to-glass Housekeeper seal and the silver-plated-chrome
iron-to-glass seal. The Housekeeper seal has good electrical conduc-
tivity but lacks the mechanical strength and rigidity of the kovar seal,
and because of its construction is difficult to apply in some designs.
The silver-plated-chrome iron-to-glass seals are made with rf induc-
tion heating and require carefully controlled heating conditions. These
seals use a glass with a lower softening temperature than that of the
kovar sealing glasses. )

- The kovar-to-glass seal is widely accepted and is satisfactory, ex-
cept for its high electrical resistivity, which may become troublesome
in some high-frequency tubes. During the work on the described
tetrodes, methods have been developed for coating the kovar with a
high-conductivity film and for sealing kovar matching glasses to this
film. A coating of either copper, silver, gold, or chromium is electro-
plated to a thickness of several mils and is bonded to the kovar. Seals
made to kovar coating in this manner have an electrical conductivity
10 to 20 times that of uncoated kovar at frequencies in excess of 50
Mc, and are particularly adaptable to the structures and requirements
herein described.

In the design of a tube for application as a grid-modulated ampli-
fier, a linear modulation characteristic is usually sought. While some
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curvature of the modulation characteristic is acceptable, it is important
that the shape and slope of the characteristic be independent of the
frequency and amplitude of the modulating voltage. Large variations
in the required rf driving power with modulating voltage applied will
make the modulation characteristic substantially dependent on the
modulating frequency, unless the input grid circuit has a bandwidth
equal to, or greater than, the tube output circuit. Such variations in
the required grid driving power can be reduced by reducing the feed-
back, the electron current to the No. 1 grids, and the electron-transit
times. These reductions will also act to make the impedance presented
to the modulator more nearly constant over the modulating cycle.

The duplex tetrode tube arrangement was selected by the authors
as lending itself to internal neutralization and being capable of pro-
viding an effective utilization of beam-forming electrode configura-
tions, thoria-coated filaments, and large-dissipation anodes in a tube
HEADER
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Fig. 2—Details of the copper-gasket vacuum seals.

to be operated as a wide-band grid-modulated power amplifier in the
present commercial television channels. In the duplex tetrode the two
tetrode units can be placed in very close proximity and can use, in
effect, common screen-grid and cathode structures. The two screen
grids are directly connected and by-passed to the cathode structure by
low-impedance members, as in Fig. 4 and Fig. 5. The cathodes of the
two tetrode units can be provided as the opposite legs of a ‘“U”-shaped
filament. These features permit the design of a high-gain wide-band
grid-modulated high-frequency power tube that has exceptionally low
feedback and good modulation characteristics.

Since a maximum of shielding is required between the input and
output circuits, a metal envelope can be used to advantage to provide
a convenient connection to external shielding in such a way as to make
the envelope act as part of the shield. The metal envelope is also con-
venient when a demountable structure is desired. Two types of copper-
gasketed compression joints are shown in Fig. 2. One of these uses a
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flat copper-ring gasket compressed between a flat and a curved surface,
while the other uses two round wire rings clamped between two flat
surfaces, the outer ring acting only as a support ring to prevent dis-
tortion of the clamping plates. Ground and polished clamping surfaces
are used with annealed OFHC copper gaskets. These demountable
joints may be baked to 450°C in the processing of the tube, and are
regularly used in sealed-off tubes. The tube shown in Fig. 7 is con-
. structed with a compression joint and metal envelope, and is operated
as a sealed-off tube.

THE DUPLEX TETRODE

The tube described is a developmental liquid-cooled duplex tetrode
arranged for push-pull operation as a grid-modulated television power

Fig. 3—The filament, filament shields, and focusing blocks.

amplifier, and is designed to give a power output, at the maximum of
the synchronizing pulse, of 5 kw. at 300 Mc, and a total output band-
width of 16 Mc. Neutralization is provided by elements attached to
the No. 1 grids and included within the vacuum envelope.

An electron-beam-forming electrode configuration is used with a
thoria-coated “U”-shaped filament in the arrangement shown in Fig. 1.
The opposite sides of the filament act as the cathodes for the two
tetrode units. The construction of the cathode and focusing-electrode
assembly is shown in Fig. 3. Each of the two focusing-electrode blocks
is connected to the filament, and functions as the connection to the
filament-heating supply. A mica sheet is used to insulate the two
focusing-electrode blocks, which are supported and cooled by water-
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cooled blocks fixed to the header plate. Tantalum heat and emission
shields are used, and are shown as part of the cathode assembly in
Fig. 8. The electron-emitting surface of each of the two halves of the
8-strand filament is approximately 1.6 square cm in area. The filament
strands are formed from tantalum sheet. A layer of thoria powder is
sintered to the surface of the tantalum after the filament is formed.
The filament operates at approximately 2000°K.

The No. 1 grids consist of molybdenum bars silver-soldered to
water-cooled tubes which also carry the neutralizing elements. These
grids are supported by the glass of the metal-to-glass vacuum seal

Fig. 4—The header with

filament, filament shields,

No. 2 mounting blocks, and
No. 1 grids mounted.

SCREEN,
A

mounted in the header plates as shown in Fig. 4. This figure shows the
header plate with the cathode structure, and the No. 1 grids mounted
and prepared for the addition of the No. 2 grids.

The two No. 2 grids are combined into-a single structure which is
rigidly clamped to the cathode assembly, and is insulated therefrom
by mica sheets which provide a by-pass capacitance to the cathode.
The No. 2 grid elements are molybdenum rods and are sliver-soldered
to water-cooled copper plates. This structure with attached shields is
shown in Fig. 5. The cooling of the electrode elements is obtained by
thermal conduction along the length of the elements to the cooled
supporting copper plates.



202 ELECTRON TUBES, Volume I1

Fig. 5—A completed header assembly showing No. 2 grids and
neutralizers mounted.

The complete header assembly containing all of the electrodes ex-
cepting the anodes is shown in Fig. 5. The neutralizing tabs are shown
mounted on elements fixed to the No. 1 grids and projecting through
apertures in the No. 2 grid blocks. Thus use of a header for mounting
the close-spaced electrodes permits accurate electrode alignment and
inspection before the anode dome is mounted.

The anode dome and the details of the anode construction are
shown in Fig. 6. The anode face has an area of 6.5 square cm., and is

-ANGDES

~ANODE LEADS

Fig. 6—The anode dome assembly, anode parts, and leads.
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Fig. 7—The duplex tetrode.

cooled by water circulated in the channels shown. Since the anode
cooling water is carried by the anode supporting tube which functions
as an element of the output tank circuit, the anode glass seals are water
cooled. This cooling is adequate to permit the use of kovar at 300 Mec,
if a high-conductivity coating is applied to kovar as previously de-
scribed. With cooling water at a pressure of 60 pounds per square
inch, these anodes have been operated without failure to a dissipation
of 6 kw per anode.

TuBE DATA!

Direct interelectrode capacitance (each unit).

Grid No. 1 to anode 0.12 ppf
Input 24 puf
Output 5 uuf
Grid No. 2 by-pass (approximate) 200 wppf
Grid No. 1 to anode feedback with neutralization 0.01 puf

Filament—3.9 volts—105 amperes single phase

Electrode dissipation (maximum operating values):

Anodes 8 kilowatts total
No. 2 grids 400 watts total
No. 1 grids 50 watts total
Typical operating voltages:

Anode 5000-6000 volts dc

No. 2 grid 700 volts de

No. 1 grid (cutoff bias) —180 volts de
Cooling water flow at 60 pounds per square inch pressure:

Anode of each unit 0.6 gallons per minute
Filament blocks in series 0.25 gallons per minute
No. 2 grid 0.3 gallons per minute
No. 1 grids in series 0.25 gallons per minute

1Tn the 8D21, or commercial model, some changes in these data were
found necessary because of manufacturing techniques.
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The final step in assembly of this tube is the bolting of the anode
dome to the header; this compresses the two copper-ring gaskets and
provides the final vacuum closure of the envelope. The anodes, anode
leads, and anode dome ring can be electroplated, cleaned, and washed
before this operation, and are not subjected to any glass-working fires
or other heating in making the final vacuum closure. The copper-ring
gaskets are made from wire. This compression gasket seal, shown in
Fig. 2, has proved to be an entirely satisfactory vacuum-tight joint
which can be used both in demountable and in sealed-off tubes.

A completely processed tube is shown in the operating position in
Fig. 7. This position is determined by the filament, which must hang
vertically to prevent distortion and sagging. The tube is supported by
the header plate rim, which acts as a flange, and which when installed
is bolted to the shield wall separating the input and output circuits.

The static characteristics are given in Figs. 8 9, and 10. A
.modulation characteristic, shown in Fig. 11, was obtained at 288 Mc
with a total output bandwidth of 16 Mc. A maximum power output
of 10 kw was obtained at an efficiency of 60 per cent. The instantaneous
bias at this point was 100 volts positive with respect to the cathode.
In the television application the bias at the maximum of the synchron-

‘izing pulse may be reduced to zero or made positive to reduce the
amplitude of the rf grid driving voltage. This does not substantlally
change the required modulatlng voltage.
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Under power output and bandwidth conditions as given above, a
power gain at maximum power output of 25 to 30 is obtained. The
driving power in these tests was approximately 350 watts. When the
tube is used as a 5-kw amplifier with a bandwidth less than 1 Me,
power gains in excess of 100 are obtainable. These power gains for
either application are not obtainable at 300 Mec, unless low-loss grid
seals such as described in this paper are used.
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THE DESIGN AND DEVELOPMENT
OF THREE NEW ULTRA-HIGH-FREQUENCY
TRANSMITTING TUBES*{

By

CeEcIL E. HALLER

Research and Engineering Department, RCA Manufacturing Company, Inc.,
Harrison, N. J.

Summary

A discussion and review are given of the service and design require-
ments of transmitting tubes intended for application in the wultra-high-
frequency spectrum. These requirements fall in two classes: (1) those
imposed by service conditions and (2) those imposed by the frequency at
which the tube is operated, The fulfilling of these requirements has led to
certain design and manufacturing problems, such as the reduction of grid
emission, choice of anode material, choice of a suitable mechanical structure,
etc.

A description of the movel features of construction and the operation
of three mew wultra-high-frequency transmitting tubes is also given. Two
of these tubes are the RCA-815 and RCA-829 which are push-pull beam
tetrodes while the third tube, the RCA-826, is a triode. Some precautions
necessary for obtaining satisfactory operation with these tubes are given.

(7 pages, 8 figures, 1 table)

* Decimal Classification: R339.
+ Proc. I.LR.E., January, 1942,

DEVELOPMENT OF PULSE TRIODES AND CIRCUIT
, TO GIVE
ONE MEGAWATT AT 600 MEGACYCLES*}

By
R. R. LAw, D. G. BURNSIDE, R. P. STONE, W. B. WHALLEY

Research Department, RCA Laboratories Division,
Princeton, N, J

Summary

The work here described was done for the Army and Navy to develop
high-power air-cooled pulse triode transmitting tubes and circuits. The
A-2231 tube developed during the course of this project readily provides
500 kilowatts peak power at 600 megacycles with a duty cycle of 0.1 per
cent. In the push-pull oscillator described herein, two of the tubes eastly
give @ peak power of one megawatt. At this power level the operation is
stable and the frequency may be varied throughout the 560-640 megacycle

* Decimal Classification: R351 X R339.2.
+ RCA Review, June, 1946.
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tuning range with no tendency toward sparkover. By ganging together the

cathode and anode tuwing conmtrols, it has been possible to accomplish

tuning with a single electric motor which may be remote controlled. These

same principles of tuning might be employed to cover a much wider range.
(12 pages; 7 figures)

POWER MEASUREMENTS OF CLASS B AUDIO
AMPLIFIER TUBES*} )

By

Davip P. HEACOCK

Tube Department, RCA Victor Division,
Harrison, N. J.

Summary

An accurate method of determining the performance of two triodes,
or two triode units of the same tube, operating as a class B push-pull
amplifier by a simple measurement of the plate current of a single triode
unit is described. This method is particularly adaptable as a production test
on electron tubes designed primarily for operation as class B amplifiers.
The errors attendant upon the use of conventional measuring technique
for class A power output when applied to the mon-sinusoidal output of a
single triode unit operated class B are discussed.

(11.pages; 8 figures)

* Decimal Classification: R245 X R363.222.2.
t RCA Review, March, 1947.

COAXIAL TANTALUM CYLINDER CATHODE FOR
CONTINUOUS-WAVE MAGNETRONS*{

By

R. L. JEPSEN

Tube Department, RCA Victor Division,
Lancaster, Pa.

Summary

Major factors affecting the design of cathodes for continuous-wave
magnetrons are considered. A particular type of structure, the coaxial
tantalum cylinder cathode, is analyzed in some detail and its merits and
shortcomings discussed. An approximate method is developed for computing
optimum geometry and maximum life. Application to a particular mag-
netron is described and other applications suggested.

(11 pages; 5 figures)

* Decimal Classification: R355.912.1.
+ RCA Review, June, 1947.
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STABILIZED MAGNETRON FOR BEACON SERVICE*{
Part I
DEVELOPMENT OF UNSTABILIZED TUBE

By

J. S. DoNAL, JRr2, C. L. Cuccia®, AND B. B. BROWN?

Summary

The frequency of a magnetron varies rather widely with temperature,
current, and load impedance. This paper describes one of the first successful
attempts to reduce this frequency variation by means of a method of stabili-
zation. Part I treats particularly the mechanical and electrical design of
the unstabilized tube.

The mechanical design of the tube is unconventional in that all of the
parts are supported on a header to which the envelope is welded. The
necessary inserts in the magnetic circuit are at cathode potential, serving
both as cathode supports and as improved cathode end-shields. The tube is
designed for a pulsed input power of 2500 watts. The unstabilized peak
power output is approximately 1 kilowatt at an anode potential of 2500
volts. The developmental cavity stabilizer served to demonstrate the princi-
ples of stabilization and influenced the design of the tube. For production
purposes, the early stabilizer was superseded by a design differing in
mechanical details.

(9 pages, 8 figures)

Part I1
ENGINEERING OF TUBE AND STABILIZER

By

C. P. VoGgeL® AND W. J. Dopps?

Summary

To satisfy the frequency stability requirements of a beacon system, a
9310-megacycle magnetron was fitted with a frequency stabilization device
that reduced the inherent frequency changes of a magnetron by a factor
of approximately 10. The device included a turntable resomant cavity for
the storage of additional electromagnetic energy, and a method of coupling
the cavity of the tube.

The cavity is made of Invar steel to reduce the changes of dimension
of the covity with temperature. It is furthermore temperature-compensated
by use of higher-expansion steel for the spindle which supports the cavity
tuning plunger. The tube frequency is adjusted within the specified tuning
range by changing the cavity frequency. This is done by means of tuning

* Decimal Classification: R355.912.1 X R526.1.

+ RCA Review, June, 1947.

* Research Department, RCA Laboratories Division, Princeton, N. J.
® Tube Department, RCA Victor Division, Lancaster, Pa.
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mechanism comprising a movable plunger actuated by rotation of an accu-
rately ground nut which rotates in an accurately ground bearing where it
is held in place by spring loading.

The cavity and stabilizer system provides for hermetic sealing so that
the system may be filled with dry nitrogen at atmospheric pressure. The
wave-guide system which forms the circuit that couples the tube and stabil-
izer to the load contains adjustable screw tunmers to permit compensating
for the wvariations of internal impedance from tube to tube and to com-
pensate for differences in line length due to the location of the tube in the
system. Stabilization procedure consists of the proper adjustment of these
screw tuners.

A basic, simplified mathematical theory of stabilization is contained
in the Appendix.

(11 pages, 3 figures, 1 table, 1 appendix)

A FREQUENCY-MODULATED MAGNETRON
FOR SUPER-HIGH FREQUENCIES*}

By

G. R. KILGORE, CARL I. SHULMAN AND J. KURSHAN

Research Department, RCA Laboratories Division,
Princeton, N. J.

Summary

This paper is based on a wartime requirement for a 25-watt, 4000-
megacycle continuous-wave oscillator capable of electronic frequency modu-
lation with a deviation of at least 2.5 megacycles. A satisfactory solution
was found in the addition of frequency control to a continuous-wave
magnetron by the introduction of electron beams into the magnetron cavities
in a manner described by Smith and Shulman. This method is referred to
as ‘“‘spiral-beam” control.

(8 pages, 10 figures)

* Decimal Classification: R355.912.1.
1t Proc. I.R.E., July, 1947.

A ONE-KILOWATT FREQUENCY-MODULATED
MAGNETRON FOR 900 MEGACYCLES*}

By

J. S. DoNAL, JR., R. R. BusH, C. L. Cuccia, AND H. R, HEGBAR

Research Department, RCA Laboratories Division.
Princeton, N. J.

* Decimal Classification: R355.912.1 X R583.6. (Summary on follow-
ing page)
T Proc. LR.E., July, 19417.
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Summary

The method of Smith and Shulman has been used for the frequency
modulation of a 1-kilowatt continuous-wave magnetron. This tube is of the
“vane” type, having twelve resonant cavities, and it is mechanically tunable
over a range from about 720 to 900 megacycles by a cylindrical element
which wvaries the interstrap capacitance. At the applied magnetic field
required for frequency modulation without change in amplitude, 1-kilowatt
output at 900 megacycles is obtained with an anode voltage of 2.5 kilovolts
and an efficiency of about 55 per cemt; the efficiency rises with decreasing
frequency or with increasing magnetic field.

At 900 megacycles, electron beams in nine of the magnetron resonant
cavities give a frequency deviation of 3.5 megacycles (a total frequency
swing of 7 megacycles) at an output of 1 kilowatt, rising to } megacycles
at an output of 750 watts. The frequency deviation is reduced when the
tube is tuned to lower frequencies. The modulator power required would
be very low, since the grid-cathode capacitance of the frequency-modulation
guns is small and the grids draw no current.

It would be practicable to increase the frequency deviation of this tube
by about 15 per cent through an increase in beam current, and by an addi-
tional 20 per cent through the use of eleven beams. A change in the type
of beam cathode would effect an even greater deviation.

(6 pages, 6 figures, 1 table)



THE OPERATION OF FREQUENCY CONVERTERS
AND MIXERS FOR SUPERHETERODYNE
RECEPTION*{

By
E. W. HEROLD

RCA Manufacturing Company, Inc.,
Harrison, N. J.

Summary—This paper presents a general picture of superheterodyne
frequency conversion followed by a detailed discussion of the behavior of
tubes used with different types of oscillator injection. The general picture
shows that the different methods of frequency conversion are basically
similar for small signals. A strong local-oscillator voltage (which may be
a pure sine wave) causes a periodic variation (which is usually nonsin-
usoidal) of the signal-electrode transconductance. The coefficient of each
Fourier component of the transconductance-versus-time relationship is just
twice the conversion tramsconductance at the corresponding harmonic of
the local-oscillator frequency. For most tubes the conversion transcon-
ductance g. at the oscillator fundamental is approximately 28 per cent
of the maximum transconductance. At the second harmonic, g. i8 about
14 per cent, and at the third harmonic it is about 9 per cent of the maximum
transconductance. Fluctuation mnoise and input resistance at high fre-
quencies of the different methods of conversion may be found from the
time average over the oscillator cycle.

Using these general concepts, we discuss the detailed behavior of three
conversion methods. In the first method, signal and local-oscillator voltages
are impressed on the same electrodes. This method gives best signal-to-
noise ratio, but has the disadvantage of bad interaction between signal and
local-oscillator circuits. In the second method, the local-oscillator voltage
is impressed on an electrode which precedes the signal electrode along the
direction of electron flow. In this case, interaction of signal and oscillator
circuits is somewhat reduced but is still bad at the higher frequencies be-
cause of space-charge coupling. The third method is that in which the
local-oscillator electrode follows the signal electrode along the direction of
electron flow. Most of the disadvantages of the third method may be over-
come by special tube constructions, some of which are deseribed.

I. INTRODUCTION

designed to use the superheterodyne circuit. In such a circuit,
the received signal frequency is heterodyned with the frequency
of a local oscillator to produce a difference frequency known as the
intermediate frequency. The resultant signal is amplified by a selec-

THE BETTER modern radio receivers are almost universally

* Decimal Classification: R361.2 X R262.9.
+ Reprinted from Proc. I.R.E., February, 1942.
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tive, fixed-tuned amplifier before detection. Since the heterodyne action
is usually accomplished by means of a suitable vacuum tube, it is the
purpose of this paper to discuss the chief similarities and differences
among the tubes which might be used, as well as to explain their
behavior.

The combination of signal and local-oscillator frequencies to pro-
duce an intermediate frequency is a process of modulation in which
one of the applied frequencies causes the amplitude of the other to

- vary. Although this process was originally called heterodyne detection
and, later, first detection, it is now called frequency conversion. The
portion of the radio receiver which produces conversion may, there-
fore, be identified as the converter. If conversion is accomplished in
a single vacuum tube which combines the functions of oscillator and
modulator, this tube may logically be termed a converter tube. When
separate tubes are used for the oscillator and the modulator portions
of the converter, respectively, the tube for the latter purpose is con-
veniently called a modulator or mixer tube. This terminology will be
used in this paper.

Although in some of the earliest superheterodynes, frequency con-
version was accomplished by a triode oscillator and a triode modulator,!
other circuits used a single triode which served as both modulator and
oscillator.2 A triode used in the latter way could, therefore, be called
a converter tube. The introduction of two-grid tubes (i.e., tetrodes)
permitted a wide variety of modulator and converter arrangements
which frequently gave superlor performance to that possible with
triodes.*7

When indirectly heated cathodes became more common, conversion
circuits in which the oscillator voltage was injected in the cathode
circuit were used. These circuits reduced considerably the interaction
between oscillator and signal circuits which would otherwise be

1 E. H. Armstrong, “A new system of short-wave amplification,” Proc.
LR.E., Vol. 9, pp. 3-27; February, 1921.

2 German Patent No. 324,614, 1918.

3 J. Scott-Taggart, German Patent No. 383,449, 1919.

4J. deMare, R. Barthelemy, H. deBellescize, and L. Levy, “Use of
double-grid valves in frequency-changing circuits,” L’Onde Elec., Vol. b,
pp. 150-180; 1926.

5¢A four-electrode valve supersonic circuit,” Exp Wireless, Vol. 3,
p. 650; October, 1926.

6 R. Barthelemy, “Valve frequency changers,” Gen. Elec. Rev., Vol. 19,
pp. 663-670; 1926.

7 See also: M. Gausner, French Patent No. 639,028; G. Thebault, French
Patent No. 655,738; and H. J. J. M. deRegnauld de Bellesclze, Umted States
Patent No. 1,872,634.
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present.! When tetrodes and pentodes became available, the use of the
triode was dropped except as the local oscillator. It was not long,
however, before the desirability of more complete separation of oscilla-
tor and signal circuits became evident. Multigrid converter tubes were,
therefore, devised to permit this separation in a satisfactory manner,
at least for the frequencies then in common use.*'* In some of these
it was also possible to control the conversion gain by an automatic-
volume-control voltage, a decided advantage. The most satisfactory of
the earlier multigrid tubes was known as the pentagrid converter, a
type still widely used. A similar tube having an additional suppressor
grid is used in Europe and is known as the octode.

When it became desirable to add high-frequency bands to super-
heterodyne receivers which also had to cover the low broadcast fre-
quencies, the converter problem became more difficult. The highest
practicable intermediate frequency appeared to be about 450 to 460
kilocycles, a value which was only about 2 per cent of the highest
frequency to be received. Its use meant that the oscillator frequency
was separated from the signal frequency by only 2 per cent and the
signal eircuit, therefore, offered appreciable impedance at the oscillator
frequency. A phenomenon known as “space-charge coupling,” found
in the pentagrid converter, indicated that signal and oscillator circuits
were not separated as completely as would be desirable.’ In addition,
the permissible frequency variations of the oscillator had to be held
to less than the intermediate-frequency bandwidth, namely, 5 to 10
kilocycles; at the highest frequency to be received, the oscillator fre-
quency was required therefore to remain stable within 0.05 per cent.
In the pentagrid converter, the most serious change in oscillator
frequency occurred when the automatic-volume-control voltage was
changed, and was sometimes as much as 50 kilocycles. Economic con-

8 V. E. Whitman, United States Patent No. 1,893,813; H. A. Wheeler,
United States Patent No. 1,931,338.

9 F. B. Llewellyn, United States Patent No. 1,896,780.

10 H, A. Wheeler, “The hexode vacuum tube,” Radio Eng., Vol. 13, pp.
12-14; April, 1933.

11 W. Hasenberg, “The hexode,” Funk. Tech. Monatshefte, pp. 165-172;
May, 1933.

12 Application Note No. 8, RCA Radiotron Co., Inc.

13 E. Y. Robinson, British Patent No. 408,256.

14 J, C. Smith, Discussion on H. A. Wheeler paper, “Image suppression
and oscillator-modulators in superheterodyne receivers,” Proc. L.R.E., Vol.
23, pp. 576-577; June, 1935.

"15W. A. Harris, “The application of superheterodyne frequency conver-
sion systems to multirange receivers,” Proc. I.R.E., Vol. 23, pp. 279-294;
April, 1935,
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siderations have led to the use of at least a three-to-one frequency
coverage for each band in the receiver. With capacitance tuning, the
circuit impedance is very low at the low-frequency end of the high-
frequency band so that failure to oscillate was occasionally observed
in the pentagrid converter.

In Europe, where converter problems were similar, a tube known
as the triode-hexode'® was developed to overcome some of the dis-
advantages of the pentagrid converter. In the pentagrid tube, the
oscillator voltage is generated by, and therefore applied to, the elec-
trodes of the assembly closest to the cathode (i.e., the inner electrodes).
In the European form of triode-hexode, the oscillator voltage is gen-
erated by a separate small triode section mounted on a cathode common
to a hexode-modulator section, The triode grid is connected internally
to the third grid of the hexode section. In this way, by the application
of the oscillator voltage to an outer grid and the signal to the inner
grid of the modulator, space-charge coupling was greatly reduced and
automatic-volume-control voltage could be applied to the modulator
section of the tube without seriously changing the oscillator frequency.
In some European types, a suppressor grid has been added so that such
tubes should be called triode-heptodes.

The first American commercial development to provide improved
performance over that of the pentagrid converter also utilized oscillator
voltage injection on an outer grid but required a separate tube for
oscillator.’” This development, therefore, resulted in a modulator or
mixer tube rather than a converter. There were many advantages
accompanying the use of a separate oscillator tube so that such a solu-
tion of the problem appeared to be reasonably satisfactory.

The demand arose shortly, however, for a one-tube converter system
with better performance than the original pentagrid type for use in
the standard all-wave receiver. A tube, the 6K8, in which one side of
a rectangular cathode was used for the oscillator and the other side
was used for the mixer section, was developed and made available.!®
This tube used inner-grid oscillator injection, as with the pentagrid
converter, but had greatly improved oscillator stability. Another solu-
tion, also introduced in the United States, was a triode-heptode which

16 B, E. Shelton, “A new frequency changer,” Wireless World, Vol. 85,
pp. 283-284; October 5, 1934.

17 ¢, F. Nesslage, E. W. Herold, and W. A. Harris, “A new tube for
use in superheterodyne frequency conversion systems,” Proc. I.R.E., Vol
24, pp. 207-218; February, 1936.

18R, W, Herold, W. A. Harris, and T. J. Henry, “A new converter tube
for all-wave receivers,” RCA Review, Vol. 3, pp. 67-77; July, 1938.
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is an adaptation of the European triode-hexode. This type used outer-
grid injection of the oscillator voltage generated by a small auxiliary
triode oscillator section. A recent converter (the SAT type) for broad-
cast use is designed to operate with oscillator voltage on both cathode
and first-grid electrodes.!® This tube, in addition to having excellent
performance, requires one less connecting terminal than previous con-
verter tubes.

This paper will present an integrated picture of the operation of
converter and modulator tubes. It will be shown that the general prin-
ciples of modulating or mixing by placing the signal on one grid and
the oscillator voltage on another, or by placing both voltages on the
same grid, are the same for all types of tubes. The differences in per-
formance among the various types particularly at high frequencies are
due to a number of important secondary effects. In this paper, some
of the effects such as signal-grid current at high frequencies, input
impedance, space-charge coupling, feedback through interelectrode
capacitances, and oscillator-frequency shift will be discussed.

II. GENERAL ANALYSIS OF OPERATION COMMON TO ALL TYPES

A. Conversion Transconductance of Modulator or Mixer Tubes

The basic characteristic of the converter stage is its conversion
transconductance, i.e., the quotient of the intermediate-frequency out-
put current to the signal input voltage. The conversion transconduct-
ance is easily obtained by considering the modulation of the local-
oscillator frequency by the signal in the tube and, as shown in another
paper,'” is determined by the transconductance of the signal electrode
to the output electrode. The general analysis of a modulator, or mixer
tube, is applicable to all mixers no matter how or on what electrodes
the oscillator and signal voltages are introduced.

Under the assumption that the signal voltage is very small and
the local oscillator voltage large, the signal-electrode transconductance
may be considered as a function of the oscillator voltage only. The
signal-electrode-to-plate transconductance g,, may, therefore, be con-
sidered as periodically varying at the oscillator frequency. Such a
periodic variation may be written as a Fourier series

Im = Qg + 04 COS wot + ay cos 2mgt 4 - - -

1YW, A. Harris, “A single-ended pentagrid converter.” Presented,
Rochester Fall Meeting, Rochester, N. Y., November 15, 1938. See Appli-
cation Note No. 100, RCA Manufacturing Co., Inc., Radiotron Division,
Harrison, N. J.
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wliere «, is the angular frequency of the local oscillator. Use of the
cosine series implies that the transconductance is a single-valued fune-
tion of the oscillator electrode voltage which varies as cos wgt. When
a small signal, e, sin o, is applied to the tube, the resulting alternating
plate current to the first order in e, may be written

lp = Gm€s SiN ot

@©
=age, sinwd + ¢, 3 @, sin ot o8 nwyt
n=1

a0
= @€, 8in ot + e, S a, sin (v, + nwg)
=1

o .
+ 3¢, 3 a, sin (o, — nw) L.
=1

If a circuit tuned to the frequency (w,— nw,) is inserted in the plate,
the modulator tube converts the incoming signal frequency o, to a
useful output at an angular frequency (w, — 7nw,) which is called the
intermediate frequency. Since n is an integer, it is evident that the
intermediate frequency, in general, may be chosen to be the difference
between the signal frequency and any integral multiple of the local-
oscillator frequency; this is true even though a pure sine-wave local
oscillation is applied to the tube. The harmonics of the local-oscillator
frequency need cnly be present in the time variation of the signal-
electrode transconductance. The ordinary conversion transconductance
is simply a srecial case when n = 1. The conversion transconductance
at the nth harmonic of the local oscillator is given by

Zws—nw(} Ay
gC’l = —-——0=

e, 2

Substituting the value of the Fourier coefficient a, it is found that

1 27
Gen=—"" 9 €08 Nogtd (wol).
27 R

When n is set equal to unity, this expression becomes identical with
the one previously derived.!”

Thus, the conversion transconductance is obtained by a simple
Fourier analysis of the signal-to-electrode-to-output-electrode trans-
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conductance as a function of time. Such an analysis is readily made
from the tube characteristics directly by examination of the curve of
signal-electrode transconductance versus oscillator-electrode voltage.
The calculation of the conversion transconductance at the nth har-
monic of the oscillator is made from this curve by assuming an applied
oscillator voltage and making a Fourier analysis of the resulting curve
of transconductance versus time for its nth harmonic component. The
analysis is exactly similar to the one made of power output tubes,
except that, in the latter case, the plate-current-versus-control-elec-
trode-voltage curve is used. Figure 1 shows a curve of signal-grid
transconductance versus oscillator-electrode voltage for a typical modu-
lator or mixer tube. In the usual case, the oscillator voltage is applied
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OSCILLATOR ELECTRODE VOLTS Fig. 1—Signal-electrode transcon-

ductance versus oscillator-electrode

t‘ voltage for a typical mixer tube.
The applied oscillator voltage as

A shown at A and B is the resulting

time variation of transconductance.

from a tuned circuit and so is closely sinusoidal in shape as at 4 in
the figure. The resulting curve of transconductance versus time is
shown at B. Any of the usnal Fourier analysis methods may be used
to determine the desired component of curve B. Half of this value is
the conversion transconductance at the harmonic considered. Con-
venient formulas of sufficient accuracy for many purposes follow.
Referring to Figure 2a, a sine-wave oscillator voltage is assumed and
a seven-point analysis is made (i.e., 30-degree intervals). The con- -
version transconductances g, are

e =Y [(gr—01) + (95— 92) +173(g5— 92 ]

Feo= Y2 [204+5(g5+ 95~ 96— 92) — (9: + 9]
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g3 = Yo [(g7—91) —2(gs—g3) 1.

The values ¢4, ¢, etc., are chosen from the transconductance charac-
teristic as indicated in Figure 2a. The values computed from the above
formulas are, of course, most accurate for g, and of less accuracy for
9.5 while a value computed from the formula for g, is a very rough
approximation.
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Fig. 2—a. Points used for 30-de-
gree analysis of conversion trans-

SIGNAL GRID
TRANSCONDUCTANCE

L]
t
: !
, I
o
|
: I conductance.
!
‘ l
'
9! ! I
L + | -
|1 OSCILLATOR GRID VOLTS 1,
o 1 F0.5E0%] n
| ! K
: 1 [} \
! ' ' i W
' 1 | &z)
| 1<0.5E0 1 o <
! | i Su
1 +-0.866 Eo— 1 .3
}<——E°~——>;<— Eo—-—>' ;g
oR
nwz
<
. . -1 9_:
b. Oscillator amplitude and p—

version transconductance at |
oscillator fundamental, i.e., ) )
gi=g:=gs=0. I 1

bias adjusted for high con- , OSCILLATOR GRID VOLTS
[}

Simple inspection of the formula for g., the conversion transcon-
ductance used for conversion at the fundamental, is somewhat instrue-
tive. It is evident that highest conversion transconductance, barring
negative values, as given by this formula, occurs when g;, 92, and g3
are all equal to zero, and g;, g4 and g; are high. These requirements
mean that sufficient oscillator voltage should be applied at the proper
point to cut off the transconductance over slightly less than half the
cycle as pictured in Figure 2b. For small oscillator voltages optimum
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operation requires the differences (g;—g,), (95— ¢s), and (95— ¢g3)
to be as large as possible; this is equivalent to operation at the point
of maximum slope. It should be noted that the minimum peak oscillator
voltage required for good operation is approximately equal to one half
the difference between the oscillator-electrode voltage needed for maxi-
mum signal-grid transconductance and that needed to cut off this
transconductance. Thus, inspection of the curve of transconductance
versus oscillator-electrode voltage gives both a measure of the funda-
mental conversion transconductance which will be obtained and the
amount of oscillator excitation required. Conversion at a harmonic,
in general, requires considerably greater oscillator exicitation for
maximum conversion transconductance.

In practical cases using grid-controlled tubes of the usual kind,
the maximum fundamental conversion transconductance which a given
tube will give can quickly be determined within 10 per cent or so by
simply taking 28 per cent of the maximum signal-grid-to-plate trans-
conductance which can be attained. For conversion at second harmonic,
optimum oscillator excitation gives a conversion transconductance of
half this value, while for third-harmonic conversion the value is
divided by three.

Although the same characteristic of all modulator or mixer tubes
is used to determine the conversion transconductance, the shape of this
characteristic varies between different types of mixers. This variation
will be more clearly brought out in the later sections of the paper.

B. Conversion Transconductance of Converter Tubes

In converter tubes with oscillator sections of the usual kind, the
oscillator voltage is usually present on more than one electrode.
Furthermore, the phase of the oscillator-control-grid voltage is opposite
to that of the oscillator-anode alternating voltage, so that the two
would be expected partially to demodulate each other. The transcon-
ductance curve which should be used in this case is the one in which
the oscillator electrode voltages are simultaneously varied in opposite
directions.

Fortunately, with most of the commonly used converter tubes such
as the pentagrid, octode, triode-hexode, ete., the effect of small varia-
tions of oscillator-anode voltage on the electrode currents is so small
that usually it may be neglected. Thus, the conversion transconductance
of these converter tubes may be found exactly as if the tube were a
modulator or mixer, only.
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With the circuit of Figure 3,921 3 Hartley oscillator arrangement
is used and oscillator-frequency voltage is present on the cathode. The
effect of such a voltage is also to demodulate the electron stream
through the action of the alternating cathode potential on the screen-
to-cathode and signal-grid-to-cathode voltages. When a relatively high-
transconductance signal grid is present, as in the figure, this demodula-
tion is considerably greater than in the normal cathode-at-ground
circuit. In order to determine the conversion transconductance of a
tube to be used in this circuit, a signal-grid transconductance curve is
needed. Such a curve, however, must be taken with cathode and
oscillator-grid potential varied simultaneously and in their correct
ratio as determined by the ratio of cathode turns to total turns of the
coil which is to be used. However, because the conversion transcon-
ductance is approximately proportional to the peak value of signal-grid
transconductance, it is often sufficiently accurate to disregard the

[-F OQUTPUT

3 SIGNAL
Fig. 3—Convert-  3gU¢
er circuit with

oscillator voltage
on both grid No.
1 and cathode.

alternating-current variation of cathode potential and simply shift the
signal-grid bias in the negative direction by the peak value of the
alternating cathode voltage. If the resulting signal-grid-transconduct-
ance versus oscillator-grid-voltage curve is used for an analysis of con-
version transconductance, the data obtained will not be far different
from the actual values obtained in the circuit of Figure 3 where
normal (unshifted) signal-grid bias values are used.

+ -ll}—-{

C. Fluctuation Noise

The fluctuation noise of a converter stage is frequently of con-
siderable importance in determining the over-all noise. The magnitude
of the fluctuation noise in the output of a converter or mixer tube may
be found either by direct measurement using a known substitution
noise source such as a saturated diode or by making use of the noise

20 P, W, Klipsch, “Suppression of interlocking in first detector circuits,”
Proc. I.LR.E., Vol. 22, pp. 699-708; June, 1934.
21 Radio World, p. 13; December 24, 1932.
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of the same tube used as an amplifier and finding the average mean-
squared noise over an oscillator cycle.?>* Since these methods give
values which are substantially in accord and, since the noise of many
of the usual tube types under amplifier ¢onditions is readily derived
from theory,? the latter procedure is convenient. Thus, if z_,,? is the
mean-squared noise current in the output of the converter or mixer
tube considered as an amplifier (i.e., steady direct voltages applied)
the mean-squared intermediate-frequency noise is

1 27
Y f=— Tpn® d (wt)
2z J,

or the average of 1, over an oscillator cycle. The values of 7,,% obtained
from theory require a knowledge of the currents and transconductance
of the tube and are usually proportional to these quantities. Thus, the
converter-stage output noise, which is the average of iT,,i over the
oscillator cycle is usually proportional to the average electrode currents
and average transconductance when the oscillator is applied. Specific
examples will be given in following sections of this paper treating
typical modes of converter operation.

Tube noise is conveniently treated by use of an equivaient grid-
noise-resistance concept whereby the tube noise is referred to the
signal grid. The equivalent noise resistance of a converter or mixer
tube is

—

Li—y

T (kT RAS) 0002

Req

where k=137 X 10—23, T, is room temperature in degrees Kelvin,
and Af is the effective over-all bandwidth for noise purposes. Since Af

is invariably associated with ¢;,_/, the bandwidth cancels in the deter-
mination of R,, which is one of the advantages of’ the equivalent-

22 B, Lukacs, F. Preisach, and Z. Szepcsi, “Noise in frequency changer
valves,” (Letter to Editor), Wireless Eng., Vol. 15, pp. 611-612; November,
1938.

23 B, W. Herold, “Superheterodyne converter system econsiderations in
television receivers,” RCA Review, Vol. 4, pp. 324-337; January, 1940.

2¢ B, J. Thompson, D. O. North, and W. A. Harris, “Fluctuations in
space-charge-limited currents at moderately high frequencies,” RCA Review,
Vol. 4, pp. 269-285; January, 1940; Vol. 4, pp. 441-472; April, 1940; Vol. 5,
pp. 106-124; July, 1940; Vol. 5, pp. 244-260; October, 1940; Vol. 5, pp. 371-
388; January, 1941; Vol. 5, pp. 505-524; April, 1941; Vol. 6, pp. 114-124;
July, 1941.
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resistance concept. For T =20 degrees centigrade,

1 57
R,,=0.625 X 1020 — —

A summary of values of R,, for common types of convertef will be
found in a preceding paper.2

The equivalent noise resistance R,, alone does not tell the entire
story as regards signal-to-noise ratio, particularly at high frequencies.
For example, if the converter stage is the first stage of a receiver,
and bandwidth is not a consideration, the signal energy which must
be supplied by the antenna to drive it will be inversely proportional
to the converter-stage input resistance. On the other hand, the noise
energy of the converter or mixer tube is proportional to its equivalent
noise resistance. The signal-to-noise ratio therefore, will vary with
the ratio of input resistance to equivalent noise resistance, and this
quantity should be as high as possible. When bandwidth is important,
the input resistance should be replaced by the reciprocal of the input
capacitance if it is desired to compare various converter systems for
signal-to-noise ratio.

III. THE OSCILLATOR SECTION OF CONVERTER TUBES

The oscillator section of converters is often required to maintain
oscillation over frequency ranges greater than three to one for circuits
using capacitance tuning. Although this requirement is easily net at
the lower broadcast frequencies, the effect of lower circuit impedances,
transit-time phenomena in -the tube, and high lead reactances combine
to make the short-wave band a difficult oscillator problem. Ability to
oscillate has, in the past, been measured by the oscillator transcon-
ductance at normal oscillator-anode voltage and zero bias on the oscil-
Iator grid. Recent data have shown that, in the case of pentagrid and
some octode converters, an additional factor which must be considered
is the phase shift of oscillator transconductance (i.e., transadmittance)
due to transit-time effects.?%28

The ability of a converter to operate satisfactorily at high frequen-
cies depends largely on the undesirable oscillator frequency variations
produced when electrode voltages are altered. The frequency changes

25 M. J. O. Strutt?6 has published data on this phase shift in octodes.
It was measured to be as high as 60 degrees at 33 megacycles.

26 M, J. O. Strutt, “Electron transit-time effects in multigrid valves,”
Wireless Eng., Vol. 15, pp. 315-321; June, 1938,
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are mainly caused by the dependence on electrode voltages of oscillator-
electrode capacitances, oscillator transconductance, and transit-time
effects. There are many other causes of somewhat lesser importance.
Because of the complex nature of the problem no satisfactory quan-
titative analysis is possible. In the case of the pentagrid and the
earlier forms of octode converters there are indications that the larger
part of the observed frequency shift is due to a transit-time effect.
" It is found that the phase of the oscillator transadmittance and, there-
fore, the magnitude of the susceptive part of this transadmittance
varies markedly with screen and signal-grid-bias voltages. Since
the susceptive part of the transadmittance contributes to the total
susceptance, the oscillation frequency is directly affected by any changes.

IV. THE DETAILED OPERATION OF THE MODULATOR OR MIXER SECTION
OF THE CONVERTER STAGE

This section will be devoted to a consideration of the modulator
or mixer portion of the converter stage. This portion may be either a
separate mixer tube or the modulator portion of a converter tube.
Since with most of the widely used converter tubes in the more con-
ventional circuits the alternating oscillator-anode voltage has a neg-
ligible effect on the operation of the modulator portion, only the effect
of oscillator control grid need be considered. Thus the analysis of
the operation of most converter tubes is substantially the same as
the analysis of the same tubes used as a mixer or modulator only,
just as in the treatment of conversion transconductance.

There are three methods of operation of mixer or modulator tubes.
The oscillator voltage may be put on the same grid as the signal
voltage, it may be put on the inner grid (the signal applied to an outer
grid), or it may be impressed on an outer grid (with the signal on
the inner grid). Each of these modes of operation has characteristics
which depend on the mode rather than on the tube used in it. Tubes
which may be used in any one mode differ from one another mainly
in the degree in which they affect these characteristics. The treatment
to follow, therefore, will not necessarily deal with specific tube types:
instead, the phenomenon encountered will be illustrated by the use
of data taken on one or more typical tubes for each of the modes of
operation.

A. Tubes with Oscillator and Signal Voltages Applied to Same Grid

Typical tubes used for this type of operation are triodes and pent-
odes. The oscillator voltage may be introduced in series with the signal
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voltage, coupled to the signal input circuit inductively, capacitively,
and/or conductively, or it may be coupled into the cathode circuit. In
all but the last case, by operating below the grid-current point, the
oscillator circuit is not loaded directly by the mixer tube. When
cathode injection is used, however, an effective load equal to the
mean cathode conductance (slightly greater than the mean transcon-
ductance) is imposed on the oscillator circuit. The cathode injection
circuit has the advantage that oscillator-frequency voltage between
the signal input circuit and ground is minimized, thus reducing radia-
tion when the converter stage is also the first stage of the receiver.

A typical transconductance versus bias curve for a variable-u radio-
frequency pentode is shown in Figure 4. The use of the Fourier analysis
for conversion transconductance at
oscillator fundamental indicates
that a value of approximately a
quarter of the peak transconduct-
ance can be attained. Because of
the tailing off of the lower end of
the curve, highest conversion trans-
conductance requires a large oscil-
lator swing. Very nearly the maxi-
mum value is obtained, however, at
an operating bias shown by the
dotted line, with an oscillator peak
amplitude approximately equal to
the ,blas' With lower oscﬂla.tor Fig. 4—Transconductance charac-
amplitudes, and the same fixed bias, teristic of a typical variable-g,
the fundamental conversion trans- radio-frequency pentode.
conductance drops in approximate proportion to the oscillator ampli-
tude.

Strictly speaking, when the cathode injection type of operation is
used the effect of the oscillator voltage which is impressed between
screen and cathode, and plate and cathode should be considered. Prac-
tically, however, there is little difference over the simpler circuit in
which the oscillator voltage is impressed on the signal grid only. It
is for this reason that the cathode-injection circuit is placed in the
same category as those in which the oscillator voltage is actually im-
pressed on the same electrode as the signal.

In a practical circuit the effective oscillator voltage is, of course,
the oscillator voltage actually existent between grid and cathode of
the tube. When the oscillator voltage is impressed in series with the
gignal circuit or on the cathode, this effective voltage is different from
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the applied oscillator voltage by the drop across the signal circuit. In
the usual case, with the oscillator frequency higher than the signal
frequency, the signal circuit appears capacitive at oscillator fre-
quency. This capacitance and the grid-to-cathode capacitance, being
in series, form a capacitance divider and reduce the effective oscillator
voltage. The reduction would not be a serious matter if it remained a
constant quantity; but in receivers which must be tuned over an
appreciable frequency range this is not the case. The result is a
variation in conversion gain over the band. A number of neutralizing
circuits have been described in the patent literature which are designed
to reduce the oscillator-frequency voltage across the signal circuit and
thus minimize the variations.2%28 ‘

Coupling of the oscillator voltage, into or across, the signal circuit
is also accompanied by changes in effective oscillator voltage when the
tuning is varied. These changes are not so great with pure inductive
coupling as with pure capacitance coupling. In many practical cases,
both couplings are present.

A method of reducing the variation of conversion gain with effective
oscillator voltage in tubes in which oscillator voltage and signal are
placed on the same grid, employs automatic bias. Automatic bias may
be obtained either by a cathode self-bias resistor (by-passed to radio
frequency) or by a high-resistance grid leak, or both. An illustration
of the improvement which may be obtained in this way is shown in
Figure 5. Three curves of conversion transconductance, at oscillator
fundamental, against effective peak oscillator volts are shown for the
typical variable-u pentode of Figure 4 used as a mixer. For the curve
a, a fixed bias was used at approximately an optimum point. The
curve is stopped at the grid-current point because operation beyond
this point is not practicable in a receiver. Curve b shows the same
tube operated with a cathode self-bias resistor. This curve is also

- stopped at the grid-current point. Curve ¢ shows operation with a
high-resistance grid leak. It is evident that, above an oscillator voltage
of about 3, curve b is somewhat flatter, and ¢ is considerably flatter
than the fixed-bias curve a. The high-resistance grid leak used for ¢
may be made a part of the automatic-volume-control filter but care
must be taken that its value is considerably higher than the resistance
in the automatic-volume-control circuit which is common to other tubes
in the receiver. If this is not done, all the tubes will be biased down
with large oscillator swings. When a high-resistance leak is used, the

2H, J. J M. deRegnauld de Bellescize, United States Patent No.
1,872,634; M. Gausner, French Patent No. 639,028.
2V. E. Whitman, United States Patent No. 1,893,813.
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automatic-volume-control action does not begin in the mixer tube until
the automatic-volume-control bias has exceeded the peak oscillator
voltage. Because of the high resistance of the leak, the signal circuit
is not loaded appreciably by the mixer tube. In a practical case, pre-
cautions must be taken that a pentode in the converter stage is not
cperated at excessive currents when accidental failure of the oscillator
reduces the bias. A series dropping resistor in the screen-grid supply
will prevent such overload. When a series screen resistor is used, the
curve of conversion transconductance versus oscillator voltage is even
flatter than the best of the curves shown in Figure 5. Series screen
operation, therefore, is highly desirable.?
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Fig. 5—Conversion transconductance of a typical variable-g, radio-frequency

pentode. Oscillator and signal voltages both applied to grid No. 1. a, fixed-

bias operation; b, cathode resistor used to obtain bias; ¢, bias obtained by
means of a high-resistance grid leak.

One of the effects of feedback through interelectrode capacitance in
vacuum tubes is a severe loading of the input circuit when an in-
ductance is present in the cathode circuit. Thus, in mixers using
cathode injection, the signal circuit is frequently heavily damped since
the oscillator circuit is inductive at signal frequency in the usual case.
The feedback occurs through the grid-to-cathode capacitance and can
be neutralized to some extent by a split cathode coil with a neutraliz-
ing capacitance.”® Such neutralization also minimizes the voltage drop
of oscillator frequency across the signal circuit.

Loading of the signal circuit by feedback from the plate circuit of
modulators or mixers may also be serious when the signal-grid-to-plate
capacitance is appreciable. This is especially true when a low-capaci-
tance intermediate-frequency circuit, which presents a comparatively
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high capacitive reactance at signal frequency, is used, as a wide-band
intermediate-frequency circuits. The grid-plate capacitance of radio-
frequency pentodes is usually small enough so that the effect is neg-
ligible in these tubes. In triodes, however, feedback from the interme-
diate-frequency circuit may be serious and the grid-plate capacitance
should be minimized in tube and circuit design. Although neutraliza-
tion is a possible solution to the plate feedback, a more promising
solution is the use of a specially designed intermediate-frequency cir-
cuit which offers a low impedance at signal frequency by the equiva-
lent of series tuning and yet causes little or no sacrifice in interme-
diate-frequency performance. .

At high frequencies, the converter stage exhibits phenomena not
usually observable at low frequencies. One group of phenomena is
caused not by the high operating frequency, per se, but rather by a
high ratio of operating frequency to intermediate frequency (i.e., a
small separation between signal and oscillator frequencies). Among
these phenomena may be listed pull-in and interlocking between oscil-
lator and signal circuits and poor image response. In mixers in which
oscillator and signal are impressed on the same grid, the first of these
effects is usually pronounced because of the close coupling between
the oscillator and signal circuits. It can be reduced by special coupling
from the local oscillator at an increase in the complexity of the circuit.

Other phencmena, which are due to the high operating frequency,
occur in mixers irrespective of the intermediate-frequency. The most
important of these are those caused by transit-time effects in the tube
and by finite inductances and mutual inductances in the leads to the
tube. When the oscillator and signal are impressed on the same grid
of a mixer, the effects are not dissimilar to those in the same tube
used as an amplifier. So far as the signal is concerned, the operation
is similar to that of an amylifier whose plate current and transconduc-
tance are pericdically varied at another frequency (that of the oscil-
lator). The effects at signal frequency must, therefore, be integrated
or averaged over the oscillator cycle. The input conductance at 60
megacycles of the typical radio-frequency pentode used for Figures
4 and 5 as a function of control-grid bias is shown in Figure 6. The
integrated or net loading as a function of oscillator amplitude, when
the tube is used as a mixer at this frequency, is given in Figure 7, both
with fixed-bias operation and with the bias obtained by a grid leak
and condenser. The conductance for all other frequencies may b:
calculated by remembering that the input conductance increases with
the square of the frequency. The data given do not hold for cathode
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injection because of the loading added by feedback, as previously
discussed.

When automatic volume control is used on the modulator tube,
an important effect in some circuits is the change in input capacitance
and input loading with bias. This is especially true when low-capaci-
tance circuits are in use, as with a wide-band amplifier. With tubes
having oscillator and signal voltages on the same grid, because of the
integrating action of the oscillator voltage, the changes are not so
pronounced as with the same tube used as amplifier. A small, un-by-
passed cathode resistor may be used with an amplifier tube?-3 to reduce
the variations; it should give a similar improvement with the modu-
lator.
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Fig. 6—Input conductance of a Fig. 7—Input conductance of a typ-
typical variable-g, radio-frequency ical pentode when used as a mixer
pentode, at 60 megacycles. at 60 megacycles. a, fixed-bias
operation; ¢, bias obtained by
means of a high-resistance grid

leak.

The question of tube noise (i.e., shot-effect fluctuations) is im-
portant in a mixer, or modulator, especially when this tube is the first
tube in a receiver. There is little doubt that triode or pentode mixers,
in which signal and oscillator voltages are impressed on the control
grid, give the highest signal-to-noise ratio of any of the commonly
used types of mixers. The reason for this has been made clear by
recent studies of tube noise. It is now well established that tube
noise is the combined result of shot noise in the cathode current which

is damped by space charge to a low value and additional fluctuations

%M. J. O. Strutt and A. van der Ziel, “Simple circuit means for
improving short-wave performance of amplifier tubes,” Elek. Nach. Tech.,
Vol. 13, pp. 260-268; August, 1936.

30 R. L. Freeman, “Use of feedback to compensate for vacuum-tube
input-capacitance variations with grid bias,” Proc. I.R.F., Vol. 26, pp. 1360-
1366; November, 1938.
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in the plate current caused by random variations in primary current
distribution between the various positive electrodes. Thus, in general,
tubes with the smallest current to positive electrodes other than the
plate have the lowest noise. It is seen that the tetrode or pentode
modulator, with a primary screen current of 25 per cent or less of
the total current, is inherently lower in noise than the more complex
modulators in which the current to positive electrodes other than the
plate usually exceeds 60 per cent of the total current. The triode, of
course, has the lowest noise assuming an equivalent tube structure.
The conversion transconductance of triode, tetrode, or pentode mixers
is usually higher than that of multielectrode tubes using a similar
cathode and first-grid structure. That this is so is again largely due
to the lower value of wasted current to other electrodes.

The noise of triodes and pentodes used as mixers in the converter
stage is conveniently expressed in terms of an equivalent noise
resistance R,, as mentioned in Section IT C. The noise as a mixer, of
both the triode and the pentode, may be expressed in one formula
based on the now well-understood amplifier noise relations.?* The
equivalent noise resistance of the triode is obtained simply by equating
the screen current to zero. An approximate formula for equivalent
noise resistance of oxide-coated-cathode tubes is

2279, 4+20T; 1

R, (of triode and pentode mixers) =
92 l+a

where g,, is the average control-grid-to-plate transconductance (aver-
aged over an oscillator cycle), T, is the average screen current, g,
is the conversion transconductance, and « is the ratio of the screen
current to plate current. Valuable additions to the above relation are
given by formulas which enable a simple calculation of noise resistance
from amplier data found in any tube handbook. These additional rela-
tions are approximations derived from typical curve shapes and are
based on the maximum peak cathode current I, and the maximum
peak cathode transconductance g,. The data are given in Table I. It
has been assumed that oscillator excitation is approximately optimum.
In this table, E, is the control-grid voltage needed to cut off the plate
current of the tube with the plate and screen voltages applied, and « is
the ratio of screen to plate current,

As an example of the use of the table, suppose it is desired to find
the equivalent noise resistance of a particular triode operated as a
converter at the oscillator second harmonic. The local oscillator can be
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Table I—Mixer Noise of Triodes and Pentodes
(Oscillator and Signal both Applied to Control Grid)

Approxi- | Average | Average | Conversion Equivalent
mate Transcon-| Cathode | Transcon- Noise

Operation Oscillator | ductance | Current | ductance Resistance
Peak Volts 9m T, o R

At Oscillator 0.47 0.28 13 I,

Fundamental 0.7TE w0 go | 0351, go — + 90 a
14 e 1+« 9o g

At Oscillator 0.25 0.13 31 I,

2nd Harmonic 1.5 Ee go | 0201, o — 4220 a
l1+a 14+« | Go g

At Oscillator 0.15 0.09 38 I,

3rd Harmonic 4.3 E go | 0111, o — 4260 a
1+a 1+a go g

permitted to swing the triode mixer grid to zero bias. With a plate
voltage of 180 volts and zero bias, the tube data sheet shows a frans-
conductance, g, = 2.6 X 10—3 mho. Thus the equivalent noise resistance
is 31/g, or 12,000 ohms and the conversion transconductance at sec-
ond harmonic is 0.13 g,, or 340 micromhos. Since, with this plate
voltage the tube cuts off at about 8 volts, a peak oscillator voltage of
around 12 volts will be required.

The above table may also be used to obtain a rough estimate of the
input loading of pentode or triode mixers, since the high-frequency
input conductance is roughly proportional to the average transconduc-

tance g,, and to the square of the frequency. Thus, if the loading at
any transconductance and frequency is known, the loading as a mixer

under the conditions of the table may quickly be computed.

B. Tubes with Oscillator Voltage on an Inner Grid, Signal Voltage
on an Outer Grid.

When the oscillator voltage is impressed on the grid nearest the
cathode of a mixer or converter, the cathode current is varied at
oscillator frequency. The signal grid, on the other hand, may be placed
later in the electron stream to serve only to change the distribution
of the current between the output anode and the other positive elec-
trodes. When the two control grids are separated by a screen grid,
the undesirable coupling between oscillator and signal circuits is
reduced much below the value which otherwise would be found.

The signal-grid-to-plate transconductance of the inner-grid in-
jection mixer is a function of the total current reaching the signal
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grid; this current, and hence the signal-grid transconductance, will
vary at oscillator frequency so that mixing becomes possible. The
signal-grid transconductance as a function of oscillator-grid potential
of a typical modulator of this kind is shown in Figure 8. It will be
observed that this characteristic is different in shape from the cor-
responding curve of Figure 4 for the tube with oscillator and signal
voltages on the same grid. The chief point of difference is that a
definite peak in transconductance is found. The plate current of the
tube shows a saturation at approximately the same bias as that at
) which the peak in transconductance
occurs, indicating the formation of a
partial virtual cathode. The signal
grid, over the whole of these curves,
is biased negatively and so draws no
current. The oscillator inner grid
(No. 1 grid), however, draws current
at positive values of bias. This sepa-
ration of signal and oscillator grids is
advantageous, inasmuch as the signal
circuit is not loaded even though the
e 7 TR e——r3 oscillator amplitude is sufficient to
N2l GRID BiAS VOLTS draw grid current. In fact, in the
Fig. 8 —Signal-grid-(grid No. ygual circuit, the oscillator grid is
4) to-plate transconductance . . X
versus oscillator-grid (grid No. self-biased with a low-resistance leak
1) voltage curve of a typical ;1,4 condenser and swings sufficiently
mixer designed for inner-grid
injection. Signal-grid bias = far positive to attain the peak signal-
—38 volts. grid transconductance.

2000+

1500

I
8
o
N24 GRID
TRANSCONDUCTANCE - uMHOS

The conversion transconductance of such a tube has a maximum
with an oscillator swing which exceeds the point of maximum signal-
grid transconductance in the one direction and which cuts off this
transconductance over slightly less than half the cycle, in the other.
Curves of conversion transconductance against peak oscillator voltage
are shown in Figure 9. Curve a is for fixed-bias operation of the oscil-
lator grid, curve b is with a high-resistance (i.e., several megohms)
grid leak and condenser for bias, and curve ¢ is with the recommended
value of grid leak (50,000 ohms) for this type of tube. It is seen that
best operation is obtained with the lower resistance value of grid leak.
With this value, the negative bias produced by rectification in the
grid circuit is reduced enough to allow the oscillator grid to swing
appreciably positive over part of the cycle. An incidental advantage
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to the use of the low-resistance leak when the tube is self-oscillating
(i.e., a converter) is that undesirable relaxation oscillations are mini-
mized.

In mixers or converters in which the oscillator voltage is present
on both the cathode and the oscillator grid in the same phase (e.g.,
Figure 3) it is usually necessary to utilize a relatively sharp cutoff
in the design of the oscillator grid so as to cut off the cathode current
when the signal grid is positive.!® By this means the signal grid is
prevented from drawing current. At the same time, however, the high
currents needed for a high peak value of signal-grid transconductance
cannot be obtained without a greater positive swing of the oscillator
grid than with a more open oscillator grid structure. Thus, it is clear
that it is desirable to have a negative bias on the oscillator electrode
which is considerably smaller than the peak oscillator voltage. For
this reason, optimum results are obtained on these tubes with very low
values of oscillator grid leak (e.g., 10,000 to 20,000 ohms).

The effects of feedback

through the interelectrode §eoo

capacitance are small in well- z

designed multigrid mixers and 5!:! aoof

converters of the kind covered §§

in this section. The signal- 3%

grid-to-plate capacitance is 8% 2001

usunally small enough to play §

no part in the operation; even E o ) , , .
10 20 30 Qa0

with a high L-to-C ratio in the
intermediate-frequency trans-

PEAK OSCILLATOR VOLTS

Fig. 9-—Conversion transconductance of

former, the capacitive reac-
tance of the intermediate-fre-
quency circuit at signal fre-
quency is only a very small
fraction of the feedback re-

a typical mixer designed for inner-grid
injection of oscillator. Signal-grid bias
=-—3 volts. a, fixed-bias operation of
oscillator grid; b, oscillator-grid bias ob-
tained through high-resistance grid leak;
¢, oscillator-grid bias obtained through a
50,000-ohm grid leak.

actance. The other interelectrode capacitance which plays some part
in determining circuit performance (excluding, of course, the input
and output capacitances) is the capacitance from the oscillator electrode
or electrcdes to the signal grid. This capacitance is a source of coupling
between these two circuits. In well-designed converter or modulator
tubes of the type discussed in this section, however, the coupling
through the capacitance may be made small compared with another
form of internal coupling known as “space-charge coupling,” which
will be treated later in this discussion.
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Coupling between oscillator and signal circuits is of no great
consequence except when an appreciable voltage of oscillator frequency
is built up across the signal-grid circuit. This is not usually possible
unless the signal circuit is nearly in tune with the oscillator as it is
when a low ratio of intermediate frequency to signal frequency is
used. The effect of oscillator-frequency voltage induced across the
signal circuit depends on its phase; the effect is usually either to
increase or to decrease the relative modulation of the plate current
at oscillator frequency and so to change the conversion transcon-
ductance. This action is a disadvantage, particularly when the amount
of induced voltage changes when the tuning is varied, as usually
occurs. In some cases, another effect is a flow of grid current to the
signal grid; this may happen when the oscillator-frequency voltage
across the signal-grid circuit exceeds the bias. Grid current caused by
this effect can usually be distinguished from grid current due to
other causes. By-passing or short-circuiting the signal-grid circuit
reduces the oscillator-frequency voltage across the signal-grid circuit
to zero. Any remaining grid current must, therefore, be due to other
causes.

Current to a negative signal grid of a tube operated with inner-
grid oscillator injection is sometimes observed at high frequencies
(e.g., over 20 megacycles) even when no impedance is present in the
signal-grid circuit. This current is caused by electrons whose effec-
tive initial velocity has been increased by their finite transit time in
the high-frequency alternating field around the oscillator grid. These
electrons are then able to strike a signal grid which is several volts
negative. The magnitude of the signal-grid current is not usually as
great as with tubes applying the oscillator voltage to an outer grid®
although it may prevent the use of an automatic-volume-control voltage
on the tube. '

An investigation of coupling effects in the pentagrid converter
showed that the coupling was much larger than could be explained
by interelectrode capacitance. It was furthermore discovered that
the apparent coupling induced a voltage on the signal circuit in
opposite phase to that induced by a capacitance from oscillator to
signal grid.!®> The coupling which occurred was due to variations in
space charge in front of the signal grid at oscillator frequency. A
qualitative explanation for the observed behavior is that, when the
oscillator-grid voltage is increased, the electron charge density adja-
cent to the signal grid is increased and electrons are repelled from the

31 The next part of this section contains a more detailed discussion of
signal-grid current in outer-grid oscillator injection tubes.
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signal grid. A capacitance between the oscillator grid and the signal
grid would have the opposite effect. The coupling, therefore, may be
said to be approximately equivalent to a negative capacitance from the
oscillator grid to the signal grid. The effect is not reversible because
an increase of potential on the signal grid does not increase the electron
charge density around the oscillator grid. If anything, it decreases
the charge density. The equivalence to a negative capacitance must be
restricted to a one-way negative capacitance and, as will be shown later,
is restricted also to low-frequency operation.

In general, the use of an equivalent impedance from oscillator grid
to sig